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Abstract. The shuffle of £ words u;,. .., uy is the set of words obtained by interleaving the letters
of these words such that the order of appearance of all letters of each word is respected. The study
of the shuffle product of words leads to the construction of an automaton whose structure is deeply
connected to a family of trees which we call araucarias. We prove many structural properties of
this family of trees and give some combinatorial results. We introduce a family of remarkable
symmetrical polynomials which play a crucial role in the computation of the size of the araucarias.
We prove that the minimal partial automaton which recognizes the shuffle of a finite number of
special words contains an araucaria for each integer k£ > 0. *
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1. Introduction

If w and v are words of the free monoid A*, the language whose words are of the form u v ugvs . . . U vm
where uqus . . . upy, is a factorisation of u, vivs ... v, a factorisation of v and the factors u; and v,, are
possibly empty, is called the shuffle of the words « and » and is denoted « LLI v. More generally, if I
and J are two languages of A*, the union of the sets w LLI v for w € T and v € J is called the shuffle of
the languages I and J and is denoted I LLI J. Hence the shuffle of k£ words w1, - . ., u; can be defined by
associativity.

CCorresponding author
LA preliminary version of this paper has been presented at MCU-2004 (see [16]).
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Some theoretical results on shuffle products exist (see [8, 9, 12]) but many problems remain open. The
shuffle product has been proposed as model of parallel processing [7, 13]. Few algorithmic results exist:
Spehner [17] designed an algorithm which determines the shuffle of two words « and v without repetition
in time O((|u| + |v|?) x m) where m is the size of the shuffle u LLI v. More recently, Allauzen [1] used

a suffix tree for computing the shuffle product of & words u1, ..., uy in time O(('ﬁﬂjﬁlﬁi"“')) Efficient
parallel algorithms which test if a word can be written as shuffle of two words are’given in [10, 11].
Berstel and Boasson [2] solve the shuffle factorization problem: given a finite language L, do there exist
words w1, ..., u, such that L = wy LLI...LLI ug? But to the best of our knowledge, no result on the
minimal automaton of the shuffle product of words has been published. The aim of this paper is to fill
partially this gap.

In Section 2 we give a definition of a family of trees which we call araucarias by using properties of their
maximal paths. Then we prove the existence and the unicity, up to isomorphism, of an araucaria defined
by its arity & which is a positive integer and by an ordered sequence of & positive integers (p1, ..., pg)
called its type. We prove that the number of successors of the root of an araucaria is an exponential
function of its arity. Finally we give a construction based on the properties of the terminal sections of the
maximal paths. Then we introduce the following family of symmetric polynomials

m=k
Tk(Xla---an) = Z m! x \I/m(Xl, 7Xk)
m=0

where ¥, (X71,..., Xx) is the elementary symmetric polynomial of degree m on variables X1, ..., Xk
and we prove that the size of an araucaria of type (p1, ..., px) isequal to Tr(p1, ..., pk)-

Section 3 is devoted to the study of the minimal automaton of the shuffle product of words. We prove
that, for every given type (p1,...,px), there exists a minimal automaton of the shuffle of & words which
contains an araucaria of this type.

In a short section 4, we compare shuffle products of words with partial commutations. If © is a set of
pairs of letters of an alphabet A, the replacement of a factor ab in a word by ba, where (a,b) € © or
(b,a) € © and a # b is called a partial commutation relative to ©. Partial commutations have been
intensively investigated over the two last decades in connection with parallel processing [3, 4, 6, 8, 18].

2. Araucarias

2.1. Basic definitions and properties

Below we give a direct definition which is independent of the minimal automaton which recognizes the
shuffle of words.

Definition 2.1. (i) Every pair G = (V, E) where E C V' x V is called a directed graph.

Every v € V is called a vertex of G and every (s,t) € E is called an (oriented) edge of G. For every
edge (s,t) of E, tis called a successor of s and s is called a predecessor of ¢.

The graph G°? = (V, E°P) where (t,s) € E°P ifand only if (s,t) € E is called the opposite of the graph
G=(V,E).

(i) Every sequence o = (sq,...,sy) of vertices of V such that (so, s1),...,(sy—1,sy) are edges of E
is called a path of G from s t0 5.
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The integer f is called the length of o and is denoted by |o|.

If o = (so,...,sp) and 7 = (sy,...,s,) are paths of G where the last vertex of o is the first vertex of
T, the path A = (sq,...,87-1,5f,57+1,-..,5g4) is called the product of o and 7 and we write A = o.7.
(iii) A directed graph G = (V, E) is called a directed tree if there exists a vertex » € V without
predecessor and such that, for every vertex s € V' \ {r}, there exits a unique path from r to s.

The vertex r is called the root of the directed tree G.

The length of the path from the root r to s is called the heigth of s.

Every vertex s of G without successor is called a leaf of G.

Each path issued from the root r and whose last vertex is a leaf of G is said to be maximal.

Definition 2.2. Let o = (so, ..., sy) be a path of a directed tree A.

(i) For every integers i1,...,4,_1 suchthat 0 < i; < ... <i,_1 < f, the subpaths o1 = (s, ---, S, ),
02 = (Siyy--+»Siy)s -y On = (Siy_4,--.,5f) are called sections of ¢ and the product o = o;...0, is
called a factorisation of o into sections.

(ii) Let {p1,...,pr} be a set of positive integers and o;...0}, a factorisation of a maximal path ¢ into
sections.

Every one-to-one mapping n from the set {1,...,Ah} into {1,...,k} such that Vi € {1,...,h — 1},
|loi| < Py and |os| = pyy), is called an attribution function for o1...0p,.

Foreachi € {1,...,h}, the section o; is said to be attributable to the integer p, ;).

If |o5| = py(i), then o; is said to be maximal (relatively to 7).

(iii) If 5 is a one-to-one mapping from the set {1,...,h} into {1,...,k}, asequence = = (I1,...,Ip) of
positive integers such that Vi € {1,...,h — 1},1 <1; < py(;) and I, = pyy) is said to be linked to 7.
If 7 is linked to 7, then the pair (n, ) is called an attribute of (p1,...,px).

(iv) If (n, 7) is an attribute of (py, ..., pk), @ maximal path o of A of length |o| =11 + ...+ is said to
be associated to (7, 7) and the factorisation o...0}, of o such that |oq| = I1,..., |op| = I; is called the
canonical decomposition of o defined by (n, 7).

Remark 2.1. If o;...0p, is the canonical decomposition of a maximal path o defined by an attribute (7, 7)
of (p1,...,pk), then n is an attribution function for oy...04,.

Definition 2.3. (i) Let s be a vertex of a directed tree A. Let A(s) be the maximum length of the paths
of A whose first vertex is s. If (s,t) is an edge of A such that A(s) > A(t) + 1 then s is called a breaking
vertex for the edge (s, t).

If o = (s0,-.--,sy) is a path of A, then every nonterminal vertex s; of o which is a breaking vertex of
the edge (s, s;+1) is called a breaking vertex of o.

(i) Let 0y...0, be a canonical decomposition of a maximal path ¢ = (so,...,ss) and oj,,...,0j,_, the
sections of {01, ...,on} whose first vertex is a breaking vertex of o with 0 < j; < ... < ji_1 < f.
The paths 71 = 01...0j, -1, To = 0}, ...0j,—1, ..., Tt = 0j,_,...0} are called the truncations associated to
o1...0p, and the product 74...7; is called the decomposition of ¢ into truncations associated to o...0y,.
(iii) Let (n, ) and (n',#') be two attributes of {p1,...,px} such that there exists a path o associated
simultaneously to (n, ) and to (', 7’) and let o1...03, 01...0}, be the canonical decompositions respec-
tively defined by (n,n) and (n’, ') and 7,...7; and 77...7;, the decompositions into truncations respec-
tively associated to oy ...0p, and o ...0},.

Ift' = tand r; = 7; forevery i € {1,...,t}, then the canonical decompositions o...0}, and o} ...0}, are
said to be equivalent.
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Remark 2.2. The definition of the notion of pseudo-permutation given in [16] (Definition 2) is incom-
plete and is replaced by the more general notion of equivalence of Definition 2.3.

Definition 2.4. Let k be a positive integer, (p1,...,px) a sequence of & positive integers and A a di-
rected tree.

(i) If there exists a mapping ¢ : (n,7) — o from the set Att(p1,...,px) Of attributes of (p1,...,pk)
onto the set M P(A) of maximal paths of A such that for every (n, ) € Att(p1,...,px), the maximal
path ¢(n, ) is associated to (n, 7) then A is called complete for the canonical decomposition.

(ii) If, moreover, the mapping ¢ is such that {(n, ) = ¢((n',#") if and only if the canonical decompo-
sitions defined by (n, 7) and (', «") are equivalent, then A is called araucaria of type (p1,...,px) and
arity k. 2

Any araucaria of arity 1 is called elementary.

Example 2.1. The directed tree A given in Figure 1.c is an araucaria of type (3,2) since the maximal
path o = (r, s1, s, $3, 84, $5) admits two equivalent canonical decompositions 1.0 and o}.0} where
o1 = (r, 81, 82, s3) and ab, = (s9, $3, 84, 85) [resp. o2 = (s3, 84, 85) and o = (r, s1, s9)] are attributable
to 3 [resp. 2] and every other maximal path admits only one canonical decomposition. For example the
maximal path A = (r, s1, 1, t2,t3) admits only the canonical decomposition ¢/.cl with o/ = (r,s1)
attributable to 2 and ol = (s1, t1, t2, t3) attributable to 3.

Moreover o is a truncation and o .a% is the decomposition of X into truncations.

Theorem 2.1. (i) For every positive integer k and every sequence of k positive integers (p1,...,pk),
there exists a unique araucaria A(p1, . .., px) of type (p1,...,px) uUp to an isomorphism.

(if) The araucaria A of type (p1,...,px) and arity & is such that:

- A admits a unique path 7 of length p = p1 + ... + px;

- for each part I of {1,...,k} whose cardinality |I| verifies0 < |I| < k—1,foreachi e {1,...,k}\I
and each A such that Zjelpj <h< Zjelpj + pi, A admits a subtree Ay, Whose root is the
vertex s, of 7 of height ~ and which is an araucaria of type (pi,,...,ps,,) Where iy < ... < i, and
{ityeeeyim}t ={1,...,k}\ (T U{5});

- for each part I of {1,...,k} suchthat 0 < |I| < k—2,forall 4,5 € {1,...,k} \ I (: < j)and
for each integer h such that Zjeij <h< Ejelpj + min(p;, p;), the common subtree of Azy;p

and Ay is a subaraucaria of type (pj,, ... ,pj,,_,) Whose root is s, and where j; < ... < jp,—1 and
{1,y maa} =41, P\ (T U {3, 5}).
Proof:

If & = 1, for every positive integer p1, the directed tree reduced to a path o of length p is an araucaria
of arity 1 and type p; since ¢ contains a unique section which is attributable to p;.

Let us assume the existence of an araucaria of any arity { € {1,...,k—1} and any type (p1,---,p1),
unique up to an isomorphism and having the properties stated in Theorem 2.1.
Let (p1,---,px) be a sequence of k positive integers.
Let B be the directed tree such that:
- B admits a unique path 7 of length p = p1 + ... + p;. (called the trunk);

2Araucarias are trees growing in South-America. They are also called monkey puzzle trees. Perhaps the terminology explains
the complexity of their definition!
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- for each part I of {1,...,k} suchthat0 < |I| < k —1,foreachi € {1,...,k} \ I and each integer h
such that Ejelpj <h< Zjelpj + pi, B admits a subtree A y;y,, Whose root is the vertex s, of 7 of
height ~ and which is an araucaria of type (p;,,...,p;,,) Where {i1,...,in} = {1,...,k} \ (I U {i})
and i1 < ... < iy
- for each such subtree, 7 and Ay, have only the vertex s;, in common;
- two such subtrees A7y, and A yg;y 40 are disjoint if A # b’ and have only the vertex s;, in common
if h =h'.
Let A be the subtree of B obtained by removing for each part I of {1,...,k} suchthat 0 < |I| < k — 2,
forall 4,5 € {1,...,k} \ I such thati < j and h such that > .., p; < h < >, pj + min(pi,pj),
the subtree T{; ;) of Aru;,, which is an araucaria of type (pj, , - - -, p;,_,) Whose root is s; and where
{5y gm=1}t ={1,...,k}\ (JU{4,4}) and ji < ... < jm—1. Since, by induction hypothesis, A7y p,
admits a subtree T}; ., isomorphic to T(; ;y, A7 ;, = (Arujn \ Tiij)) U Ty, 4 is a subaraucaria of A
isomorphic to Ay, and this subaraucaria is unigque.
Hence A has the properties stated in part (:2) of Theorem 2.1.

(i) We prove first that A is complete for the canonical decomposition.
Leto = (so, $1,---,5f) be a maximal path of A.
If the trunk 7 of A does not contain the edge (sg, s1), there exists ¢ € {1,...,k} such that o is a path
of the subaraucaria Ay; o of arity k — 1 and the property follows by induction since every attribute of
(p1y---,Di 1,Dit1,---,Pk) IS also an attribute for (py, ..., pk).
If o = 7, let ) be the identity mapping from {1,...,k} onto itself and 7 = (p1,...,px). Then (n, ) is
an attribute of (p1,...,pg) and 7 is associated to (7, 7).
If 7 contains (sg, s1) but o # 7, by construction of A, there exist a part I of {1,...,k} and h such that
0<|I[<k—-1id€{l,....k}\ 1L, > c;pj Sh < jerpjtpiando’ = (sp,...,sy) isapath

of Arugiy,n- Since, by induction, Ajyg;y,, is an araucaria of type (py,, - - -, pi,,) Where iy < ... <y
and {i1,...,im} = {1,...,k} \ (I U {i}), there exist an attribute (o', =) of (p;,,...,pi, ) Where
n € {1,...,m}, n' is a one-to-one mapping from {1,...,n} into {1,...,m} and ' = (l1,...,1,)

verifies, Vj € {1,...,n},0 < [; < Piy;y- LetJ =Tifh = > jerpjand J = I'U{i} in the opposite
case. Then J # Qand, if J = {j1,...,jm } Where j; < ... < jn, letn be the one-to-one mapping from
{1,...,n+m'}into {1,... k}, m = (I3,...,1} ) suchthatVr € {1,...,m'}, n(r) = jrand I} = pj,
if jr # 4,1, = h — 32, p; in the opposite case and such that Vj € {1,...,n}, n(m' +j) = 7'(j)
and l;n,ﬂ. = 1;. Then 7 is linked to 1 and (n, 7) is an attribute of (p1,...,px). Since |o| = h + |0|,
o'l =% ety bwpj AN h =37 oy oy b, o is associated to (n, ).
Hence there exists a mapping ¢ from Att(p1, ..., pr) onto M P(A) such that {(n,w) = o is associated
to (n, ) and A is complete for the canonical decomposition.

(i) We prove now that in A, {(n, 7) = {(n', ') if and only if the canonical decompositions defined
respectively by (n, 7) and (', ©’) are equivalent.
If we assume that, for any attributable section A = (sy, ..., s,) of a maximal path of a subaraucaria of
arity k—1, s; is not a breaking vertex of X for each j € {{+1, ..., m—1}, then every attributable section
A of A which is not supported by the trunk 7 belongs to a subaraucaria of arity I < k and has the same
property by induction. The same property holds also for any attributable section A supported by the trunk
T = (r0,...,rf) since 7 is the longest path of Aand Vi € {1,...,f —1}, M(rs) = f —i = A(rip1) + 1.
Let o = (so,...,sy) be a maximal path of A. Suppose that there exist attributes (n,r), (n’,#') in
Att(p1,...,pg) sSuchthato = {(n, ) = ((n',n"). Letoy...04, 0}...0}, be the canonical decompositions
respectively defined by (n, ), (7', #") and 71...7, 71...7;, the decompositions into truncations associated
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respectively to 0...05, and o7...0,. Hence the only breaking vertices of ¢(n, ) are the first vertices

of 79,..., 7 and, possibly, the first vertex of 7 and the only breaking vertices of {(n’, ') are the first
vertices of 75,...,7; and, possibly, the first vertex of r;. Since ((n,7) = ((n',7’), these breaking
vertices are the same. This proves that ¢ = ¢’ and (74,...,7) = (7{,...,7;) and that the canonical

decompositions o ...0, and o} ..o}, are equivalent.
We have therefore proved that A is an araucaria of arity k£ and type (p1,...,px)-
(i) It remains to prove the unicity of such an araucaria up to an isomorphism.

Suppose that A’ is an other araucaria of arity k£ and type (p1, ..., pk). Since A and A’ admit only one path
of length p; + ... + pi respectively the trunk 7 and the trunk 7/, we can define a bijective morphism 6,
from 7 to 7'. Since for each subset 7 of {1,...,k} suchthat0 < |I| < k—1,foreachi € {1,...,k}\ I
and for each  such that 3°, ., p; < h < }7;c;p; + pi, the subaraucarias Ary(iy,, and Aj ., ,, are
isomorphic by induction, 8, can be extended to an isomorphism from A onto A’. O

Example 2.2. If A(p) and A(q) are two elementary araucarias of type (p) and (q) respectively, the
directed tree A(p, q) formed with the trunk = of length p + g, p paths isomorphic to A(g) issued from the
p first vertices of 7 and ¢ paths isomorphic to A(p) issued from the ¢ first vertices of 7 is an araucaria of
type (p, q) by Theorem 2.1.

4cv o\
g '4° LN
A ‘b»\ D\‘
Ay \"\‘
\b\‘ .
r ; R
@ (b) (© (d) (e

Figure 1. The araucaria of type (3, 2) of Figure (¢) admits a trunk of length 5, 2 subtrees isomorphic to A(3) (Fig-
ure (a)) and 3 subtrees isomorphic to A(2) (Figure (b)). The directed trees of Figures (d) and (e) are isomorphic
to subtrees of the araucaria A(3,2).

Corollary 2.1. For each permutation ¢ of {1,...,k}, the araucaria A(py(1),---;Py(k)) iS isomorphic
to A(p17 .- 7pk)

Proof:

For each one-to-one mapping n : {1,...,h} — {1,...,h} where h < k, ¢ o n is also one-to-one.
Moreover the mapping which associates to the attribute (n, =) of Att(p1, ..., px) the attribute (pon, 7) of
Att(py(1), - - - » Py(k)) 1S a bijection. It follows that the araucarias A(py (1), - - - , Pp(k)) and A(p1, - - -, k)
are isomorphic. 0

Hence the type (p1, ..., px) of an araucaria can be given in the canonical form such that

p1L=>Pp2 > ... 2 Dg.
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(© (d)

Figure 2. The araucaria A(3,2, 1) (Figure (a)) has 3 subaraucarias isomorphic to A(2, 1) (Figure (c)) with roots
respectively sg, s1 and sa, 2 subaraucarias isomorphic to A(3,1) (Figure (b)) with roots respectively sq and s;
and 1 subaraucaria isomorphic to A(3,2) (Figure (d)) with root so. The six canonical decompositions of the
trunk 7 = (s, - - -, sg) Of the araucaria A(3,2,1) are deduced each from the other by equivalence as, for example
01.02.03 and o}.0%.0% with o7 = (so,...,s3) and o§ = (ss, ..., se) attributable to 3, o] = (so,...,s2) and
o2 = (ss,...,85) attributable to 2 and o3 = (s5,s6) and o} = (s2, s3) attributable to 1. If 74 = (so, 51, $2)
and 7, = (s2,...,€2), 0 = 71.72 IS @ maximal path of A(3,2,1), s, is a breaking vertex of o and 7.7 is its
decomposition into truncations.

Definition 2.5. Let A be an araucaria of arity £ and type (p1,...,px), s an internal vertex of A distinct
from the root r of A, v the path from r to s in A, o a maximal path of A which contains s and o1 ... o},
a canonical decomposition of o.

If m is the largest integer of {1,..., h} such that o,,, contains at least an edge of v, for every attribution
function 7 of the canonical decomposition ..., ({1, ..., m}) is called an attribution set of v.

Proposition 2.1. Let A be an araucaria of type (p1,-..,px), s & vertex distinct from the root r of A and
which is not a leaf of A and v the path from r to s.

For every attribution set {i1, ..., %, } of v there exists a subaraucaria A(s) of A whose root is s, whose
leaves are leaves of A and whose type (pj,,...,p;,,) is such that

{1, dmt = {1, B\ {in, -y}

Proof:
Since, by Definition 2.4, A is complete for the canonical decomposition of maximal paths, for ev-
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ery subset {hi,...,hm} of {1,...,k} \ {41,...,4;} and every sequence = = (pj, ,...,p}, ) such that
0< p;h < pp, Where 1 < r < m and p'hm = pn,,, there exists a maximal path ¢ having a canon-
ical decomposition oy ...0;.044+1...0+m SUch that v = o1...0; and, for every r € {1,...,m},
n(oi+r) = hy and |o;4,| = pj, and this decomposition is unique up to equivalence. It follows that
o' = 0j41...0:m is a canonical decomposition of a maximal path whose first vertex is s. Hence, by

Definition 2.4, there exists a subaraucaria A(s) of A whose root is s and whose type (pj,,...,p;,.) IS
such that {j1,...,4m} ={1,...,k}\ {é1,...,4}. Moreover, since ¢’ is maximal in A(s), its last vertex
is a leaf of A(s). O

Definition 2.6. A truncation whose last vertex is a leaf is said to be terminal.
Lemma 2.1. Every edge of an araucaria belongs to a unique terminal truncation.

Proof:

This result is trivial for £ = 1 since every elementary araucaria is reduced to its trunk. Assume that
the result holds true for every arity smaller than k£ with £ > 0 and let A be an araucaria of arity k. Then
the property is verified by every edge of the trunk 7 of A and, by Theorem 2.1, for every edge of A which
does not belong to 7, there exists a maximal arity [ € {1,...,k — 1} and a unique subaraucaria B of
arity I whose trunk contains (s, ¢). Hence, the result follows by induction. O

Corollary 2.2. Each maximal path of an araucaria admits a unique decomposition into truncations.
A section g of a maximal path o of an araucaria A is a truncation of o if and only if x is a maximal
section of o supported by a trunk of a subaraucaria of A.

Proof:
First part of this corollary is proved in part (i7) of the proof of Theorem 2.1.

If 7 = (s4,...,5y) is the trunk of a subaraucaria B of A, then, for each j € {i + 1,...,f — 1},
A(sj) = f—j = A(sj+1)+1and s; is not a breaking vertex of 7. But if (s;, %) is an edge with ¢ # s;,1,
then A(s;) > A(t) + 1 since, by the proof of Proposition 2.1, every path wich admits (s, ¢) as first edge
is a path of B and for each maximal path o # 7 of B, |o| < |7|. Hence s; is a breaking vertex for the
edge (s;,t) and for each path which contains (s, ¢). It follows that each maximal section y of a maximal
path o contained in a trunk of a subaraucaria of A is a truncation of o.

Conversely, if y is a truncation of a maximal path o, there exists, by Lemma 2.1, a terminal truncation 7'
which contains the first edge of i and, by the preceding argument, u is a maximal section of o contained
inT’. O

Definition 2.7. (i) If 71...7; is the decomposition of a maximal path o into truncations, the number ¢ of
truncations is called the rank of o.

(i) If s is a vertex of a directed tree A, the number of successors of s is called the degree of s and is
denoted deg(s).

The maximum of all deg(s) for s € A is called the degree of A.

Proposition 2.2. Let A be an araucaria of arity k.
(i) For each edge (s,t) of A, deg(s) > deg(t).
(ii) The degree of A is equal to the degree deg(r) of its root r and deg(r) = 2 — 1.
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Proof:

(i) The result is trivial for every edge whose extremity is a leaf.
Let (s,t) be an edge of A such that ¢ is not a leaf. By Lemma 2.1, there exists a unique terminal
truncation 7 of A which contains (s, t). Let ~’ be the unique path from the root r of A to the vertex s and
v =1'.(s,t). Let g be the successor of ¢ in 7, T'(¢) the set of successors of ¢ distinct from ¢ and T'(s) the
set of successors of s distinct from ¢.
By Lemma 2.1, Vp € T'(¢), there exits a unique terminal truncation 7, wich contains the edge (¢, p) and,
since p # q, 7, # 7 and (¢,p) is the first edge of 7,. Then o = v'.7, is a maximal path of A and, by
Definition 2.4, o admits a canonical decomposition o ...oyp. Since (,p) is the first edge of 7, there
exists s € {1,...,h — 1} such that 7, = 0;;1...0p and v = o;...0;. Let o} be the section of o;
whose last vertex is s. Since A is complete for the canonical decomposition, there exists a maximal path
o’ of A whose canonical decomposition is isomorphic to o5 ...0;_1.0,.0i41 ...op. Then v/ is an initial
section of o’ and the successor p’ of s in ¢’ is contained in I'(s) and (s, p') is the first edge of the terminal
truncation 7, of o’ and 7, is isomorphic to 7,. This proves the unicity of the vertex p’ and the existence
of an injective mapping from I'(¢) into T'(s). Hence deg(t) = [T'(¢)| + 1 > |T'(s)| + 1 = deg(s).

(i) It follows from (i) that for every path o = (cq, ..., cn) Of A, deg(cy) > ... > deg(cy,). Hence
the degree of A is equal to the degree of its root.
By Lemma 2.1, for every successor p of the root r there exits a unique terminal truncation 7, of A
which contains the edge (r,p) and (r,p) is the first edge of 7,. By Definition 2.4 and Corollary 2.2,
there exists a unique part I, = {i1,...,4,} of {1,...,k} distinct from {1, ...k} such that 7, admits a

canonical decomposition o;, ... o;, where g;,, ..., 0;, are maximal sections respectively attributable to
Di1, - - -1 Di, - Hence the degree deg(r) is equal to the number of nonempty parts of {1,...,k}.

h=k (k
Thus deg(r) = >~ (h) =2k 1. O

2.2. Shuffle product of elementary araucarias

The proof of Theorem 2.1 uses the first attributable sections although the proof of Theorem 2.2 below
uses the last attributable section. This new characterization of the auracarias will be used in the next
section.

Definition 2.8. Let A = (S,U) be a directed tree and o = (cy, - - -, ¢,) a path of length 7.

For each vertex s of A, let o(s) = (so,...,sr) be a path isomorphic to ¢ such that sy = s, S and
{s1,...,s,} are disjoint and such that, for each vertex ¢ of A distinct from s, o(s) N o (t) = 0.

The directed tree obtained by connecting A with all paths o(s) for s € S is called the ramified directed
tree of A with respect to o and is denoted ramif(A, o) (see Figures 1.d, 1.e, 3.a, 3.b and 3.c).

Remark 2.3. If Ay, is an araucaria of type (p1,...,pg—1) and A}, the ramified tree rami f(Ax, A(pk)).
Definitions 2.2 and 2.3 are applicable to A). Moreover, by Definition 2.4, A} is isomorphic to a subtree
of the araucaria A(p1,--.,px).

The next lemma is based on this idea and shows the importance of the terminal truncations.

Lemma2.2. Let (p1,...,px) be asequence of positive integers, i and j suchthat0 < i < k,0< j <k
and 7 # j, A; and A; araucarias of types respectively

(pi—l—la' -9 DPksP15 - - - api—l) and (pj—|—1a' -9 PkyP1y - - apj—l)a
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Al = ramz'f(_Ai, A(p;)) and A} = ramif(Aj, A.(pj)). N _
For each maximal path o of A}, there exists a maximal path o' of A’ such that o and o’ admit isomorphic
canonical decompositions up to equivalence if and only if the terminal truncation 7 of o contains a
maximal section which is attributable to p;.

Proof:

(i) By Corollary 2.2, if there exist in A’ a maximal path o' which admits the same canonical decom-
position as o up to equivalence, then o and o’ admit the same terminal truncation 7. Since the last section
of the terminal truncation of o is attributable to p;, 7 contains indeed a maximal section attributable to
pj-

(ii) Let o be a maximal path of A} and o, ...0y, its canonical decomposition with o), maximal
and attributable to p;. By Corollary 2.2, the terminal truncation of o is of the form o,...05, with
g € {1,...,h — 1}. For each section o; € {og,...,0n_1}, there exists j € {1,...,k} \ {3} such
that o; is attributable to p,;. By Definition 2.4, A; contains a maximal path A = (so,...,e) whose
canonical decomposition is ¢1...0;—10741...04. Extending A with a path isomorphic to A(p;) and oy,
we obtain a maximal path A’ of A’ = ramif(A;, A(p;)) which admits the canonical decomposition
01...01—104+1...0p,0; Which is equal to o;...0p up to equivalence by Corollary 2.2. O

Definition 2.9. Let o = (so,...,s,) and ¢’ = (s, - .., s),) be two paths of equal length in a graph G.
Merging o and ¢’ consits in merging, for all i of {0, ..., h}, the vertices s; and s/ into a unique vertex,
and, for all 7 in {0, ..., h — 1}, in merging the edges (s;, s;11) and (s;, s;_ ;) into a unique edge.

Definition 2.10. Let k be an integer such that 1 < k and (p1,...,px) a Sequence of positive integers.
Vi e {1,...,k}, let A; be an araucaria of type (p;41,- .., Pk, P1,---,Pi—1) and A, = ramif(A;, A(p;))
and let B be the disjoint union of the directed trees A,..., A}.
The directed graph A obtained by merging, for each couple of maximal paths (o, ') of B having iso-
morphic canonical decompositions up to equivalence, the terminal truncations of o and &, is called the
shuffle product of the elementary araucarias A(p1), ..., A(pk)-

Theorem 2.2. Let k be an integer such that £ > 1 and (p1, ..., px) any sequence of positive integers.
The shuffle product of the elementary araucarias A(p1), ..., A(pg) is an araucaria of type (p1,. .., pk)-

Proof:

(i) The directed graph A does not depend on the order in which the merging of the terminal trunca-
tions are realized. For every i € {1,...,k}, A} admits a maximal path o; of length p; + ... + p; and
if we merge such paths ¢; and o, we merge the roots of A} and A;. Hence, if we merge first all the
maximal paths of B of length p; + ... + px, we obtain a directed tree B’. Moreover, the merging of a
maximal path o with another maximal path ¢’ transforms a directed tree into another since o and o’ have
the same first vertex. The same thing happens when merging two terminal truncations issued from the
same vertex. But, in each decomposition 7..... 74 into truncations of a maximal path o of rank ¢t > 1,
T—1 IS a section of a terminal trunk 7/_, by Lemma 2.1and ¢’ = 7;..... Ty—2.7{_1 IS then a maximal
path whose rank ¢ — 1 is strictly less than the rank of o. It follows that, if we realize the mergings of the
terminal truncations for all couples of maximal paths (o, o’) in increasing rank, we realize only mergings
of this type. This proves that A is a directed tree.
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(© (d)

Figure3. Thetrees A} = ramif(A(3,2), A(1)), A, = ramif(A(3,1), A(2)) and A} = ramif(A(2,1), A(3))
are isomorphic to subtrees of A(3,2,1). Moreover if, in the union B of A}, A} and A}, we merge the maximal
paths whose extremities are respectively a’,a”,a"”, v', 0", ¢/, c", d',d", ¢',g", €",e'" and f”, f'"" we obtain
A(3,2,1).

(i) For each 7 € {1,...,k}, since the araucaria A; is of type (pi+1,---,Pk,P1,---,Pi—1), €ach
maximal path ¢ of A; admits a canonical decomposition into sections o1, ..., oy, attributable to two by
two distinct integers of the set {p1,...,pi—1,Pi+1,---,pr} by Definition 2.2 and Theorem 2.1 and this
decomposition is unique up to equivalence. The extremity e of ¢ is a leaf and, if o, 1 is the path issued
from e isomorphic to A(p;), the path o' = .04 in the ramified directed tree A} = ramif(A;, A(p;))
is maximal and admits o1 ...0.01,41 as canonical decomposition and this decomposition is unique up to
equivalence in A}. By the proof of Theorem 2.1, A is isomorphic to a directed subtree of the araucaria
of type (p1,---,Pk)-

(iii) Since, as in the construction of A, we join together all directed trees Af,... A} and then, by
Lemma 2.2, we merge all pairs of maximal paths which admit isomorphic canonical decompositions up
to equivalence, each maximal path of A admits a canonical decomposition and this decomposition is
unique up to equivalence.

Since, for each ¢ € {1,...,k} the araucaria A; is complete for the canonical decomposition, A’ con-
tains all maximal paths whose terminal section is attributable to p;. It follows that A is complete for the
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canonical decomposition. By Definition 2.4, A is therefore an araucaria of type (p1, ..., px). O

2.3. The size of an araucaria

Now we introduce a family of remarkable polynomials which will be helpful for the calculation of the
size of the araucarias.

Definition 2.11. Let {X},..., Xy} be a set of k variables.

For each m € {1,...,k}, let U,,(X4,..., X) be the elementary symmetric polynomial of degree m
on variables X1, ..., Xy and let Uo(X1,...,X;) = 1.

The polynomial

m=k
Tk(Xla AN an:) = Z m! X \I/m(Xl, cee ,Xk)
m=0
is called the araucaria polynomial in & variables.
The first araucaria polynomials are:

Ti(X1) =X +1,
To(X1,X2) =2X1Xo+ X1+ Xo +1,
T3(X1,X2,X3) =6X1XoX3 + 2(X1X2 + Xo X3 + X3X1) + X1+ X9+ X3+ 1.

Lemma 2.3. If  is a cyclic permutation of the set {1,...,k}, foreachm € {1,...,k — 1},

i=k
D U (Xyi(1ys - Xyigo-1) X Xyiry = (m+1) X U1 (X1, Xp).
i=1
Proof: '
Since x permutes circularly the integers 1,.. ., k, 2;;’5*1 Ui (Xyiqr)s - Xyie-1)) X Xyiry is @
symmetric function of X1,..., X}.

The product X1 Xs ... Xy Xy 11 appears in Wp, (Xyicqys - - - Xyip—1)) X Xyicry if and only if the vari-
able X belongs to { X1, Xo,..., Xp41} i€, if and only if x'(k) € {1,...,m + 1}. This product
appears therefore m + 1 times in the sum. By symmetry, the same thing happens for the other products
and this proves the relation. O

Theorem 2.3. For each cyclic permutation x of the set {1,..., k},
i=k
ZTk*l(XXi(l)’ e aXxi(k—l)) X Xxi(k:) +1= Tk(Xla e an)-
i=1

Proof:
By Lemma 2.3,

i=k
Z Tk*l(Xxi(l)a e ,Xxi(k_l)) X XXi(k) +1
i=1
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i=k ,m=k—1
= Z ( Z m! x \Ij’m(Xxi(l)a . aXxi(kl))> X sz(k) +1

i=1 m=0

m=k—1 i=k
= Z ml X ( \I/m(XXi(l), . ,Xxi(k_l)) X Xxi(k)> +1
m=0 1=1
m=k—1
= Y (mA DX Uy (X, Xp) +1
m=0

=Tp(X1,. .., Xg).
O

Theorem 2.4. An araucaria of arity k£ and of type (p1,...,px) has a size equal to Ty (p1,-..,px) and
the number of internal vertices is equal to k! x p1 X ... X pg.

Proof:

(i) If £ = 1, for each positive integer p1, the araucaria A(p;) is reduced to a path of length p, its size
is therefore p; + 1 = T1(p1).
Assume that the size of each araucaria of arity k& — 1 is given by the araucaria polynomial in k& — 1
variables and let A be an araucaria of arity £ and of type (p1,...,px). By Theorem 2.2, A is isomorphic
to the shuffle product of the elementary araucarias A(p1), ..., A(pk)-
For all i € {1,...,k}, let A; be an araucaria of type (pi+1,---,Pk,P1,---,Pi—1) and considere the
ramified directed tree A} = ramif(A;, A(p;)). By Definition 2.10, if B is the disjoint union of the

directed trees A7, ..., A}, then A is obtained by merging, in B, the terminal truncations of each couple
of maximal paths (o, ') which admit isomorphic canonical decompositions up to equivalence.
For each ¢ of {1,...,k}, let V; be the set of vertices of A’ which do not belong to the directed subtree

A;. By Lemma 2.2 and the proof of Theorem 2.2, we can realize the merging of the terminal truncations
for all couples of maximal paths (o, ') with respect to increasing rank.

Let o be a maximal path of A and let 7 be its terminal truncation. Since 7 is a product of maxi-
mal attributable sections, there exist sections o1, ..., oy, respectively attributable to p;,, ..., p;, where
i1 <...<ip Vi€ {l,...,h} let o] be the set of vertices of o; distinct from the first vertex.

Since o is a path of A} if and only if 7 contains a section which is attributable to p;, none of the sets
oNVi,...,aNV,, isempty. These sets are not disjoint but if we replace, for each g € {2,...,h}, the
part o N'V;, of Vi, by the set a; then they become two by two disjoint.

Let V/,...,V} be the residual sets obtained respectively from V1,. ..,V by these substitutions for all
maximal paths of A whose terminal truncations are not reduced to a unique attributable section. Then,
for each maximal path of A, the sets V{ N, ..., V, N o which are not empty, are two by two disjoint
and (V/ Nno)U... U (V/ No) contains all vertices of o distinct from the first vertex. It follows that the

residual sets VY, ..., V) are two by two disjoint and V{ U ... U V}/ contains all vertices of A out of the
root. Hence, card(A) = 1+ =% card(V}).
Since, for each 7 € {1,...,k}, each replacement of a part of V; does not modify its cardinality,

card(V}) = card(V;).
Moreover each vertex t of V; is the extremity of an edge which belongs to a section which is attribuable
to p; and the set of these edges is the union of all sections attributable to p;. It follows, by the induction
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hypOtheSiS! that card(Vi) =pi X Tk—l(p’i+17 <3Pk PLy - - - apifl)'

Therefore,
1=k 1=k
Ca’f‘d(A) =1+ anrd(‘/’i) =1+ sz X Tk—l(pi-i-la < sPkyDP1y- - - apifl)
=1 =1

and, by Theorem 2.3,
card(A) = Yy (p1,---,Pk)-

(ii) We prove now, thanks to a double induction on & and py, that an araucaria of arity &£ and of type
(p1,- -, pk) has =81l x Uy (pr, .. ., pi) leaves.
If £ = 1, for each positive integer p;, the araucaria A(p;) is reduced to a path of length p; and has a
single leaf.
Definition 2.4 can be generalized for the value p, = 0. Then an araucaria of arity k and of type
(p1,-..,pr—1,0) can be identified with an araucaria of arity k¥ — 1 and of type (py,...,pr—1). If we
assume that the property is true for each araucaria of arity £ — 1, it follows that an araucaria of arity &

and of type (p1,- - -, pr_1,0) admits S 7=E"2 ) x W, (p1, ..., pp_1) leaves .

Assume now that the result is true for an araucaria of type (p1,...,px) and let B be an araucaria of type

(pla vy Pk—1,Pk T 1)
By Theorem 2.1, we can identify A with a directed subtree of B and, furthermore:

e A admits a subaraucaria Ay, p, of type (p1,...,pr—1) Whose root is the vertex s,, of height p; on
the trunk 7 of A and B admits, in the place of the subaraucaria Ay, ;, , two subaraucarias By, and
By, p, +1 such that, to each subaraucaria of arity £ — 2 contained in By, ;, 1 \ A, corresponds an
isomorphic subaraucaria of root s,, which is common to By, and to Ay, and conversely. The
number of leaves of (B ,, U By p,+1) \ Ak p, is therefore, by the induction hypothesis,

m=k—2
fo= D> mIxTp(py,...,pp1)-

m=0
e Foreachi e {1,...,k}, B admits p; subaraucarias B, g, ..., B; p,—1 Of type

(p17 <oy Di—-1,Pi+15- -5 Pk + ]-)

in the place of the subaraucarias A4, ..., A; ,,—1 of type (p1,...,Pi—1,Pi+1,---,Pk) OF A.
Since
U (P1y- e s Pic 1y Pit1s -9 Pk + 1) — Ui (D1y - - o s Die1,Dit 1y - - -y Pk)
=W 1(P15---»Pi 1,Pit1,- -, Pk—1)
the number f; of leaves of this type is, by the induction hypothesis,

m=k—2
fi = Z m! X pi X \ymfl(pla"' yDi—1,Pi+15- - - apk‘—l)'

m=1
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e Foreach ¢ € {1,...,k}, B admits the subaraucaria B; ,, in the place of A;,, but each leaf of
Bip; \ Aip, belongsto a By, 11 \ Ag p, and is therefore counted.

Since all these sets of leaves are two by two disjoint, it follows, by Lemma 2.3, that the number of leaves
inB\ Ais:
i=k—1 m=k—2
fi: Z (m—i_l)!x‘l"m(pl,"'apkfl)'
i=0 m=0

The number of leaves of B is, as expected:

m=k—1 m=k—1
Z m! X (lem(pla"'apk)+\Ijm—1(pla"'7pkfl))+1: Z m'x\pm(plaapk+1)
m=0

m=1

This proves the result by induction and shows that the number of internal vertices is equal to

k! X p1 X ... X pg.

3.  Onsome subautomatas of the minimal automaton of the shuffle of a set
of words uy, us, ..., ug

In this section we prove that, for every sequence of positive integers (p1,...,pg), there exist words
u1, Ug, --., ug SUch that the minimal automaton of L = wq LLI...LLI uj contains an araucaria of type

(P1,---,Pk)-

Definition 3.1. (i) Let » and v be two words of the free monoid A*.

The language whose words are of the form uiviusvs . . . U vy, Where ujus . .. uqy, is a factorisation of
u, v1vy . . . Uy a factorisation of v and the factors u; and v, are possibly empty, is called the shuffle of
the words u and v and is denoted w LLI v.

(i) If I and J are two languages of A*, the union of the sets  LLI v for w € I and v € J is called the
shuffle of the languages I and .J and is denoted T LLI J.

(iii) Let uq,...,ug be k words of A*. If we assume that the shuffle K of the words wuq,...,ug 1 is
defined, the language L = K LLI uy is called the shuffle of the words w1, - . ., ux and is denoted

L =wuy L. L ug.

Remark 3.1. If all words of a langage L have the same length, then the minimal automaton of L has a
unique terminal state and an absorbing state z (Va € A, z.a = z). In particular, this is the case for the
langage L = wuy LU .. LLJ ug.

Definition 3.2. (i) Letu = a1 ... a, be a word of length n of A*. The partial automaton P A(u) whose
set of states is {so,--.,sn}, Whose transitions are (s;, a;, s;+1) with i € {0,...,n — 1}, sq the initial
state and s,, the terminal state, is called the partial minimal automaton of .

(i) Let uy,...,ux be k words of A*, L = wuy LLI...LLI ug, A(L) the minimal automaton of L, d its
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initial state and f its terminal state.

The partial automaton P A(L) obtained from A(L) by deleting his absorbing state z and all transitions
towards z or issued from z, is called the partial minimal automaton of L.

(iii) The directed graph whose vertices are the states of P A(L) and whose edges are the pairs (s, t) such
that there exists a letter « € A such that (s, a, t) is a transition of PA(L) is called the graph of PA(L).

Definition 3.3. (i) Let Sy be the set of states of the partial minimal automaton PA(K), d, the initial
state of PA(K), fo its unique terminal state and uy = a1 - . . an.

Foreachi € {0,...,n}, let6; : s — s be an isomorphism from PA(K) on an automaton PA(K)®
such that the sets S(") = 6;(S) are two by two disjoint.

The non-deterministic automaton M; (L) which is the disjoint union of the partial automata PA(K)(©®,
..., PA(K)™ and which admits, for each s € Sy and each i € {0,...,n — 1}, (s, a;41,s01)) as
transition, is called the shuffle product of the partial automata PA(K') and PA(uy) and is denoted
PA(K) LU PA(ug).

It admits S; = S(()O) U...u S(()") as set of states, d; = déo) as initial state and f; = é") as terminal state
(see [5] for a more general definition and for complements).

Each transition of the form (s, a;; 1, s¢+1) is called vertical and each transition of one of the partial
automata PA(K ) is called horizontal.

(ii) Let M3 (L) be the subautomaton of the automaton of subsets of PA(K) LLI PA(uy) generated by
dy = {d;}.

The partial subautomaton M, (L) of the automaton M} (L) obtained by deleting the empty set of Sy, is
called the determinization of M;(L) = PA(K) LLI PA(uy).

Lemma 3.1. (i) The non-deterministic automaton PA(K) LI P A(uy) recognizes language L.

(if) There exists a morphism from M,(L) onto the partial automaton PA(L).

(iii) If the alphabet of the word wuy is disjoint from that of the language K, then the automata PA(L),
My (L) and PA(K) LLI PA(ug) are isomorphic.

Proof:
The proof of this lemma is straightforward. O

Definition 3.4. (i) Each factorisation (z, a?,y) of a word u where a is a letter of A which is not a right
factor of z nor a left factor of y, is called an a-factorisation of w.

Such an a-factorisation is called degenerate if p = 0.

If, foreach i € {1, ..., k}, (z;, aPi,y;) is an a-factorisation of word u; and if, at least one of these

a-factorisations is not degenerate, ¢ = ((z;, a"?, yi)icq1,...x}) is called an a-factorisation of (w1, ..., ux).
(ii) Let d be the initial state of the partial minimal automaton PA(L) and let ) be an a-factorisation of
(uts - up):

Let 7" be the set of states ¢ such that there exist

- left factors vy,..., vy, respectively of uy,..., u such that, for all i of {1,...k}, |z;| < |vi| < |z4| + ps
-and aword v of v1 LLI... LLIvg suchthatt = d.v.

The partial automaton N of PA(L) which admits 7" as set of states and the a-transitions of the form
(t,a,t.a) such that t.a € T as only transitions, is called the nest of a-transitions associated to the
a-factorisation v (see Figure 4.b).
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The number of positive integers p; is called the dimension of the nest V.

(iii) For each i € {1, ..., k}, such that h; # 0 and z; # 1, the last letter b; of z; is called the entry letter
of V of index 7 and, for each 7 € {1, ..., k}, such that y; # 1, the last letter ¢; of y; is called the exit letter
from N of index 1.

Each state ¢ of 7" with no predecessor in 7', is called entry state of N.

Each state ¢ such that there exists a transition relatively to an exit letter ¢; of IV issued from ¢, is called
an exit state.

Definition 3.5. (i) Let Ny be a nest of a-transitions of PA(K) associated to the a-factorisation

o = ((ZE“ api,yi)ie{l,...,kfl}) of (ula ce aukfl)' (‘xka aPk, yk) an a-factorisation of uy and rj, = |‘$k|
If Ty is the set of states of Ny and, if for each i € {r,...,rx + pp}, T® = 6;(Tp), the partial
subautomaton N; of M; (L) = PA(K) LU PA(uy) which admits Ty, = T%) U ... U Tk +P%) as set of
states, admits only transitions relatively to a and is isomorphic to N LLI PA(aP*).

N; is called the non-deterministic nest of a-transitions of M (L) associated to the a-factorisation

Y = ((zi, aP, Yi)ic(n,...,ky) (se€ Figure 4.a).

(i) If S is the set of states of My (L), let T5 be the set of elements of S, which contain at least one state
of the nest V.

The partial subautomaton N, of M, (L) which admits 7> as set of states and only transitions relatively
to the letter a, is called the determinization of N;.

In the sequel of this section we will study the following particular case:

Vi € {1,...,k}, the word w; is of the form u; = b;aPic; with positive integers p1, ..., pg and the letters
of {b1,...,bx} U{ec1,...,cr} are two by two distinct up to the equalities by = c1, ..., by = ck.

Such a set (u1, ... ,ug) is called special.

Lemma3.2. Letyp = ((b;,aPi, ¢;); 1 <14 < k) an a-factorisation of the special set (u1,...,ux). Then

the graph of the nest V of a-transitions associated to ¢ in the partial minimal automaton PA(L) is the
opposite of a directed tree.

Proof:

We prove this property by induction on k.
For k = 1, the graph of the nest of a-transitions of PA(u1) is a path of length p;. The property is
therefore verified.
Assume that the property is verified for each special set of & — 1 words and let (u1, ..., ux) be a special
set of k£ words. We use the notations of Definition 3.5.

(i) First we study the part of the graph obtained from the entries corresponding to letter by.
Foralli € {1,...,k—1}, h; € {0,...,p;} and z € bya™ LLI... LI by 1a™-1, d(()o).z is reduced to a
unique state s© of S© since by & {by, ..., bs_1} and, therefore, d\).zb;, = {s('}. Each entry relative
to by, is therefore reduced to a unique state of S(1).
Let voo = ((zi, 0", ¥i)ieqr,.... k1) b€ the a-factorisation of (u1, ..., ug—1). The opposite graph G of
the graph of the nest Ny associated to 4, is a directed tree by induction. Let (s4, Sq—1,--.,S0) be the
unique path from the root s, = ry of the directed tree G to the vertex sy = s.
For each h of {0,...,min(px,q)},

{sD}.ah = {s(()Hh),sgh) .- ,sg)}.
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Figure 4. Letu; = baab, Ny the nest of PA(u;) associated to the a-factorisation (b, a?,b) of u1, u2 = caaac
and L = u; LU up. (a) The non-deterministic nest Ny = No LU PA(a®) in PA(u1) LU PA(uz) ; (b) The
corresponding nest NV in the partial minimal automaton PA(L) and its subgraph which is the opposite of an
araucaria of type (2, 3).

For each h of {min(pg,q) + 1,...,maz(pk,q)},

{s(W}.a" {sgtf;k , - 321)} when p; < ¢ and

{sW}.ah = {s 1+h),..., §h+1*Q)}whenq<pk.
For each h of {maz(pk,q) +1,...,pk + ¢},

{sW}ah = {s70) 510y

In particular {s(l)}.apkﬂ = {sq (1+7%) } and this proves that there exists, in the opposite graph G of the
graph of the nest N, a path from the vertex {r(()lﬂo k)} to the vertex {s(1}.

(i) We study now the part of the graph obtained from entries corresponding to a letter b; distinct
from by,.
AsVi € {1,...,k} \ {j} and Vz € bra™ L. LU bj_1a®-1 LI bjqafi+1 LI .. LY ba®*, where
h; € {0,...,p;} there exists a left factor y of = and a right factor z of z such that x = ybyz and the set
d\®) by is reduced to a unique state s(!) of SO, Each occurrence of a letter b; in z induces a horizontal
transition in M; (L) although each occurrence of the letter a in z induces simultaneously a horizontal
transition and a vertical transition and, when this vertical transition is used, the corresponding horizontal
transition is occulted.
Let A(x) be the set of pairs (zy, ) such that zy is obtained by deleting r» occurrences of the letter a in
zwith 0 < ry < pg.

d.zb; = {(s.2:b;)1T™V; (22, 7) € A(z)}
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is then an entry relative to letter b; in the nest IV, and, for each integer » > 0,
déo).a:bjar = U (s.z,\bj)(H”).aT.
(2x,mA)EA(T)
Since G is a directed tree, for each state ¢ of G there exists a path from the root ry of Gy to ¢ and

therefore, if ¢ is the length of this path, then t.a? = 7y and {¢t(1)}.a9Px = {7"(()1+pk)}. Since all states of
X = d(()o) .zb; have the same rank, there exists therefore also an integer ¢ such that X.a9Pk = {ré”p’“)}.

There exists therefore also a path from {r(()1+p k)} to X in the opposite graph G5, of the graph of the nest
No.
(iii) By (i) and (ii), for each state s of G'9, there exists a path (so, . .., s4) from so = r((]Hp’“) t0s, =s

and, since Vi € {1,...,q}, si.a = s;_1 in the automaton Mz (L), this path is unique. This proves that
G+ is a directed tree.

Since, by Lemma 3.1, there exists a morphism x from Ms(L) on the partial automaton PA(L), the
opposite graph G = k(G2) of the nest associated to the a-factorisation 1) is also a directed tree. O

Definition 3.6. The word wu is called left factor of the language K if there exists a word v such that
uv € K.

Let d' = d.uy, Q the set of states s of S such that there exists a left factor  of K such that s = d’.u in
PA(L) and, for such an s, U(s) the set of transitions (s, a, s.a) with a € A such that ua is a left factor
of K.

The partial subautomaton Ult(L) of PA(L) which admits @ as set of states and, for each s € @, U(s)
as set of transitions issued from s, is called the ultimate face of PA(L).

Lemma 3.3. For each special set (u1,. .., ux), the ultimate face of PA(L) with d’ as initial state and f
as terminal state, is isomorphic to PA(K).

Proof:
Since ¢ does not belong to the alphabet of K, {d(()o)}.u,C = {dé”’““)} in Ma(L).

Assume that there exists a left factor u of K such that {d"* ™ }.u contains a state (1) of §; \ S®+2),
Then there exists a right factor v, of uy, distinct from the empty word and a right factor v, of K such that
{t®Pe+2)} pyvy = {fép’“”)}. Then {d(()o)}.ukuvlvg = {fé”k“)} and, by Lemma 3.1, w = uguvive € L
which is not possible because w contains an excess occurrence of c,. It follows that, for each left
factor u of K, {d"* ™ }.u ¢ S®+2) and, since 6,, | is a morphism from PA(K) on PA(K)®i+2),
{d(()p”z)}.u is reduced to the unique element 6, 1 2)(do-u).

If & is the morphism from Mj(L) on PA(L) of Lemma 3.1, (0, +2)(do)) = n({déo)}.uk) =dug=d
and, for each left factor u of K, k(0(,, 42)(do-u)) = m({d(()”’“”)}.u) = d'.u. Koy, 19 is therefore a
morphism from PA(K) on PA(L) whose image is the ultimate face Ult(L) of PA(L) and, since this
morphism is injective, Ult(L) is isomorphic to PA(K). 0

Lemma 3.4. Let N be the nest of a-transitions associated to the a-factorisation ¢ = ((z;, a??, y;)1<i<k)
of the special set (u1, ..., uy) in the automaton PA(L) and let Ny be the nest of a-transitions associated
to the a-factorisation 1o = (@i, %, yi)ieq1,... k—1}) Of (u1, ..., ug 1) in the automaton PA(K).

If Gy is the opposite graph of the graph of the nest Ny, then the opposite graph G of the graph of the nest
N admits a subgraph which is isomorphic to the ramified directed tree ramif(Go, A(pk))-
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Proof:

(1) By the proof of Lemma 3.2, each entry of N1 = Ny LLI P A(uy) relative to letter by is of the form
{sM} with s € Ty and, the sets {s(1)}.a" for b € {0,...,px}, are two by two disjoint. There exists
therefore a path ¢(s) from {s(1}.a?* to {s()} in the graph G which is the opposite of the graph of the
nest Ny in the determinization M»(L) of M; (L) and, since the length of ¢(s) is equal to py, c(s) is a
path isomorphic to the elementary araucaria A(py).

Consider the mapping 6 : s — {s}.aPx from Ny to N,. For each edge (¢, s) of Gy, (s,a,t = s.a) isa
transition and, therefore

0(t) = {tW}.aP* = {(s.a)M}.a? = ({sM).aP*).a = (6(s)).a.

Hence (6(t),0(s)) in an edge of the graph G5 and @ is a morphism from the graph G| to the graph Gs.
Since 6 is injective, the subgraph 8(G) of G4 is isomorphic to Gy.

Moreover, for all states s and s’ of Gy, the paths c(s) and ¢(s') are disjoint if s # s'.

It results from them that the graph G5 admits a subgraph Hs which is isomorphic to the ramified directed
tree rami f(Go, A(pg)).

(if) By Lemma 3.1, there exists a morphism « from My (L) to PA(L). For all states s and s of the
nest Ny such that s # ', 8(s).c, = {s?TP¥)} and 0(s').c;, = {s'?*Px)}. But by the proof of Lemma
3.3, the states s(2*Px) and s/(2*P%) of PA(K)(2+Px) are not equivalent. 8(s) and 6(s’) are not equivalent
in M(L) and, therefore, x(6(s)) # x(6(s")).

Moreover, for each state s of the nest Ny, the states of the path c(s) form a sequence of a-transitions from
{s(M} to {s(W}.aPx in My(L). The states of the path ¢(s) are therefore not equivalent, nor equivalent to
a state of another path ¢(s).

The restriction of « to the subgraph Hs of the graph G5 and to the graph G which is the opposite of the
graph of the nest N of PA(L) is therefore injective and this proves that G admits also a subgraph which
is isomorphic to a ramified directed tree ramif (G, A(pk)) - ]

Theorem 3.1. If the set (u1, ..., ug) is special, the graph of the nest NV of a-transitions associated to the
a-factorisation ¢ = ((bs, a*, ¢;)1<i<k) Of (u1,-..,ux) in the automaton PA(L) is the opposite of an
araucaria of type (p1,...,pk)

Proof:

(i) The property is trivial for &k = 1.
Assume that, for each sequence (p1,...,px—1) Of positive integers, the graph of the nest associated to
the a-factorisation 9o = ((bi, ", ci)ieqa,...,k—13) Of (u1,...,ugx 1) in the partial minimal automaton
PA(K) is the opposite of an araucaria of type (p1,...,pr—1)-
By Lemma 3.2, the opposite graph G of the graph of the nest N contains a directed subtree A} which is
isomorphic to the ramified directed tree rams f(Ag, A(pr)) where Ay = A(p1,...,Pk—1)-
Since, for each permutation x of {1,...,k}, the languages w1y LLJ. .. LU uy (k) and wy LLJ. .. L) ug,
are the same, the graph G contains also, for each ¢ € {1,...,k — 1}, a directed subtree A} which is
isomorphic to rami f(A;, A(p;)) where A; is an araucaria of type (pi41,---,PksP1s---,Pi—1)-
Since Aj, contains all entries relative to letter by, the same thing happens for the other entry letters
bi,...,bx—1. Therefore G is covered by the directed trees A, .., Aj}.

(i) For each entry e relative to a letter b; in the nest Ny associated to the a-factorisation 1) in the



R. Schott and J.-C. Spehner / Shuffles of words and araucarias 21

/
.
.
~ \
e
X A
~ 2
-

7
Iy
7

Figure 5. Let uy = baab, us = caaac, uz = dad, L = uy LU uy LU ug, N the nest of PA(L) associated to
the a-factorisation ((b, a2,b), (¢,a?,¢), (d, a,d)) of (u1,us,u3). The directed subtree of the graph G opposite of
the graph of the nest V which is isomorphic to A} = ramif(A(2,3), A(1)) of an araucaria of type (2, 3) and the
exit transitions of the states supported by the trunk of this araucaria. Only the a-transitions have been drawn with
unbroken lines and some b-transitions and c-transitions with dotted lines.

automaton PA(K), (1) is simultaneously an entry for b; and for by, (see the proof of Lemma 3.2). If &
is a morphism from My (L) on PA(L), there exists therefore, in G, a maximal path o from the root r of
G to vertex x(e()) and this vertex is common to subtrees A% and A}. The directed trees A’ and A} are
therefore merged with respect to the maximal path o. The same argument applies for each common entry

letter of any number of entry letters of {b1, ..., bx_1} and, permuting the words w1, . .., uy, to each part
of {bl, . bk}

First we merge the paths issued from the root which end with the unique entry common to all entry
letters by, . .., b, then we do the same thing for the entries common to k£ — 1 letters and so forth until the
common entries of two letters. The operation consists then in merging the terminal truncations.

G is therefore isomorphic to the shuffle product of the elementary araucarias A(p1),..., A(pg) and is,
by Theorem 2.2, isomorphic to an araucaria of type (p1,...,pk). O

4. Shuffle products of words and partial commutations

Definition 4.1. Given an alphabet A and a set © of pairs (a, b) of letters of A such that a # b, let w and
w' be words of A* such that w = uabv and w’ = ubav with (a,b) € © or (b,a) € O : the transformation
of w in w’ is called a partial commutation.
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If w is a word of A*, the set of words w’ € A* such that there exists a sequence of partial commuta-
tions which transforms w in w’ is called the commutation class of w.

The present authors have designed an efficient sequential algorithm for the generation of commu-
tation classes [14] and two optimal parallel algorithms on the commutation class of a given word [15].
During our investigation, it became clear to us that some of our results extend to the shuffle product of
words. In particular, we have been motivated by the fact that all words in a commutation class have the
same length as in shuffle products of words and by the following result.

Proposition 4.1. If the respective alphabets A4, ..., A of the words u., . .., uy, are two by two disjoint,
then the shuffle product . = wq LLI...LLI ug is equal to the commutation class of the word w1 ...uy
relative to © = (U ;< Ai X A7J.

Proof:

The proof of this proposition is straightforward. O
Remark 4.1. This result does not remain true if the words w1, ..., u; Share a common letter. In the
case where the words u1, ..., u; are special (see Section 3), we are far away from the assumptions of

Proposition 4.1 and it appears that the study of the shuffle of words is much more intricate than the study
of commutation classes.

Partial commutation theory assumes that a letter never commutes with itself but, in the shuffle product,
the occurrences of the same letter of two distinct words still commute. This fundamental difference
implies that the minimal automaton of the shuffle of words contains graphs such as araucarias.

5. Conclusion

In this paper we have investigated directed trees which appear in the construction of the minimal automa-
ton of the shuffle of words. We hope to be able to prove that, if the set of words is special, then the size
of the partial minimal automaton of the shuffle of words is maximal. The design of an optimal algorithm
for the construction of this automaton is under investigation by the present authors.

Acknowledgments: The authors are grateful to anonymous referees for pertinent comments and sugges-
tions.
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