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ABSTRACT

When an observer is in a 3D scene, a topological change
in the view arises when the line of sight is tangent to four
objects. If we consider polyhedral scenes, the relevant lines
of sight are transversals to some edges of the polyhedra. In
this paper we investigate predicates about visibility events
arising in this context. Namely, we consider the predicates
for counting the number of line transversals to lines and
segments in 3D and the predicate for determining whether
a line of sight is intersected by a triangle. We also consider
a predicate that order these visibility events in the rotating
plane-sweep algorithm of Bréonnimann et al. (2007)

We present a new approach for solving these predicates
and show that the degree of the resulting procedures are sig-
nificantly smaller than the naive approach based on Pliicker
coordinates. All the degrees are considered here in the
Cartesian coordinates of the points defining the lines and
segments. In particular, we present a procedure of degree
12 (resp. 15) for determining the number of transversals
to four (resp. five or more) segments. We present proce-
dures of degree 15 for the occlusion predicate and of degree
36 for the ordering predicate. In comparison, the degree of
the standard procedure based on the Pliicker coordinates for
solving these predicates range from 36 to 168 [Everett et al.
2006].

Categories and Subject Descriptors

F.2.2 [Analysis of Algorithms and Problem Complex-
ity]: Numerical Algorithms and Problems—Computations
on polynomials

General Terms
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1. INTRODUCTION

The computation of visibility between objects in three-
dimensional space is one of the main problems of computer
graphics, useful for hidden parts elimination, umbra and
penumbra computations, radiosity methods. .. [5]. The vis-
ibility skeleton of a set of polyhedra can be computed by
sweeping the space by a plane rotating around each edge of
the scene in O(n?k? logn) time for a scene of k convex poly-
hedra of total complexity n [1]. In this sweeping algorithm
an event corresponds to a line stabbing four edges of the
scene. As any geometric algorithm, visibility computation
relies on basic geometric tests called predicates involving a
small number of input objects; the answer of a predicate
is discrete, typically it is a sign +/ — /0 that can be in-
terpreted by something like inside/outside/on boundary or
above/below/same height. Going from the geometric for-
mulation of a predicate (is an object above another?) to an
actual implementation consists in finding one (or several)
polynomial(s) in the parameters describing the objects such
that the sign (or a combination of the signs) of the polyno-
mial(s) gives the answer to the geometric question.

For a given geometric problem, what a good design is for
a predicate remains a difficult question. Between several
polynomial formulations, the set of polynomials with low-
est maximal degree is often preferred since the degree of a
polynomial is closely related to the precision of the compu-
tation needed to evaluate exactly this polynomial, and such
exact evaluation may be needed to solve robustness issues
using the exact computation paradigm [10]. Notice that this
study is restricted to predicates implemented by computing
the sign of polynomials; divisions, modular operations, fac-
torizations are not considered here.

For our visibility problems, the predicates needed include:
— the existence of a stabbing line to four edges (or more
edges to take degeneracies into account), — the fact that a
triangle occludes or not a stabbing line and — the compar-
ison of such stabbing lines in the sweep order.

Contribution.

In this paper, we propose a direct formulation for line
intersection problems which gives better results than the
standard naive approach using Pliicker coordinates. In par-
ticular, it is easier in this setting to take into account line
segments rather than entire lines. Based on this formulation
we design several predicates.



We propose a predicate for counting the transversals to
four lines using a polynomial of degree 12 while the naive ap-
proach of Pliicker coordinates gives degree 24 [6]. This poly-
nomial of degree 12 was previously obtained, using Pliicker
coordinates in a subtle way, for the problem of determining,
in complex space, the number of transversals to four lines
[8]. Designing the counting predicates for transversals
to line segments instead of lines, our approach still gives a
polynomial of degree 12 while [6] increases to 36.

We solve the occlusion predicate with degree 15 and
the ordering of stabbing lines predicate with degree 36
while [6] uses polynomials of respective degrees 78 and 144.

If the involved polynomial of highest degree is irreducible
and its roots correspond to a change in the answer of the
predicate, we can argue that we reach a kind of optimality.
This is indeed the case for the counting and occlusion pred-
icates while for the ordering of stabbing lines predicate we
believe that the polynomial is reducible and the degree of
the predicate could be lowered to 24.

2. NOTATION AND PRELIMINARIES

We work in a projective setting so that two parallel lines
intersect (at infinity). Let P™ denote the real projective
space of dimension n. Lines in 3D are defined by two points
in P®. More formally, a line A through the points a = (as :
a,:a.:a,)” anda’ = (a} :aj :al:al)” in P?is the set
{aa+a’/a’; (o, ') € P'}; a point on A is thus parameterized
by (o, ) in P'.

The line A can be split in two parts cutting it at points
a and a’. Since the projective space cannot be oriented, to
precise these two sets we need to restrict the representative
coordinates of a and a’; namely we will assume in the sequel
that all fourth coordinates w of segment’s endpoints are non
negative. The two parts of A will be denoted by A = {aa +
o’a’;aa’ > 0} and A = {aa + o’a’;aa’ < 0}; if neither a
nor a’ is at infinity (i.e. a, and a/, are non-zero), A is the
finite segment and A the “segment” going through infinity.

If the points a and a’ are finite we also like

to orient the line A from a to a’ that is, in-

a side A, we consider decreasing <. Given

a two oriented lines A and B we say that the

b’ orientation of B is positive with respect

to A if the determinant laba’b’| > 0

(with the hypotheses that the fourth ho-

mogeneous coordinates are non negative).

Intuitively, this means that, if the orientation of B is posi-

tive with respect to A, a screwdriver oriented along A and

turning according to B will turn in the positive direction
along A, that is it will screw (see figure above).

Lines can be represented using two of their points, but
they can also be represented using Pliicker coordinates (see
[9] for a review of Pliicker coordinates). We represent a line
by a point of P®, £ = (£ : ... : £5). If the line passes through
points a and a’ as before, the Pliicker coordinates can be
computed as the 2x2 determinants of the coordinates of a
and a’. In the affine case (a, = al, = 1), (o, /1, £2) is the
external product of a and a’ and ({3,04,05) is a’ —a. A
useful operator on these lines is the side operator, which
takes two vectors of R%, £ and ¢, exchanges the first and
last three coordinates of £ and returns the scalar product
of this modified vector with ¢. It has two particularly inter-
esting properties: a point of P represents a line if and only

if the side operator of this point with itself is 0, and two
lines intersect if and only if their side operator is 0. Notice
that when line £ is defined by points a and a’ and line ¢’ is
defined by points b and b’, the side operator of £ and ¢ is
laba’ b’ |, so the respective orientation of lines £ and ¢ is
the sign of their side operator.

3. A DIRECT APPROACH TO TRANSVER-
SALS TO LINES AND LINE SEGMENTS

3.1 Algebraic formulation

For any pair of parameters (a, o) and (3, ) in P*, there
is a line through aca+4o’a’ and Sb+ 3'b’ that also intersects
a line C if and only if the four points aa + a’a’, 8b + #'b’,
c and ¢’ are coplanar (note that such a line transversal is
not unique if va +a’a’ = b+ 3@'b’). This condition can be
expressed as:

aaz +o’al,  pBby +0'bl, cs
aay +a’al, by +3'bl, ¢y
aa + a’az Bbs + B’bz cz
aa, +a’al, Pb,+6'b, c, ¢

This can be rewritten with a suitable notation as

=0

a0
E\Nn\(d ~8 >

0=|aa+a'a’ Bb+ b cc'| = (1)

aﬁ|abcc’|+o¢ﬂ’ ‘ab’ cc"+a’ﬁ|a’ bcc’|+o¢’ﬁ’ |a' b’ cc" )
Similarly, we obtain that there exists a line through ca +
o’a’ and b + @b’ that stabs D if and only if:

aﬁ|abdd’\ +af ]ab’dd’] +a'ﬂ]a’ bdd’|
+a’f [a' b’ dd’| =0. (2)

We have the following lemma.

LEMMA 1. There exists a line through aa+o’a’ and Sb+
B’ that intersects lines C and D if and only if ((o, @),
(8,8")) is solution of Equations (1) and (2). Furthermore,
such a solution corresponds to a unique line transversal un-
less aa+a’a’ = Bb+ 3'b’ and that point is either coplanar
with lines C and D or on C or D.

ProOOF. If a line through aa + o’a’ and Bb + 3'b’ in-
tersects lines C' and D, the above discussion implies that
((a, &), (B,3")) is solution of Equations (1-2). Conversely,
suppose that («, 3) is solution of Equations (1-2). If the two
points aa + o’a’ and Bb + B'b’ are distinct, then the line
through them is unique and Equations (1-2) imply that it
intersects C' and D. On the other hand, if ca+a’a’ = b+
B'b’, Equations (1-2) imply that there exists a line through
this point and line C' and a line through this point and line
D, but these two lines may be distinct; it is however straight-
forward that there exists a line through ca+a’a’ = 8b+3'b’
that intersects lines C' and D because a point and two lines
always admit a line transversal in P?. Indeed, if the point is
on line C, any line through this point and D is a transversal
and there are infinitely many transversals. Otherwise, the
point and C' define a plane. If D is in that plane or contains
the point, any transversal to the point and C also intersects
D and there are infinitely many transversals. Otherwise D
intersects the plane in a single point which, together with
aa + o’a’, defines a unique transversal. [

Lemma 1 directly implies the following corollary.



COROLLARY 2. There exists a line that intersects lines C
and D and segments A and B if and only if Equations (1)-
(2) admit a solution ((a, @), (B, 3")) such that ac’ and B35’
are mon-negative.

We now show how Equations (1) and (2) can be trans-
formed into degree-2 equations in (a,a’) or (3,3) and into
the equation of a line.

By considering Equations (1) and (2) as linear equations
in variable (3, 3") with parameter (o, a’) the system admits
at least one solution only if this determinant is 0:

alabecd|+d |a’bec/| alabdd|+d |a’bdd|
alabcc|+a/|a’b cc/| alab dd|+d|a’b dd| |-

This can be rewritten as

Foa? 4 Gaaa' + Hyo'? =0 (3)
where

P labec/| |abdd|

“7 | lab cc| |ab dd|
G — labec| |a’bdd| la’bcc| |abdd|
o=

lab’cc| |a’'b’'dd| + la’ b’ cc’| |ab'dd|

Hoo— la’becc| |a’bdd|
o — | .

la’ b’ cc’| |a’b’ ' dd

Similarly considering (a, @’) as the variable, we get

Fgp? + GgBB + HgfB? =0 (4)
where
P labec| |abdd|
8= | |abecc| |a’bdd|
a labec| |ab/ dd| " lab’cc| |abdd|
B=| la’becc| |a'b dd| la’ b’ cc’| |a’bdd|
lab’cc|

lab’ dd|
la’ b’ cc!| |a’b’ dd| |-

Finally by eliminating o3 between Equations (1) and (2)
we get

Faoff' + Fgo! B+ Hopa'8' =0 (5)
where
o labec| |abdd/|
@8 = | |a’b’ cc/| |a’b dd|

Note that the coefficients F, and Fj in Equation (5) are
the same as in Equations (3) and (4). Note also that, if one
of these coefficients is non-zero, Equation (5) is the equation
of a line whose equation in affine space is Fo 27 + F@% +

H.s = 0. Finally, note that Hog = GQ;GB; indeed, by

exchanging the diagonals in the two determinants defining
Ga, we get that

/ / / /
Go = Hap+ H' where 1'=| 2 PeC) MDA
and similarly that Gg = Hap — H'.

Let A = G2 —4F, H,, be the discriminant of Equation (3).
Note that one can easily prove that A is also the discrim-
inant G3 — 4F3Hpy of Equation (4) by developing the two
expressions.

REMARK 3. The discriminant A also appears naturally
as the determinant of the matrix whose coefficients are the

pairwise side operators of the lines A, B, C and D:

0 laa’bb’/| |aa’cc| |aa’dd|
laa’ bb’| 0 bb'cc/| |bb' dd| _A
laa’cc/| |bb'ccd| 0 lec’ad| |~
laa’dd| |[bb’dd| |cc’dd| 0

With A written this way, it is easy to see that exchanging
the role of any two lines among A, B, C, D does not change
A. We can also notice that A = 0 if and only if there exists
a linear combination of the Plicker coordinates of A, B, C
and D that has a null side operator with all four lines (and
thus with itself); this vector is either null (the four lines are
linearly dependent) or represents the Pliicker coordinates of

a common transversal.

We now prove the following lemmas stating some equiva-
lences between these equations.

LEMMA 4. If Fo,Fz # 0 then Systems (1)-(2), (3)-(5),
and (4)-(5) are equivalent.

PROOF. We have already seen that Equations (1) and (2)
imply Equations (3), (4), and (5). Assume now that F,, Fg #
0 and Equations (3) and (5) are satisfied. Since F, # 0, any
solution of Equation (3) is such that o’ # 0. One can easily
verify that equations (1), (3) and (5) satisfy the relation

o' Fg.(1)+ 5 |a bc c/| .(3)

= (a|abcc'| +a |a/ bcc/|).(5).

Since o' F3 # 0, Equation (1) must be satisfied. The
proof that Equation (2) is satisfied is similar, as well as the
equivalence between Systems (1)-(2) and (4)-(5). O

REMARK 5. Note that ezchanging the roles of a and a’,
which is equivalent to exchanging o and o, yields very simi-
lar equations; more precisely, it exchanges F, and H, leaves
Gao and A unchanged, changes the sign of Fg, Gg and Hg
(which means that Eq. (4) is unchanged), and Hap takes the

Ga+G
new value of TB.

REMARK 6. The above remark implies that, if Fo or Hg
is non-zero and Fg or Hg is non-zero, then after exchanging
the role of a and a’ if F, = 0 and exchanging the role of b
and b’ if F3 =0, the new equations are such that FoFs # 0
and Lemma 4 applies.

LEMMA 7. If Equation (8) identically vanishes then Sys-
tem (1)-(2) has infinitely many solutions. If Fo = Hq = 0
and Go # 0, then System (1)-(2) has two solutions.

ProoF. If Eq. (3) identically vanishes then System (1)-
(2) admits infinitely many solutions since for any solution of
Eq. (3), that is for any (o, @’), there exists a (3, 3') such that
((a, @), (B, 3")) is solution of the system or (a, a’) cancel the
coeflicients of § in Equations (1) and (2); in the latter case,
((a, @), (1,0)) is solution of the system (see [3, Th. 3, Ch.
3, §6] for a reference on resultants).

If F, = Hy, = 0 and G, # 0, then the solutions of
Eq. (3) are (1,0) and (0,1). Substituting these solutions
in Eq. (1)-(2) gives the solutions. When (o,a’) = (1,0), if
Equation (1) does not identically vanish, it yields (3, 3') =
(lab’cc’|,—]abcc’|) and otherwise Equation (2) yields



Equation (1)

Equation (5)

B2

Equation (2)

Figure 1: Geometric interpretation in af-space.

(83,8)=(lab’dd’|,—|abdd'|) (which is necessarily well
defined in P! since, if all four determinants are zero, then
Go = 0). Similarly, for (a, @’) = (0,1), (8,8") = (|]a’ b’ c '],
—la’bec|)or (lab cc|,—|labcc]). O

_ We get the following lemma by exchanging the role of lines
A and B in Lemma 7.

LEMMA 8. If Equation (4) identically vanishes then Sys-
tem (1)-(2) has infinitely many solutions. If F3 = Hg = 0
and Gg # 0, then System (1)-(2) has two solutions.

3.2 Geometric interpretation

We give here a geometric interpretation of the above alge-
braic formulation which will be useful in the proofs of later
lemmas. We give this interpretation in the affine parame-
ter space, that is in the a/-plane with o’ = 3 = 1. We
assume that the four lines or segments are defined by Eu-
clidean points given in homogeneous form with their fourth
coordinates equal to one. Recall that a point c.a+a’ on line
A is on segment A for a € [0, +-00] and similarly for points
on B. We first consider the case of four lines or segments
and then the case where a fifth line or segment is added.

3.2.1 Four lines or line segments

Refer to Figure 1. A point in the af-space corresponds
to the 3D line going through points aa + a’ and 8b + b’
(if these two points are distinct). Equation (1) defines in
the af-space the conic corresponding to the lines passing
through A, B, and C. Similarly, Equation (2) defines the
conic corresponding to the lines passing through A, B, and
D. These two conics and the line defined in o/-space by
Equation (5) are in the same pencil and intersect in the
same set of points. Hence, if the two conics intersect, they
intersect in only two points, say, (a1, 1) and (a2, 82), which
lie on the line defined by Equation (5). These two points
correspond to 3D lines that intersect the four lines A, B,
C and D. Furthermore oy, az (resp. (1, B2) are the two
solutions of Equation (3) (resp. (4)). If a; € [0,400] then
the line corresponding to (i, 3;) does not only intersect the
line A but also the line segment A; similarly if 3; € [0, +o0],
the line intersects segment B.

If we embed the afB-space in 3D by adding a third di-
mension ¢, the conic (1) can be viewed as the projection

of the intersection of the quadric { = af with the plane of
equation

C|abcc’|+a|ab/cc/|+B|a/bcc/|+|a/b'cc'|:0 (6)

obtained by substituting ¢ to a3 in Equation (1).

The line through aa + a’ and Sb + b’ stabs C if the
point («, 8, af) in aB¢-space belongs to plane (6). Locating
this point with respect to the plane gives the orientation of
the line; assuming |a b ¢ ¢’| > 0, the line turns positively
around C if the point is below and it turns negatively around
C if the point is above.

3.2.2 Adding a fifth line

If we add a fifth line E, then we get another conic in
af-space:

aﬁ’abee”+o¢’ab’ee’|+ﬁ|a’bee’|+|a' b’ee’| =0. (7)

This conic can belong to the same pencil as Equations (1),
(2) and (5). Then the two stabbing lines of A, B, C and D
stab also E. Otherwise locating points («;, 3;) with respect
to this conic allows to determine if E stabs or turn positively
or negatively around the stabbing lines.

The three Equations (1), (2) and (7) define three planes
in af(-space whose intersection is a point M if the planes
are affinely independent.

The five lines admit a common stabbing line if the point M
lies on the quadric ( = af which can be verified by solving
the system of Equations (1), (2) and (7) and substituting in
the quadric.

4. NUMBER OF TRANSVERSALS TO LI-
NES AND SEGMENTS

4.1 Number of transversals to four lines

LEMMA 9. Given four lines, there is a predicate of degree
12 in the Cartesian coordinates of their defining points to
determine whether they admit 0, 1, 2, or infinitely many
transversals.

PROOF. We first consider the number of solutions to the
system of Equations (1) and (2); let S denote that sys-
tem. By Lemmas 7 and 8, if Equation (3) or (4) identically
vanishes then S has infinitely many solutions; otherwise, if
Fo, = Hy =0or Fg = Hg = 0, then S has two solutions.
Otherwise, at least one of F,, or H, is non-zero and at least
one of Fg or Hg is non-zero. By Remark 6, we can then
apply Lemma 4 after exchanging, if needed, the roles of a
and o and of 8 and $’. The number, zero, one, or two,
of solutions to S is then given by the sign (negative, null,
or positive) of the discriminant A of Equation (3). More-
over, by Remark 5, this discriminant is not modified by the
exchange of o and o' and of 3 and @3, thus the number
of transversals is given by the sign of the discriminant of
Equation (3) without any exchange.

Now, by Lemma 1, the number of solutions of S is the
number of transversals to the four lines except if lines A
and B intersect in x and either x, C' and D are coplanar or
x € C or x € D in which cases there are infinitely many line
transversals. We notice that in these cases, A = 0; indeed,
we first note that the discriminant A does not change if we



exchange the role of any two lines among A, B, C and D,
as shown in Remark 3. If the four lines have infinitely many
common transversals, there must be at least one of these
four lines, say A without loss of generality, such that every
points on A belongs to common transversals. This implies
that Equation (3) has infinitely many solutions and thus
that its discriminant A is 0.

To sum things up, if A > 0, there are two transversals, if
A < 0, there is no transversal and if A = 0, there may be
either a unique transversal or infinitely many transversals.
More precisely, if A = 0, there are infinitely many transver-
sals if and only if lines A and B intersect at a point that is
coplanar with lines C and D or at a point that lies on C or
D.

The discriminant A is a degree 16 irreducible polynomial
in the homogeneous coordinates of the points defining the
lines. If the points are given with affine coordinates, this
degree drops to 12 (and this degree 12 polynomial is irre-
ducible as well). Finally, if A = 0 deciding if there is one
or infinitely many transversals is done with an additional
predicate of degree lower than 12, and the maximal degree
remains 12. [

4.2 Number of transversals to four line seg-
ments

We study here the degree of predicates for determining
the number of transversals to segments. We study first the
case of 1 segment and 3 lines and the case of 2 segments and
two lines; the case of four segments will follow.

LEMMA 10. Given a line segment and three lines, there is
a predicate of degree 12 in the Cartesian coordinates of their
defining points to determine whether they admit 0, 1, 2, or
infinitely many transversals.

PrOOF. If the predicate defined by Lemma 9 concludes
to the existence of no or an infinity of stabbing lines, then
the result applies also for line segment A except in very
degenerate cases.

In the case of one or two line transversals to A, B, C, and
D, it remains to determine whether they intersect the line
segment A. This is equivalent to determine the sign of the
solutions of Equation (3).

In fact it is more efficient to first attempt to locate the
roots of Equation (3), and then only resolve Lemma 9 (i.e.,
evaluate the discriminant A) when the root location is not
complete [4, 7]. More precisely, as we show below, we need
to evaluate A only to distinguish between some cases where
Equation (3) has no real roots and the case where it has two
positive real roots, other cases e.g. with one or two negative
real roots can be identified with lower degree evaluations.

If Fi, =0 or H, = 0, the signs of the roots of Equation (3)
are obvious, so we can restrict ourselves to the case where
F, # 0 and H, # 0. We further assume that F, > 0 (the
case F,, < 01is similar). We define f(z) = Foz®+Gox+ H,.
Figure 2 shows possible graphs of f. If f(0) = Ha < 0, f has
two real roots, one is positive and the other one is negative
(case (a) on the figure). Otherwise, if f'(0) = Go > 0 (case
(b)), the minimum of f happens for a non-positive value of
z and f has no non-negative root (it has either two negative
roots or no root). Otherwise we need to evaluate the sign of
A to distinguish between case (c) where f has two positive
real roots and case (d) where it has none. [

(G

A
v
A
4

Figure 2: Graph of f depending on the signs of f(0),
1/(0), and A.

LEMMA 11. Given two line segments and two lines, there
is a predicate of degree 12 in the Cartesian coordinates of
their defining points to determine whether they admit 0, 1,
2, or infinitely many transversals.

PRrOOF. Applying Lemma 10 once for A, B, C and D and
once for A, B, C and D gives the solution in most cases. One
case where this does not give the answer is when A, B, C
and D have infinitely many transversals. Then A, B, C' and
D may have 0, 1, 2 or infinitely many transversals, see [2]
for details.

The other case that remains is when A, B, C and D have
two common transversals, one intersects A and one inter-
sects B. Indeed, we need to check whether the transversal
that intersects A is the one that intersects B or the one
that intersects B. For the sake of simplicity, we omit the
case where a transversal goes through the endpoint of one
of the segments. The values of (o, ') that correspond to the
two transversals are (a1,1) and (a2,1) with a1 < 0 < as.
Similarly the values of (3,3’) are (31,1) and (B2,1) with
B1 < 0 < B2. The two transversals then either match ay
with (1 and as with B2 or a3 with G2 and a2 with ;.
Equation 5 enables us to distinguish the two cases. Indeed,
it describes a line that contains the two points (a4, 8;) that
are solution. If its slope is positive, we are in the first case,
and otherwise we must be in the second case. []

LEMMA 12. Given four line segments, there is a predicate
of degree 12 in the Cartesian coordinates of their endpoints
to determine whether they admit 0, 1, 2, 8, 4, or infinitely
many transversals.

PROOF. Similarly to Lemma 11, the case where the four
lines admit infinitely many transversals can lead to 0, 1, 2,
3, 4, or infinitely many transversals to the line segments
(see [2] for details) and is handled separately.

When A, B, C and D have a finite number of common tan-
gents, we evaluate Lemma 10 for (A, B,C, D), (A, B,C, D),
(A, B,C,D) and (A4, B,C, D). If we find two stabbing lines
in all cases then there are two stabbing lines for (A, B, C, D).
If we find no stabbing line in at least one case, then there is
no stabbing line for (A, B,C, D). Otherwise assume with-
out loss of generality that (A, B, C, D) has only one stabbing
line, then we will use Lemma 11 for (A4, B, C, D), (4, B, C, D)
and (A, B, C, D) and the final answer is the minimum of the
three answers. As in Lemma 9 the predicate has degree 12

(16 with homogeneous coordinates). [



4.3 More lines and segments

LEMMA 13. Given five lines, there is a predicate of degree
15 in the Cartesian coordinates of their defining points to
determine whether they admit 0, 1, 2, or infinitely many
transversals.

ProOOF. We first write the Pliicker coordinates of the five
lines in a 6x5 matrix. Two lines intersect if and only if their
side operator is 0. This means that a line T' is a common
transversal to all five lines if and only if the vector of its
Pliicker coordinates (properly reordered) is in the kernel of
this matrix. The five lines might have linearly dependent
Pliicker coordinates, in which case we can forget about one
of them, because intersecting the other four implies inter-
secting this one as well. If the lines are linearly independent
(which is the generic case, even for five lines that admit a
common transversal), the 5x5 minors of the matrix define
a generator of the dimension 1 kernel of the matrix. All
that remains to be seen is whether this vector corresponds
to a line, that is whether its self side operator is 0. This
gives a degree 15 irreducible polynomial in the Cartesian
coordinates, or a degree 20 irreducible polynomial in the
homogeneous coordinates. []

REMARK 14. This polynomial also appears naturally (up
to a factor 2) as the determinant of the matriz whose coef-

ficients are the pairwise side operators of the lines A, B, C,
D and E:

0 laa’bb’/| |aa’cc| |aa’dd| |aa’eé€|
|laa’ bb| 0 [bb'cc/| |bb'dd| |bb'e¢€|
laa’cc’| |[bb'ccd| lec’dd/| |ecc'eé€]
laa’dd’| |bb’dd| |cc’dd| 0 [dd eé|
laa’ee/| |bb'ee| |cc'ee| |dd eé€| 0

It is easy to see that this polynomial is O if and only if there
exists a linear combination of A, B, C, D and E that has a
null side operator with all five lines (and thus with itself) [8];
this vector is either null (and the five lines are linearly de-
pendent) or represents the Pliicker coordinates of a common

transversal.

Notice that in the case where the five lines have linearly
independent Pliicker coordinates and they have a common
transversal, we managed to compute the Pliicker coordinates
of this transversal as a rational fraction in the input. So
if all the input has rational coordinates and we can deter-
mine that 4 given lines have 2 transversals and they have
irrational coordinates, then the only way a fifth line can in-
tersect one of these transversals is if its Pliicker coordinates
are a linear combination of the Pliicker coordinates of the 4
initial lines, and then it intersects both transversals.

LEMMA 15. Given five line segments, there is a predicate
of degree 15 in the Cartesian coordinates of their endpoints
to determine whether they admit 0, 1, 2, 3, 4, 5, or infinitely
many transversals.

Proor. We start by presenting an alternative approach
to the previous lemma.

If Equation (7) is a linear combination of Equations (1)
and (2), that is all 4 of the 3 x 3 determinants constructed
with the coefficients are zero, then one of the lines, say F, is
such that any line stabbing A, B, C, D also stabs E. Thus
the answer is obtained by applying Lemma 9 to lines A, B,
C and D.

In af(-space, the above three equations can be solved to
compute the coordinates of the intersection point M as a
quotient of 3 x 3 determinants built on the coefficients of
these equations. Then, we substitute the coordinates of M
in the quadric equation { = af, if the equation is verified
, there is one stabbing line, otherwise there is no stabbing
line.

Using Cartesian coordinates, the degree of this predicate
is 18. However, there is only one polynomial of degree 18
involved in this predicate (the next polynomial of highest
degree has degree 15) and it is reducible. We first notice
that the side operator of lines A and B is an irreducible
factor of degree 3 of this polynomial. This is quite natu-
ral because, if lines A and B intersect, choosing (a, ') and
(3, 8") so that the two parametric points are the same solves
all equations like 1, 2 and 7 whereas there may not be any
common transversal. The remaining degree 15 factor is ex-
actly the polynomial computed in the previous approach.
Notice that proving that the degree 18 polynomial is really
the product of the degree 15 and the degree 3 polynomials
is not trivial. Indeed, their developed forms have too many
terms for a software like Maple running on a real computer
to compute all of them. However, one can notice that the
functions they define are invariant under any transformation
that preserves the determinants of 4-tuples of points. Ap-
plying a rigid motion to send a to the origin and a’ on one
of the axes, we obtain polynomials in fewer variables, that
Maple is able to identify. This is enough to prove that the
polynomials define the same function and thus are identical.

Coming back to the proof of Lemma 15, we first note that
by proceeding as before, and by verifying that the coordinate
(o, ') of M satisfies aa’ > 0, we can determine, with a
predicate of degree 15, the number of line transversals to
one segment and four lines.

Assuming we are in the case where the 5 lines support-
ing the segments have a single common transversal, we now
evaluate this predicate for (A, B,C,D,E), (A,B,C,D,E),
(A,B,C,D,E), (4,B,C,D,E) and (4,B,C, D, E). If we
find one stabbing line in all cases then there is exactly one
stabbing line for (A, B,C,D,E). If we find no stabbing
line in at least one case, then there is no stabbing line for
(A,B,C,D,E). As in Lemma 13 the predicate has degree
15 if we never compute the degree 18 polynomial and only
deduce its sign from the signs of the degree 3 and 15 poly-
nomials.

Degenerate cases are more complicated to handle. When
one line is “useless”, meaning that intersecting it is a mere
consequence of intersecting the others, we cannot simply
ignore the segment as we were ignoring the line. Instead, we
use an equation like Equation 1 where B is the “useless” line
in order to translate the restriction on the values of (3,3")
in terms of (a,a’). We can then ignore this segment and
only remember that the possible values of (a,a’) are less
than the initial set with o’ > 0. O

LEMMA 16. Given siz or more lines or line segments,
there is a predicate of degree 15 in the Cartesian coordinates
of their defining points to determine how many transversals
they admit.

PrOOF. If the input only includes lines, we can write all
their Pliicker coordinates in a matrix. If the rank is at most 3
then there are infinitely many common transversals. Other-
wise we keep four independent lines and check that they have



two transversals (not zero). For each other line we check
which of the two transversals it intersects using Lemma 13.
The solution is then composed of those of the 2 transversals
that were intersected by all the lines.

For segments, there are two cases. If the lines have finitely
many transversals, combining the previous technique with
Lemma 15 solves the problem. Otherwise the lines have in-
finitely many common tangents. This case is mostly handled

in[2. O

S.  TRANSVERSALS TO FOUR SEGMENTS
AND A TRIANGLE

LEMMA 17. Let £ be a line transversal to four lines that
admit finitely many transversals and let T be a triangle.
There is a predicate of degree 15 in the Cartesian coordinates
of the points defining the lines and the triangle to determine
whether £ intersects (properly or not) T.

Proor. We work in a8¢ space in a manner similar to
Lemma 15. We need to know if a point S; = «s, §i, (i,
(i =1,2) corresponding to a stabbing line is above or below
the planes of Equations (7x) (where Ej for k = 1...3 are
the edges of the triangle) to locate the stabbing lines with re-
spect to the triangle, but we cannot eventually compute the
coordinates of this point which involve square roots. Equiv-
alently, we can compute M), the intersection of the plane
defined by Equations (1), (2) and (7;) and MX the direc-
tion of the line defined by Equations (1) and(2). Notice that
all points S1, S2, M1, M> and M3 are on the same line in
a3¢ space whose direction is MJ. Since it is possible to de-
termine if a “point at infinity” on that line is above/below
the planes of Equations (7x) and the quadric { = a3, then
locating My, M2 and Mz with respect to the quadric al-
lows to deduce the position of S; and Sz with respect to
the planes (7x). As in Lemma 15 the predicate has degree
15. O

Given a line transversal £ to a set S of segments, a triangle
T occludes £ if ¢ intersects 1" and if there exist two segments
in S whose intersections with ¢ lie on opposite sides of T

LEMMA 18. Let £ be a line transversal to four line seg-
ments that admit finitely many transversals and let T be a
triangle. There is a predicate of degree 15 in the coordi-
nates of the points defining the segments and the triangle to
determine whether T occludes ¢.

PrOOF. This test is performed in two steps. First we
check whether the transversal intersects the triangle as in
Lemma 17. Then, assuming the transversal does intersect
the triangle, for each of the four supporting lines we check
where its intersection point with the transversal is with re-
spect to the plane supporting the triangle. If all four inter-
section points are on the same side of the plane, the transver-
sal is not occluded. If there are points on both sides of the
plane, the transversal is occluded.

In order to check on which side of the plane supporting T’
the point of intersection of A and ¢ is, we compute the sign
of the determinant |71 T> T aa + o’a’| where T; are the 3
vertices of T'. This can be rewritten as:

Oé|T1 Ty T3 a| +a/|T1 Ty T3 a'\

The two coefficients of this polynomial in (a, ') are degree
3 polynomials in the input. Remember that (o, o) is a so-
lution of Equation 3. Evaluating the sign of a polynomial at
a root of an other polynomial amounts to sorting their re-
spective roots, which means computing their resultant, that
is a degree 12 polynomial in the input. The computation is
exactly the same for the intersection points of £ with B, C
and D. O

6. SORTING TRANSVERSALS AROUND A
LINE

LEMMA 19. Given seven lines A, B, C, D, B, C", D"
with two stabbing lines S1 and S» to A, B, C, D, and two
stabbing lines S3 and Sy to A, B*, C", D", there is a pred-
icate of degree 36 in the Cartesian coordinates of the points
defining the lines for ordering S1, So, Sz and Sy around A.

PrOOF. Writing that |a a’ 8b + 3'b’ 3*b* + *'b*| =0
describes how 3 and 8* corresponding to the same sweep-
ing plane correspond together. This equation is similar to
Equation (1). Writing 8 in terms of §* and substituting
in Equation (4) we get 8] and (35 as solutions of a degree 2
equation with degree 12 coefficients that we have to compare
with 83 and B3 which are solutions of a degree 2 equation
with degree 6 coefficients. This yields a degree 36 predicate
(degree 48 with homogeneous coordinates). []

The degree 36 in the above predicate is likely not optimal.
Indeed, after replacing the coordinates of the points by val-
ues of the type xt + y where x and y are pseudo-random in-
teger values, the resulting polynomial in ¢ can be factored in
Q[t] into one irreducible factor of degree 24 and two squared
factors of degree three (which are the side operator of A with
B and E*, respectively). This implies that with high prob-
ability, the polynomial of degree 36 is reducible. Note that
the polynomial of degree 36 cannot successfully be factored
in Maple because it is too large.

Note also that if lines B and B* coincide then it is straight-
forward to show that the degree of the predicate drops to
24 (which can be presumably factored, as above, into two
polynomials with degrees 21 and 3).
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8. APPENDIX: TOWARDS AN ACTUAL IM-
PLEMENTATION

We give here a pseudo code version of the counting pred-
icate for two line segments and two lines in general position
based on strategies described in Section 4.

The aim of this pseudo-code is to show that the amount of
computation remains quite reasonable. We choose this par-
ticular predicate, since other counting predicates reduce to
several calls to this one (with less lines and more segments)
or are simpler (with less segments and more lines).
int CountingPredicate2Segments2Lines
(Point a,a’,b,b’,c,c’,d,d’)

{

a; b, ¢, ¢ a; b, c; c
! li !
Ky = a, b, ¢, c, K, — | & by, ¢, c,|.
b 7 ) 2 b/ / 3
a, b, c. c, a, b, c. c,
a, b, c, c, a, b, c, c,
a, by c, c, al, b, c, c,
i / ! I !
Ky — a, b, ¢, ¢, |, K= | & b, ¢, c,
7 b / ) 4 7 b/ 7 5
a, b, c. c, a, b, c. c,
a/, b, c, c, a, b, c, c,
a, b, d, d a, b, d, dj
! I I
Koo | by dy &yl la, by d, d
a. b, d. d.|’ a. b, d. d.|’
a, b, d. d, a, b, d. d,
a, b, d, d) a, b, d, dj
i ! ! I I
oo |3 by dy |l by d, d
a, b, d, d,|’ a, b, d, d,|’
a, b, d, d, a, b, d, d,
e KK, | K K
¢ Ky K¢ |’ ¢ Ky Ksg
G = K, Ky n K; K;
@ K> Kg Kis K¢ |’

If sign(F,) = sign(Ha)
If sign(G.) = sign(F, ) there is no stabbing line:
return 0;
A, = G2 —4F,H,
If A, <0 there is no stabbing line: return 0;
there are 2 lines stabbing A, B, C, D: N, = 2;
else there is 1 line stabbing A, B, C, D: N, = 1;

| K Ks | | K, Ko |
FB_‘K3 K7” Hﬁ_‘fﬁ Ks |’

_ | K1 Ks Ky Ks |,
Go=| K, Kg‘+‘K4 K |

If sign(Fp) = sign(Hpg)
If sign(Gg) = sign(Fp) there is no stabbing line:
return 0;
else there are 2 lines stabbing A, B, C, D:
Ny = 2, return Ng;
else there is 1 line stabbing A, B, C, D: N, = 1;
If N, = 2: return 1;
If sign(F,) = sign(Fp) there is 1 line stabbing A, B,
C, D: return 1;
else there is no stabbing line: return 0;

}



