[Labelled Tableaux for Proofs
and Models 1n Bl logics

Dominique Larchey-Wendling
TYPES team

LORIA — CNRS

Nancy, France

Automated Deduction Day, Nancy, France

/




/ Separation Logic I \

e Introduced by Reynolds&O’Hearn 01 to model:
— aresource logic
— properties of the memory space (cells)

— aggregation of cells into wider structures

e Combines:
— classical logic connectives: A, V, — ...

— multiplicative conjunction: x

e Defined via Kripke semantics extended by:

mlFAxB iff dabst.ab>bmANalFANDIFB

N /




-

Separation models I

e Decomposition a, b > m interpreted in various structures:
— stacks in pointer logic (Reynolds&O’Hearn&Yang O1), adb C m
— but also aW b = m (Calcagno& Yang&O’Hearn 01)
— trees in spatial logics (Calcagno&Cardelli&Gordon 02) a | b = m

— resource trees in Bl-Loc (Biri&Galmiche0O7)

e Additive — can be Boolean (pointwise) or intuitionistic
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Bunched Implication logic (Bl) I

e Introduced by Pym 99, 02

intuitionistic logic connectives: A, V, — ...
multiplicative connectives of MILL: *, —, |

sound and complete bunched sequent calculus, with cut elimination

e Kripke semantics (Pym&O’Hearn 99, Galmiche&Mery&Pym 02)

partially ordered partial commutative monoids (M , 0, <)
intuitionistic Kripke semantics for additives

relevant Kripke semantics for multiplicatives

sound and complete Kripke semantics for Bl
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Bl Logic continued I

e In BI, decomposition interpreted by ao b < m:

— resource monoids (partial, ordered)

— intuitionistic additives and relevant multiplicatives

e Bl has proof systems:
— cut-free bunched sequent calculus (Pym 99)
— resource tableaux (Galmiche&Mery&Pym 05)
— inverse method (Donnelly&Gibson et al. 04)

e Additives are intuitionistic in Bl, mostly Boolean in Separation Logic
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/ Boolean Bl (BBI) I

e Loosely defined by Pym as Bl 4 {——A — A}
— no known pure sequent based proof system
— Kripke semantics by relational monoids (Larchey&Galmiche 06)
— faithfully embeds S4 and thus IL
— Display Logic based cut-free proof-system (Brotherston 09)

e Other definition (logical core of Separation and Spatial logics)
— additive implication — Kripke interpreted pointwise
— based on (commutative) partial monoids (M ;o)
— has a sound and complete (labelled tableaux) proof-system

— still embeds S4 and IL and even Bl (Larchey&Galmiche 09)
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/ In this talk ' \

e We focus on provability, not validity checking (specific model).

e Tools for propositional tautologies in (monoidal) Bl and BB
— Bl defined by partially ordered partial monoids
— BBI defined by partial monoids

e Common methodology for BI/BBI
— words and constraints based Kripke models

— labels and contraints based tableaux calculi

e From properties of proof-search based models

— representation of Bl-models by BBI-models

\ — embedding of Bl into BBI /
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Resources as Words of L* = multisets of letters

/ Words and constraints based models for Bl/BBI I \

Constraints = (ordered) pairs of words: m — n with m,n € L*

Partial monoidal order (PMO): C closed under (€,/,r,d,c,t)

Partial monoidal equivalence (PME): ~ closed under (€,s,d,c,t)

PMOs PMEs PMOs & PMEs
X~y X~y ky = ky X~y
{0) (s) (&) ()
XX y—X €—~¢ kx —ky
X~y Xy — Xy X~y y—2z
(r) (d) 1)
y—=y XX X2z

(s)+(t) implies (/) and (r), hence a PME is also a PMO

Constraints solving: given C, how to compute the closure C, / ~ ? /
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/ Constraints based Kripke models for BI/BBI I \

e R=L forBI/R = ~ for BBI

e Usual (pointwise) Kripke interpretation for A, V, 1 and T

mlbg | iff eRm
BI/BBI | mlbgp AxB ifft dx,yxyRmAxIFrAANyl-g B
mlFr A—=B iff Vx,y(xmRyAxlFrA)=ylFr B

B mlbFc A—B iff Vx(mCxAxlkc A)=xIFc B

mtF_A—B iff mlckoA=mlF_B
mlF.—-A iff mF_A

BBI




-

N

Complete constraints based Kripke semantics I

e (Quotient monoids:

— L*/C = partially ordered partial monoid

— L*/~ = partial monoid

e These quotient maps C — L*/C and ~ +— L*/~ are full:

— any partially ordered partial monoid is of the form L*/C

— any partial monoid is of the form L*/~

e Completeness theorem:

— IFc sound and complete Kripke semantics for Bl

— |- sound and complete Kripke semantics for BBI

~

/
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Labelled tableaux for Bl and BBI I

. m
|

E—m

e Statements (TA : m, IFB : n) and assertions (ass : m — n)
e Requirements (req: m R n) with R = C or ~ (side condition)

e Tableaux expansion rules for | and x:

TAxB:m FAxB:m
| |
ass: ab—m req: xy Rm
TA :a /\
FA : x B
TB:b

-y

~

/
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/ e Tableaux expansion rules for —:

TA «B:m FA—-xB:m
| |
req: xmRy ass: am—>b
/\ TA :a
FA : x TB:y
FB:b
e Tableaux expansion rules for — (only Bl):
TA—B:m FA—B:m
| |
req: mCx ass: m—b>b
TN TA : b
FA : x TB:x
B :b
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ass : xX; —Yy;

vV TA*B:m

ass: ab—-—m
TA : a
TB: b

Assertions and proof-search I

C={....,xi—yi,...} fromy

Ay=Ac={c€L|coccursin C}

branch expansion

a # bnew (a,b ¢ Ay)
C'=CcU{ab—m}

Cy' =Cy+{ab—m}
~y' = ry+{ab~m}

~
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Requirements and proof-search I

C={....,xi—y;,...} fromy

ass : xX; —Yy;

vV FAxB:m

Y
|

req: xyRm
T
FA:x FB:y
| |
YA VB

Ay=Ac={c€L|coccursin C}

branch expansion

x,ys.t.xyLym/xy~ym
CA=C=C

Ly, =Ly =Ly

~
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Closure condition for proof-search I

ass © X; —Yy;

TX :m

C=A{...,xi~yi,...} fromy
Ay=Ac={c€L|coccursin C}
branch closure

-mbCyn/m~yn
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BBI proof of (JxJ) — J with J = —(T —x—l)

assp: ¢ —~d Y|O
Vi F(J*J)|_>J3C ass4 : boag — co n
|
. TT : by
Vo TIxJ:c Vig TT—le
Vi Fl:c Vs IE“_|I|:CO |
| reqy; : (bobi)c ~g €
assy : apa) — ¢ Ve Tl co T~
|
To(T ool - FT : bob T—-l:e
V3 T=(T —=l) - a assg : € Cp | |
V7 T a |
X Fl:¢e
| assg : bra; —c |
\/4 IFT—*|—|I:a() assio: €—Cj X
|
Y0 "1

\o with K = {c—-—d,agal — ¢, boag — co, €~ co,b1aq —°—Cl,8—°—C1} /
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Checking the requirement I

o K= {C_'_daaoal *C,b()d()—'-C(),S—'-C(),bldl —°—C1,8—°-C1}

e We check the requirement bybic ~ g € by solving K

e {c,d,ap,ay,bo,b1,co,c1}”/ ~g isomorphic to Z x Z with:

C0:C1:8:(0,0) a():—b():(l,())
CZd:(l,l) alz—blz((),l)

e bobic ~g €because (—1,0)+ (0,—1)+(1,1) = (0,0)

e Remark: the solution of the (finite) set X is infinite

N /
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Tableaux completeness and counter-models I

e [.abels and constraints based methods:

calculi with constraints: TA : m, FB :n,m —n

sound/complete proof-search method for tautologies of BI/BBI

counter-models from open and saturated proof-search branch

e Why study the counter-models generated by proof-search:

implement/optimize proof assistants
extract complete sub-classes of counter-models

expressivity properties of Bl and BB

model theoretic and | logical links between Bl and BB

~
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PMO extensions in Bl-tableaux (i) I

a and b are new letters (a [Z a and b [Z D)
m defined in C (m C m)

Four types of extensions

C'=C+{ab—m)} (rule Tx) C' =C+{am—~ b} (rule F—)
C'=C+{m—-b} (uleF—) C'=C+{e~m} (ruleTI)

Basic PMO = (finite or infinite) sequence of such extensions

Extensions can be solved:

C+{ab—~m}=CU{ax~ay|xCyand mxC my}
U{bx~by|x C yand mx C my}
U{abx ~y | mxCy}

~
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PMO extensions in Bl-tableaux (ii) I

e Properties of basic PMO LC - (by induction on C):

— e-minimality: if m C-€thenm =€
— no square: if mm - mm thenm =€

— regularity: if kx T ky thenx Cy

= finiteness: {m € L* | m C - m} is finite (C finite sequence)
e Solving constraints in C: (finite) resource graph (Mery 04)

e Complete sub-class for BI:

— these properties hold for infinite sequences of basic extensions

— regular monoids where € is minimal and without square

\o Application: no Bl-formula F such that m |- F iff mm C mm

~

/
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/ PME extensions in BBIl-tableaux (i) I \

e a and b are new letters, m defined in ~ (1.e. m ~ m)

e Three types of extensions

~' =~4{ab—-—m} (rule Tx)
~ =~+{am—->b} (rule F—)
~ =~ 4 {e~m} (rule TI)

e Basic PME = (finite or infinite) sequence of such extensions

e Extensions ab — m (and am — b) solved when | mm ~ mm |.

~+{ab—~m} = ~U{ax~ ay,bx -~ by | x ~y and mx ~ my}
U{abx — aby | mx ~ my}

U{abx ~y,y -~ abx | mx ~ y}
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PME extensions in BBI-tableaux (ii) I

e Problems with the ~ 4 {€ — m} extension:
— does not preserve regularity
— introduce squares (if € ~ m then mm ~ mm)

— &-minimality irrelevant

= Invertible letters produce | infinite models | (not as in Bl)

e No simple solution for ~ + {ab — m} when mm ~ mm
e Automated constraint solving for basic PME not detailed here

e Not the same as the word problem in Thue systems (partiality)

N

~
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Representing basic PMOs by basic PMEs I

e Let T = C - be abasic PMO over L with C = {x9 - yo, ...}

e (K,~) is arepresentation of (L,C) if

e Result: every basic PMO can be represented by a basic PME:

~ 1S PME over LUK U...

xCyiff 30 € K*,dx ~y

C'=C+{ab-m} ~

C'=CH{am—>b} ~

(for any x,y € L")

~' =~ +{dc~m,ab— c}
~' =~4{em—b,0a— c}

d,carenew, 0 € K and c € LUK

~

this representation is compatible with limits (by compactness) /
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/ Validity in BI/BBl and PMO/PME representations I

e Let K (resp. L) be a new variable for K (resp. L)

e I'+— F° is a (linear) map from Bl to BBI:

X°=KxX I°=Kx| 1°=1 T°=T
(A®B)" =A°®B° for ® € {A\,V}
(A—B)° =K-x((LANA°)— B°)
(A*B)° = Kx ((LAA°)x(LAB®))

(A=B)° = (K% (LAA®)) = (L—B°)

e Result: if (K, ~) represents (L,C), then for any F € Bland m € L=
ml-c Foof ml-o F°

\o Relates (in)validity but not provability
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Faithfully embedding Bl into BBI I \

e G+— (INH)— G° is faithful:

o LetH=(LAK)A((T = (LxL—=L))A(T = (KxK—K)))

— if G is invalid in Bl then it has a basic counter-model (L,C): e ¥ G

— let (K,~) be a representation of (L,C)

— then e ¥ . (IAH)— G° (~ is a BBI-counter-model)

e G— (IANH)— G° is sound:

— step-by-step transformation of Bl-tableaux in BBI-tableaux

— Bl-expansions mapped into BBI-expansions

— closure of BBI-branches with | A H

G — (IAH) — G° is a faithful embedding Bl into BBI

(MSCS 09)

/
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Some remarks about the embedding I

e Obtained by the study of counter-model generated by proof-search

— labelled tableaux well-suited for this task

— common framework for Bl and BBI

e Not expected (counter-intuitive):
— IL faithfully embeds CL (double negation, Godel)
— Boolean Bl faithfully embeds (intuitionistic) Bl
— the embedding in the reverse direction

— BBl into Bl (Bl decidable, BBI not decidable ?)
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/ Conclusion and perspectives I \

e Achievements:
— complete tableaux with constraints method for BBI
— properties of proof-search generated BBl constraints
— expressivity properties for Bl and BBI, embedding

— algorithmic solution to BBI constraints solving (to come)

e Perspectives:
— implement constraint solving for proof-search in BBI

— towards undecidability of BBI (Display Logic)

— provide intuitive understanding of invertible resources

N /
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