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Abstract We investigate first-order separation logic with one record field re-
stricted to a unique quantified variable (1SL1). Undecidability is known when
the number of quantified variables is unbounded and the satisfiability problem
is PSPACE-complete for the propositional fragment. We show that the satisfia-
bility problem for 1SL1 is PSPACE-complete and we characterize its expressive
power by showing that every formula is equivalent to a Boolean combination
of atomic properties. This contributes to our understanding of fragments of
first-order separation logic that can specify properties about the memory heap
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of programs with singly-linked lists. All the fragments we consider contain the
magic wand operator and first-order quantification over a single variable.

Keywords Separation logic - Quantifier elimination - Model Checking -
Satisfiability - Computational Complexity

1 Introduction
1.1 Separation Logic for Verifying Programs with Pointers

Separation logic (Reynolds 2002) is a well-known logic for analysing programs
with pointers stemming from BI logic (Ishtiaq and O’Hearn 2001). Such pro-
grams have specific errors to be detected and separation logic is used as an
assertion language for Hoare-like proof systems (Reynolds 2002) that are dedi-
cated to verify programs manipulating heaps. Any procedure mechanizing the
proof search requires subroutines that check the satisfiability or the validity
of formulee (more precisely entailment) from the assertion language. That is
why, characterizing the computational complexity of separation logic and its
fragments and designing optimal decision procedures remain essential tasks.
Separation logic contains a structural separating connective and its adjoint
(the separating implication, also known as the magic wand).

Concise and modular proofs can be derived using these connectives, since
they can express properties such as non-aliasing (Reynolds 2002).

The main concern of the paper is to study a non-trivial fragment of first-
order separation logic with one record field as far as expressive power, decid-
ability and complexity are concerned. Herein, the models of separation logic
are pairs made of a variable valuation (store) and a partial function with finite
domain (heap), also known as memory states.

1.2 Decidability and Complexity Results for Separation Logic

The complexity of satisfiability and model-checking problems for separation
logic fragments have been quite studied (Calcagno et al 2001; Reynolds 2002;
Cook et al 2011) (see also new decidability results in (Tosif et al 2013) or
undecidability results in (Brotherston and Kanovich 2010; Larchey-Wendling
and Galmiche 2010) in an alternative setting). Separation logic is equivalent
to a Boolean propositional logic (Lozes 2004a,b) if first-order quantifiers are
disabled. Separation logic without first-order quantifiers is decidable, but it
becomes undecidable with first-order quantifiers (Calcagno et al 2001). For in-
stance, model-checking and satisfiability for propositional separation logic are
PSPACE-complete problems (Calcagno et al 2001). Decidable fragments with
first-order quantifiers can be found in (Galmiche and Méry 2010; Brochenin
et al 2012).

In order to study decidability or complexity issues for separation logic, two
tracks have been observed in the literature. There is the verification approach
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with decision procedures for fragments of practical use, see e.g. (Berdine et al
2005; Cook et al 2011; Haase et al 2013). Alternatively, fragments, extensions
or variants of separation logic are considered from a logical viewpoint, see
e.g. (Calcagno et al 2001; Brotherston and Kanovich 2010; Larchey-Wendling
and Galmiche 2010).

1.3 Our Contributions

In this paper, we study first-order separation logic with one quantified variable,
with an unbounded number of program variables and with one record field
(herein called 1SL1).

1. We introduce test formule that state simple properties about the memory

states and we show that every formula in 1SL1 is equivalent to a Boolean
combination of test formulae, extending what was done in (Lozes 2004b;
Brochenin et al 2009) for the propositional case. For instance, separating
connectives can be eliminated in a controlled way as well as first-order
quantification over the single variable. In that way, we show a quantifier
elimination property similar to the one for Presburger arithmetic (in that
case, the test formulee are linear and periodicity constraints). This result
extends previous ones on propositional separation logic (Lozes 2004a,b;
Brochenin et al 2009) and as far as we know, this is the first time that
this approach is extended to a first-order version of separation logic with
the magic wand operator. However, it is the best we can hope for since
1SL with two quantified variables and no program variables (1SL2) has
been recently shown undecidable in (Demri and Deters 2014). Of course,
other extensions of 1SL1 could be considered, for instance to add a bit of
arithmetical constraints, but herein we focus on 1SL1 that is theoretically
nicely designed, even though it is still unclear how much 1SL1 is useful
for formal verification. We also establish that the satisfiability problem for
Boolean combinations of test formulse is NP-complete thanks to a satura-
tion algorithm for the theory of memory states with test formulae, paving
the way to use SMT solvers to decide 1SL1; see e.g. the use of such solvers
in (Piskac et al 2013).
By way of comparison with first-order predicate logic, propositional calcu-
lus is NP-complete and FO1 (first-order logic with one variable) is NP-
complete too. We knew that propositional separation logic is PSPACE-
complete and herein we also establish that 1SL1 satisfiability has the same
worst-case complexity.

2. Even though Boolean combinations of test formulee and 1SL1 have iden-
tical expressive power, we obtain PSPACE-completeness for model-checking
and satisfiability in 1SL1. The conciseness of 1SL1 explains the difference
between these two complexities.

We show that the satisfiability problem for Boolean combinations of test
formulz is NP-complete whereas we establish that model-checking and sat-
isfiability problems for 1SL1 are PSPACE-complete. The difference between
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these two complexities here is due to the conciseness of 1SL1. PSPACE-
completeness is still a relatively low complexity but this result can be
extended with more than one record field (but still with one quantified
variable). This is the best we can hope for with one quantified variable
and with the magic wand, that is notoriously known to easily increase
computational complexity.

3. Moreover, we provide a simple algorithm to compute from a formula in
1SL1, an equivalent Boolean combination of test formulze.

Structure of the paper. Section 2 is mainly dedicated to preliminary definitions
about separation logic, basic properties that can be expressed in 1SL1 and
several preliminary definitions and results about partitions on memory states.
In Section 3, test formulee are introduced as well as several relations between
locations based on such test formulae. The second part of this section contains
a series of technical lemmas that are useful to establish the correctness of the
abstraction based on test formulae, which is shown in Section 4. Decidability of
1SL1 satisfiability problem as well as admissibility of quantifiers are established
in Section 4 too. Section 4 concludes by showing that the satisfiability and
model-checking problems can be solved in polynomial space. In Section 5, we
prove a result stated earlier in the paper, namely the satisfiability status of
conjunctions of literals made of test formulae can be decided in polynomial
time. Strictly speaking, this result is not used to establish complexity results
about 1SL1 (and that is why, its proof has been postponed a bit) but it paves
the way to decide 1SL1 with SMT solvers, this is at least our hope. Whereas
Section 6 contains concluding remarks, a technical appendix concludes the
paper and it contains the proofs that are not present in the main body of the

paper.

2 Separation Logic 1SL and its Heap Memory Model
2.1 First-Order Separation Logic with One Selector 1SL

Let PVAR be a countably infinite set of program variables and FVAR be a count-
ably infinite set of quantified variables. We write x,y,...,%1,X2,... to denote
program variables and u,uj,us, ... to denote quantified variables. A memory
state (also called a model) is a pair (s, h) such that

— s is a variable valuation of the form s : PVAR — N (the store),
— h is a partial function h : N — N with finite domain (the heap) and we
write dom(h) to denote its domain and ran(h) to denote its range.

Two heaps hy and hs are said to be disjoint, noted hy L hs, if their domains are
disjoint; when this holds, we write hy i ho to denote the heap corresponding to
the disjoint union of the graphs of hy and hs, hence dom(hy whs) = dom(h)w
dom(hg). When the domains of hy and hg are not disjoint, the composition
hi w hgy is not defined even if h; and hs have the same values on dom(hy) N
dOm(hg).
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The empty heap, denoted O, is the only heap with an empty domain. It is
a neutral element for w: we have hw 0 = Ow h = h for any heap h. The heap
hy is a subheap of ha, noted hy T hg, if dom(hy) S dom(hs) and hq(I) = ha(l)
for any | € dom(hy). Alternatively, we say that the heap hy is an extension
of the heap h;. Obviously, h1 = hy w ho whenever the composition is defined.
Moreover, any extension of the heap h; has the form h; w ho for some heap
ha. A heap is atomic if its domain is a singleton set. We write [I; — [3] for the
unique atomic heap h such that dom(h) = {l1} and h(l1) = 5.

Formulae in 1SL are built from ezpressions (composed of either program or
quantified variables) and atomic formule (either equality tests or points-to).
Formulae in 1SL are closed under Boolean connectives, first-order quantifica-
tion (as in first-order classical logic) but also under separating conjunction *,
its unit emp, and the separating implication — usually called the magic wand.

Definition 2.1 The 1SL formule are defined by the following grammar:
e = x|u where x € PVAR, u e FVAR

T = e=¢|e—e¢

A= rn|Ll|emp| AANB|-A|A«B|A—=B]|3uA whereueFVAR

We make use of standard notations for the derived connectives of classical
logic. The size of a formula A, written |A|, is defined as the number of symbols
required to write it. An assignment is a map f : FVAR — N. The satisfaction
relation = is parameterized by assignments (clauses for Boolean connectives
are omitted):

— (s,h) Ere=¢'iff [e] = [e'] where [x] £ s(x) and [u] = f(u).

— (s,h) Fj e — €' iff [e] € dom(h) and h([e]) = [¢'].

— (s,h) Fjemp iff h =0,

— (s,h) E5 Ay = Ay iff b = hy w ho, (s,h1) &5 A1, (s,he) E5 Ag for some
hi, ha.

— (s,h) Fj Ay Ay iff for all B, if h L b and (s, h) =5 A; then (s, hwh') =5
As.

— (8,h) =5 Ju A iff there is I € N such that (s, h) Fju A where flu— [] is
the assignment equal to | except that u takes the value [.

—

Whereas ‘Ju’ is clearly a first-order quantifier, the connectives * and — are
known to be second-order quantifiers. In the paper, we show how to eliminate
these three connectives when only one quantified variable is used. The logic
1SL is not minimal for its expressive power; e.g. emp is logically equivalent to
Vu —((u—u)—= 1).

Proposition 2.2 Let s,s' : PVAR — N be two stores, h : N — N be a heap,
f,§' : FVAR — N be two assignments and let A be an 1SL formula. If s(x) =
§'(x) holds for every program variable x that occurs in A and f(u) = '(u)
holds for any quantified variable u that occurs freely in A then the equivalence

(s,h) =5 Adff (s',h) ¢ A holds.
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The proof is by an easy verification and it is left to the reader.

As a consequence of Proposition 2.2, we might abusively use the notation
(s,h) =5 A when the “store” s: {x1,...,x,} — N is only defined on a super-
set of the program variables that occur in A, because the interpretation of the
program variables that do not occur in A does not matter.

Proposition 2.3 Let ¢ : N — N be permutation on locations, i.e. a one-to-
one map. For any 1SL formula A, any memory state (s,h) and any assign-
ment §: FVAR — N, we have (s, h) = A iff (pos,pohop™) Epof A.

In the above statement, it is worth noting that the domain of ¢ o ho p~*

is p(dom(h)). The proof of Proposition 2.3 is left to the reader.

Since models for a formula A are closed under permutations on locations,
without any loss of generality, we can assume that for every variable x in
A being either a program variable or a freely occuring quantified variable
s(x) < m where A contains at most m program or free variables.

Corollary 2.4 Let A be an 1SL formula, V < PVAR and F < FVAR be finite
subsets such that V contains the program variables that occur in A and F
contains the quantified variables that occur freely in A. If there exist a memory
state (s,h) and an assignment f : FVAR — N such that (s,h) &5 A, then
there exist a memory state (s',h') and an assignment §' : FVAR — N such that
(¢, 1) ey A and s'(V)Uf' (F) < {0,1,...,m—1} with m = card(V)+card(F).

Proof The set s(V) U §(F) is a finite subset of N. Its cardinal is less than m =
card(V) + card(F). Hence, there exists a permutation on locations ¢ : N - N
such that ¢(s(V) u f(F)) < {0,1,...,m — 1}. We apply Proposition 2.3 and
get s’ = pos, ' =pohop landf =pof. )

We write 1SLO to denote the propositional fragment of 1SL where no vari-
able from FVAR occurs. Similarly, we write 1SL1 to denote the fragment of 1SL
restricted to a single quantified variable, say u. In that case, the satisfaction
relation can be denoted by k; where [ is understood as the value [ = f(u) of
the quantified variable u under the assignment f§.

Let £ be a logic among 1SL, 1SL1 and 1SLO0. As usual, the satisfiability
problem for £ takes as input a formula A in £ and asks whether there is a
memory state (s,h) and an assignment § such that (s,h) =5 A. The model-
checking problem for £ takes as input a formula 4 in £, a memory state (s, h)
and an assignment f for free variables from A and asks whether (s, h) =; A.

When checking the satisfiability status of a formula A in 1SL1, we assume
that its program variables are contained in {x1,...,%,} for some ¢ > 1 and
the quantified variable is u. So, PVAR is unbounded but as usual, when dealing
with a specific formula, the set of program variables is finite.

Theorem 2.5 (Calcagno et al 2001; Brochenin et al 2012; Demri and Deters
2014) The satisfiability and model-checking problems for 1SL0 are PSPACE-
complete. The satisfiability problem for 1SL is undecidable, even when re-
stricted to two quantified variables.
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2.2 A First Glimpse of Properties that can be Stated in 1SL1

The logic 1SL1 allows to express different types of properties on memory states.
The examples below indeed illustrate the expressivity of 1SL1 and in the paper
we characterize precisely what can be expressed in 1SL1:

the variable e is allocated in the heap:

alloc(e) = (e<>e) - L e O—0O

where e is either x; or u. Intuitively: it is not possible to add a loop at e;

the program variables x; and x; have the same value (without explicit
equality predicate and with only one quantified variable):

Vu(ue—x;) = (u—x,)
the variable x; points to a location that is a loop:

toloop(x;) = Ju(x; <> u A u<u) i O—-O2

the variable x; points to a location that is allocated:

toalloc(x;) £ Ju (x; = u A alloc(u)) i O—>rO—>O
the variables x; and x; point to a shared location:

conv(x;, ;) = Ju(x; > u A xj > u) % O—>O<«—0%x
there is a location between x; and x;:

btwn(x;,x;) £ Ju (x;, > u A u—s x;) 5 O—O0—0O%

the domain of the heap has at least k elements:

o ~O ~O
#dom>k = —emp # - - - * —emp ([7(['(['

where —emp occurs k times (in the example, k = 3 on the right-hand side
of the equality symbol);

the memory heap has exactly one memory cell at address x; (expressed in
1SLO0):
atomic(x;) = alloc(x;) A —(# dom > 2)
the location interpreted by x; has no predecessor:
#pred(x;) =0 = —(Ju u— x;)

the location interpreted by x; has exactly one predecessor:

#pred(x;) =1 = (Juu—x;) A ~(Fuu = x; * Juu — x;)
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— the location interpreted by x; has exactly k > 0 predecessors:
#pred(xj) =k = (#pred(x;)=1) - (#pred(x;) = 1)

where # pred(x;) = 1 occurs k times;
— the heap contains at least three self-loops:

#loop=3 ¥ (uu—u)* (Juu—u)* (Juu—u)

We also illustrate briefly the expressive power of 1SL2, i.e. with two quan-
tified variables. But be aware that 1SL2 is strictly more expressive than 1SL1;
see for instance Corollary 4.12. Moreover, 1SL2 is proved non recursively enu-
merable in (Demri and Deters 2014) whereas in this paper we show that 1SL1 is
PSPACE-complete. In 1SL2 it is possible to express the existence of paths/lists
within memory states:

— the heap is composed of exactly a path of strictly positive length from x;
to x; together with an arbitrary number of cycles, written 1s’(x;, x;):

#pred(x;) =0 A alloc(x;)
A #pred(x;) =1 A —alloc(x;)
A Yuy (#pred(u;) =0 A alloc(uy)) = u =%;
A Yuy (#pred(u;) #0 Auy #x;) = (#pred(ug) =1 A alloc(uy))

— there is a path from x; to x; can be expressed by

def

1s(x, %) = (xi=x%4) v (ls'(xi,xj) #T)

to be found originally in (Brochenin et al 2012, Lemma 2.4); a similar
property was established for graph logics in (Dawar et al 2007).

2.3 Decomposition and Graphical Representation

We fix a finite set of ¢ distinct program variables V = {x1,...,x,} < PVAR;
to each memory state (s,h), we associate several subsets of locations that
together define two partitions of dom(h). Beware that these subsets and parti-
tions depend on the choice of q and V:

— one partition takes care of self-loops and predecessors of interpretations of
program variables;

— the other one takes care of locations which are “close” to the interpretations
of program variables; see below.

This allows us to decompose the heap domains in such a way that we can
easily identify the properties that can be indeed expressed by the formuls of
1SL1 that contain only the program variables of V.
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We introduce a first partition of the heap domain by distinguishing the
selfloops and the predecessors of variable interpretations on the one hand, and
the remaining locations in the domain on the other hand:

pred(s, b, i) = {1 | h(l) = s(x;)} pred(s, h) = pred(s, h,1) U -+ U pred(s, h,q)
loop(s,h)dzd{l | h(l) =1} rem(s, h) d”Fdom(h)\(pred(s h) U loop(s, h))
where pred(s, h, ) is defined for any ¢ € [1, ¢]. From the definition of rem(s ),

we derive the obvious identity dom(h) = rem(s, h) w (pred(s, h) U loop(s, h)
However, the sets pred(s, h) and loop(s,h) are not necessarily disjoint. A s a
consequence of h being a partial function, the sets pred(s, h, ) and pred(s, h, )
intersect only if s(x;) = s(x;), in which case the identity pred(s,h,i) =
pred(s, h, j) holds.

We introduce a second partition of dom(h) by distinguishing the locations
related to a memory cell involving a program variable interpretation on the
one hand, and the remaining locations in the domain on the other hand. So,
the sets below depend also implicitly on V:

ref(s,h) = dom(h)
acc(s,h) = dom(h)

s(V) g(s, h) = ref(s, h) U acc(s, h)
h(s(V))  O(s,h) = dom(h)\V(s,h)

N
N

2,
%

The core of the memory state (s, h), written Q(s, h), contains the locations [
in dom(h) such that either [ is the interpretation of a program variable or it
is an image by h of a program variable (that is also in the domain). We have
ref(s, h) € s(V), whence card(ref(s, h)) < ¢. Since h is a partial function, from
acc(s, h) € h(s(V)) we deduce card(acc(s, h)) < ¢q. As a consequence, we have
card(V(s, h)) < 2q. Hence, the core of a memory heap is always a “small part”
of the domain, small meaning of bounded size when ¢ is fixed.

In the sequel, we need to consider locations that belong to the intersection
of those sets from different partitions. Here are their formal definitions:

predg (s, h, 1) = pred(s,h,9)\Q(s,h) predo (s, h,i) = pred(s,h,i) N D(s,h)
predg (s, h) = pred(s, h)\Q(s, h) prede(s,h) = pred(s, h) n Q(s, h)
loopw (s, h) = loop(s, h)\V(s, h) loopo (s, h) = loop(s, k) N (s, h)
remg (s, h) < rem(s, h)\Q(s, h) remo (s, h) < rem(s, h) n O(s, h)

For instance, predg (s, h) contains the set of locations [ in dom(h) that are pre-
decessors of a variable interpretation but no program variable x; in {x1,...,%,}
satisfies s(x;) =1 or h(s(x;)) =1 (which means [ ¢ O(s, h)).

We insist on the fact that the definitions of subsets like ref(s, h), acc(s, h)
and Q(s, h) and hence predg (s, h, i), prede (s, h, i), loopg(s, k), ... depend on
a particular choice of ¢ and V = {x1,...,%,} even though our notation does
not reflect that dependency. We made this choice for the sake of readability.
However, in most of developments of this paper, and unless stated otherwise,
we assume a fixed choice for ¢ and V.
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“ O
C:@ C:@ C:® This graph represents an example of memory

state (s, h) with the variables x1, ..., x4. Nodes
labelled by ‘Q’ belong to Q(s, h); those labelled
by ‘(J” belong to loopg (s, h); those labelled by

X1 ‘p’ belong to predg (s, h) and those labelled by
‘r’ belong to remg; (s, h).
Qi ;

Fig. 2.1 The decomposition of a memory state

A memory state (s,h) restricted to the finite set of program variables
X1,...,Xq can be represented by a finite graph encoding the (graph) repre-
sentation of the heap h. Moreover, each variable x; labels the location s(x;),
which may add a few more nodes in the case s(x;) does not belong to the
domain and codomain of h. The graph of Figure 2.1 illustrates the previous
definitions of subsets on a simple memory state.

The introduction of the above sets provides a canonical way to decompose
the heap domains, which will be helpful in the sequel.

Lemma 2.6 (Canonical decomposition) For all stores s and all heaps h,
the following identity holds:

dom(h) = Q(s, h) w predg (s, h) w loopg(s, h) w remg(s, h)

The proof is by straightforward verification using the fact that pred(s,h) n
loop(s, h) < Q(s, h).

Proposition 2.7 {predg(s,h,i) | i€ [1,q]} is a partition of predg(s,h).

The (easy) proof is left to the reader.

Remember that both predg(s, h, i) = predg(s, h, j) and preds (s, b, i) =
are possible. Below, we present properties about the canonical decomposition.

Proposition 2.8 (Canonical decomposition and splitting) Let us as-
sume s,h,hy,ho such that h = hy w hy. With the notation X for N\X, the
identities

Q(s, h) ndom(hy) =D(s, h1) w A(s, by, he)

O(s, h) ndom(ha) =D (s, ha) w A(s, ha, k1)

hold with A(s,h1,hy) = dom(hi) N ha(s(V)) N s(V) A hi(s(V)).
The proof is by Boolean computations.

The set A(s, hi1, he) contains the locations belonging to the core of h and
to the domain of hy, without being in the core of hy. Its expression in Propo-
sition 2.8 uses only basic set-theoretical operations. From Proposition 2.8, we
conclude that O(s, hy w hg) can be different from Q(s, hy) w O(s, ha).
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Proposition 2.9 Let s, h,hi, ho be such that h = hy w he and let i € [1,q].
The following identities hold:

1. predg(s, hi,i) = (predg(s, h,i) N dom(hy)) w (pred(s, h,i) N A(s, hi, ha));
2. loopg(s, h1) = (loopg (s, h) ndom(hy)) w (loop(s, h) N A(s, hy, hs));
3. remg(s, h1) = (remg (s, h) N dom(hy)) w (rem(s, h) N A(s, hi, hz)).

The proof can be found in Appendix A starting at page 50.

Remark that w is commutative, hence symmetric identities hold for the
subsets predg (s, ho, ), loopg(s, hz) and remg(s, he). The following proposi-
tions describe the changes that occur in the canonical decomposition of a
memory state when exactly one memory cell is added to the heap. Recall that
we write [I; — I2] for the unique atomic heap h such that dom(h) = {l;} and
h(l1) = la. We write pQ(s, h) to denote the set s(V) u h(s(V)).

Proposition 2.10 Let (s, h) be a memory state, Iy € N\dom(h) and Il € N.
Let us write hy_,9 for hw[ly — ls] and let @ be in [1,q]. The following identities
hold:

dom(h1_2) = dom(h) w o {l1}

{l}if 1o = s(x;)

& if la # s(x)

{lLilif =1

G oif lh#l

{i}if Lo ¢ s(V)u{l}

& if bes(V)u{l}

{l1,l2} if 11 €s(V), la e dom(h) and I3 ¢ O(s, h)
{li}  iflies(V) and (lo ¢ dom(h) or iy € O(s, h))
{li}  if lhés(V) and I € h(s(V))

(%) 7'f l ¢ p@(sa h’)

The proof can be found in Appendix A starting at page 50.

pred(s, h12,4) = pred(s, h,i) w
loop(s, h12) =loop(s,h) w

rem(s,hi2) =rem(s,h) w

(s, his2) = O(s, h)w

Proposition 2.11 Let (s, h) be a memory state, Iy € N\dom(h) and Il € N.
Let us write hy_,9 for hu[ly — ls] and let @ be in [1,q]. The following identities
hold:

prede (s, h,i) w {l1} if 11 ¢ pQO(s, h) and Iy = s(x;)
prede (s, hi2,4) = { predg(s, h,i) — {l2} if 1 € s(V) and Iy € predg(s, h, 1)
( ) otherwise

—{lz} if 11 € 5(V) and Iy € loopg(s, h)
otherwise

h
Q
loopg(s, h) w {l1} if 11 ¢ pO(s, h) and I = Iy
loops (s, h1-2) { (s, h)
(s, h)

—{la} if 1y € 5(V) and Iy € remg(s, h)

remg(s, h) otherwise

remg (s, hisz) =

{rem@(s, h; w{li} if 11 ¢ pQ(s,h) and lo ¢ s(V) u {l1}
h
h

where X — {la} means that the location la already belongs to the set X and is
(strictly) removed from it.
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The proof can be found in Appendix A starting at page 51.

2.4 How to Count in 1SL1

In this section, let us consider a fixed memory state (s, h) and a fixed location
l. We explain how to measure the cardinal of some finite sets of locations using
1SL1 formulee, in particular those of the form X\Q(s,h) where X is one of
the sets among pred(s, h, j), loop(s, h) and rem(s, h). The ground idea is the
following: using the identity

X = (X nQ(s,h)) w (X\V(s, h))

the cardinal of X\©(s,h) can be obtained from the cardinal of X and the
cardinal of X n Q(s, h) (by expressing their difference in 1SL1).

In 1SL1, it is easy to detect if there is one element in either pred(s, h, j) or
loop(s, h) using the formulee

#pred(x;) =1 = Juu— x; and #loop=1 %= Juu—u

Hence, using the separating conjunction #*, we can measure the cardinal of
pred(s, h, j) or loop(s, h) with

#pred(x;) =k = #pred(x;) = 1%+ #pred(x;) =1 repeated k times
#loop =k Lo loop=1x---%#loop=>1 repeated k times

This encoding works smoothly thanks to the identities pred(s, hy w ho,j) =
pred(s, hy,7) w pred(s, ha, 7), loop(s, hy w hy) = loop(s, hy) w loop(s, hs).

Let us explain how to evaluate the cardinal of rem(s, k). To do so, we define
the following 1SL1 formulee for every e € {x1,...,x4} U {u}:

inrem(e) = alloc(e) A —e<>e A Njelt,q ~€ = %j

torem(x;) = toalloc(x;) A —toloop(x;) A A —btwn(x;, x,)

je[l,q]
Proposition 2.12 With [u] =1 and [x;] = s(x;), we have:

(s,h) =, inrem(e) iff [e] € rem(s,h)
(s,h) = torem(x;) iff h(s(x;)) € rem(s,h)

The proof is left to the reader.

Hence, the formula #rem>1 £ Juinrem(u) detects if rem(s,h) is non-
empty. Using the separating conjunction *, we can measure the cardinal of
rem(s, h) in 1SL1 by

Hrem>k & #rem>1%-- -+ #rem>1 repeated k times

because the identity rem(s, hy w hs) = rem(s, hy) w rem(s, ho) holds too.
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To count the number of elements in e.g. predg (s, h, j), it is thus sufficient
to count the number of elements in prede (s, h, j) and then use the identity

pred(s, h,j) = predo (s, b, j) @ preds(s, b, j)

However, splitting prede (s, b, j) into k parts using the separating conjunction
like we did for pred(s, h, j) will not work because ©(s, hq=hs) is not necessarily
equal to Q(s, h1) w O(s, ha); see Proposition 2.8 for instance.

By contrast, one possible trick consists in directly enumerating the elements
in pred(s, h,j) N ref(s,h) and in pred(s, h, j) N (acc(s, h)\ref(s, h)) and then
to use the identity

prede (s, h, j) = (pred(s, h, j) nref(s, h)) w (pred(s, h, j) N (acc(s, h)\ref(s, h)))

For any subset I < [1,q], let us define the 1SL1 formulae below

ref; ¥ /\ﬁ(xi =x;) /\/\alloc(xi)

i#£jel el
def
acc; = /\ﬁconv(xi,xj) /\/\toalloc(xi) A/\—‘(Xi — x;)
i#jel iel i€l,je[1,q]

def

Proposition 2.13 For I < [1,q] with sI = {s(x;) | i€ I}, we have

(s,h) =y refy iff sI S ref(s,h) and card(sl) = card(I)
(s,h) = acer iff h(sI) < acc(s,h)\ref(s,h) and card(h(sI)) = card(])

The proof is left to the reader.

Hence, ref; holds iff sI is a subset of ref(s, h) of size card(I) and thus
card(I) gives a lower bound for the cardinal of ref(s, h). Moreover, acc; pro-
vides us a way to give a lower bound for the cardinal of acc(s, h)\ref(s, k).

To illustrate the usefulness of ref; and accy, we show how to measure the
cardinal of the core. Using the identity O(s, h) = ref(s, h)w (acc(s, h)\ref(s, k)
we can express the fact that O(s, h) has cardinal at least k by

#core>k = \/{refgp Anaccy | RUAC[l,q] and card(R) + card(A4) > k}

But we can easily measure the cardinal of subsets of the core such as e.g.
predo (s, h, j). Its cardinal is at least k iff the following formula is satisfied

, det refp A N,ep Xr = X5 A RuAc(lq]and
#predo(x;) =k = \/ {accA A Ngen btwn(xg,x;) | card(R) + card(A) = k

and, using pred(s, h, j) = prede (s, h, j) @ predg(s, h,j) we conclude that the
cardinal of predg (s, h, j) is at least & iff the following formula is satisfied
#predy(x;) >k = \/ #pred(x;) > k+p A —#preds(x;) = p+ 1
P<2q

Notice that we can stop at 2¢ because of the inclusion prede (s, h, j) € Q(s, h)
and the upper bound card(Q(s, i, 7)) < 2q.
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Similarly, measuring the sizes of loopy (s, k) and remo(s, h) is done with
4100 >kdif\/ refp A N\,cp Xr <> X A
Po=F = acca A /\, e toloop(x,)

promo >k 2\ 7R A A snrents)
acca A /\,eq torem(x,)

RuUAc|[1,q] and

card(R) + card(A) = k
RuAcC(l,q] and

card(R) + card(A) = k

and using the partitions loop(s, h) = loope, (s, h) wloopg (s, h) and rem(s, h) =
remo (s, h) wremg(s, h), we can measure the sizes of loopg (s, h) and reme (s, h)
with
# loopy = k « \/ #loop=k+p A —#loopy =p+1
P<2q
#remy =k « \/ H#rem=k+pA —FHremp=p+1
P<2q

Lemma 2.14 For any k =1 and for any i € [1,q], there exist 1SL1 formule
denoted # preds(x;) = k, # loopg = k and # remg; > k respectively such that,
for any memory state (s,h) and for any location | € N the following equiva-
lences hold:

1. (s,h) E; #preds(x;) = k iff card(preds(s, h,i)) = k;

2. (s,h) F1 # loopg = k iff card(loopg(s, h)) = k;
3. (s,h) & #remg =k iff card(remg(s, b)) > k.

The proof can be found in Appendix A starting at page 53.

2.5 Equipotence for Comparing Cardinalities

We introduce the notion of equipotence and we state several properties about
it. This will be useful in the forthcoming developments.

Definition 2.15 We say that x/y respect X/Y if (zx € X iff y € Y) holds.

Proposition 2.16 Let us consider four sets X € X' and Y € Y'. Let R <
X' xY' be a bijective relation between X' and Y'. Let us assume that for any
x,y, if © Ry then x/y respects X/Y . Then Rn X x Y s a bijective relation
between X and Y.

The proof is left to the reader.

Definition 2.17 (a-equipotence) Let o € N. We say that two finite sets
X and Y are a-equipotent and we write X ~, Y if, either card(X) = card(Y)
or both card(X) and card(Y") are greater that o. We say that two finite sets
X and Y are equipotent and we write X ~q ¥ when card(X) = card(Y).

Proposition 2.18 For any a € N and any finite sets X and Y, the following
conditions are equivalent:
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1. X ~,Y;
2. (card(X) = k iff card(Y) = k) for any k
3. (card(X) = card(Y) < «) or (card(X) =
4. min(card(X), a) = min(card(Y), «).

< o
a and card(Y) = «a);

The proof is left to the reader.

It is thus obvious that X ~, Y holds whenever card(X) = card(Y), i.e.
~x S ~q. The equipotence relation is also decreasing, i.e. ~,, S ~4, holds
for all a; < as. It is easy to verify ~o = ﬂa ~q. Hence the notation ~ is
consistent with the intuitive idea of a downward limit. We state below two
lemmas that will be helpful in the sequel.

Lemma 2.19 Let a € N and X, X', Y,Y’ be finite sets such that X n X' = &,
YnY' =@, X ~,Y and X' ~ Y’ hold. Then X w X' ~o40 Y w Y’ holds
where n = card(X").

The proof is left to the reader.

Proposition 2.20 Let X and Y be two finite sets and let x ¢ X and y ¢ Y.
If the equipotence X w {x} ~o41 Y w {y} holds then X ~, Y holds.

The proof is left to the reader.

Lemma 2.21 Let aj,as € N and X, X', Yy be finite sets such that X w
X' ~ay+as Yo holds. Then there are two finite sets Y, Y such that Yy = YwY’,
X ~o0, Y and X' ~,, Y’ hold.

The proof can be found in Appendix A starting at page 53.

Lemma 2.22 Let ai, a9 = 1 and X, X', Y, be finite sets and x,y be elements
such that X w X' ~q, 10, Yo holds and x/y respect X w X'/Yy. Then there
are two finite sets Y and Y' such that Yo =Y wY’', X ~,, YV and X' ~,, Y’
hold, and x/y respect both X/Y and Y /Y.

Proof There are three cases:

— if z € X then we have z € X w X’ and as a consequence y € Yj. Let us
define X” = X\{z} and Y] = Yo\{y}. As a1 = 1, by Proposition 2.20
we deduce X" w X' ~(4,_1)4a, Yg- By Lemma 2.21, we obtain Y” and
Y’ such that Yy =YY" w V', X" ~,, 1 Y” and X' ~,, Y’. Observe that
y¢Y” and y ¢ Y/ because Y w Y’ < Yo\{y}. We define Y = Y” w {y}. By
Lemma 2.19, we have X = X" w {z} ~,, Y" w {y} =Y. Since z € X and
y €Y, x/y respects X/Y; and since x ¢ X’ (because X n X’ = &) and
y¢ Y’ x/y respects X'/Y';

— the case z € X’ is the symmetric case;

— ifx ¢ X wX' then y ¢ Yy. Using Proposition 2.21 we choose Y, Y’ such that
Yo=YV X~ Yand X' ~,, Y. Fromz¢ X w X' and y¢ Y v Y,
we deduce z ¢ X, x ¢ X', y¢ Y and y ¢ Y’ hence z/y respect both X /Y
and Y/Y'. o
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Proposition 2.23 Let X and Y be two 2-equipotent finite sets, i.e. X ~o Y.
Let x© and y be such that x/y respect X/Y . For any u € X\{x} there exists

veY\{y}.

Proof Let v € X\{z}. We have two cases: either z € X and then we have
u # x € X thus card(X) > 2. Using X ~2 Y we deduce card(Y') = 2 and thus
card(Y\{y}) = 1; or z ¢ X and then we have y ¢ Y and thus X\{z} = X ~,
Y = Y\{y}. Hence if X\{x} is non-empty then so is Y\{y}. o

Proposition 2.24 For any o = 0 and any finite set X, there exists a parti-
tion X = X1 w X5 of X such that X1 ~o X1 w X5 and card(X7) < a.

Proof If card(X) < « then, we define X; = X and X5 = . If card(X) > «
then choose X; € X such that card(X;) = a (e.g. X; is composed of the least
a elements of X) and Xo = X\ X;. o

3 Test formulae and Pointed Memory States

In this section, we consider a fixed set V = {x3,...,%,} of ¢ > 1 distinct
program variables. The value ¢ can always be chosen large enough to accom-
modate a formula that contains many program variables. Below, we introduce
test formulee stating simple properties and we show that every formula in 1SL1
is equivalent to a Boolean combination of test formulae.

3.1 Test Formulse for 1SL1

Test formulee express simple properties about the memory states; this includes
properties about program variables but also global properties about numbers
of predecessors or loops, following the decomposition in Section 2.3. These
test formulae allow us to characterize the expressive power of 1SL1, similarly
to what has been done in (Lozes 2004a,b; Brochenin et al 2009) for 1SLO.
Moreover, we aim at defining the class of test formulse as small as possible in
order to nail down the very expressive power of 1SL1.

Since every formula in 1SL1 is shown equivalent to a Boolean combination
of test formulee (forthcoming Theorem 4.11), this process can be viewed as a
means to eliminate separating connectives in a controlled way; elimination is
not total since the test formuleae require such separating connectives. However,
this is analogous to quantifier elimination in Presburger arithmetic (Presburger
1929) for which simple modulo constraints need to be introduced in order
to eliminate the quantifiers (of course, modulo constraints are defined with
quantifiers but in a controlled way too).

In Sections 2.2 and 2.4, we explained how to express the following test
formulee in 1SL1. In particular in Lemma 2.14, we show how to define the
formulae # loopg > k [resp. # remg > k and # predg(x;) = k] in 1SL1. Notice
however that the precise way they are actually defined in 1SL1 does not impact
our developments.
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Definition 3.1 (Test formulae) Given a > 0, we define sets of test formulze:

Equality & {xi =X, | i,j € [1,q]}
Pattern = {xi — x;, conv(x;, X;), btwn(x;, x;) ‘ i,7 €1, q]}
U {toalloc(x;),toloop(x;) | i€ [1,q]}
Extra® = {u=u,u—u,alloc(u)}
U {xizu,uzxi,xiHu,uHxi|i€[1,q]}
Size, = {#predg(x;) =k |ie[l,q),ke[l,a]}
V) {#loop§>k,#rem§>k’k‘e[1,@]}

def

Basic  Equality U Pattern Test, = Basic U Size, U {1}

def

Basic" Basic U Extra" Test), = Test, U Extra®

We observe that Sizeg is an empty set of formulee. The formula alloc(x;)
is not included because we use the logically equivalent conv(x;,x;). Notice
however that alloc(u) (defined by (u <> u) = L) cannot be replaced because
conv(x;,x;) needs the quantifier Ju to be defined in 1SL1. Unlike alloc(x;),
the test formula alloc(u) cannot be defined from conv.

It is important to note that the sets Basic", Size, and Test,, depend on a
particular choice of ¢ and V; and again our notation does not reflect that de-
pendency. By way of example, the definition of # loopg > k and its semantics
inherently depend on ¢ (and on V = {x1,...,%4}); see Proposition 2.14. As an
illustration, the conjunction of test formulae

X] > X A Xg = X] A (X] =X2) Au—uA —# loopg =1

is satisfiable if ¢ > 3 and unsatisfiable if ¢ = 2 because in any model, the
interpretation of u (a self-loop) must belong the interpretation of programs
variables V = {x1,...,%4}. But u cannot be interpreted by either x; or x
unless x1 = x9 is satisfied as well.

Proposition 3.2 (Monotonicity of Basic") Let s, hy, ho and I € N be such
that hi € ha. For any formula B € Basic®, if (s,h1) = B then (s, ho) & B.

The proof is left to the reader.

3.2 Satisfiability of Boolean Combinations of Test Formulae

Definition 3.3 (Literals and atoms) A literal is a test formula in Test}, or
the negation of a test formula in Test),. An atom is a saturated conjunction of
literals from Test?,, i.e. each formula from Test!, occurs exactly once, possibly
negated.

Hence atoms are either inconsistent (and equivalent to 1) or minimal el-
ements in the Boolean algebra generated by Test!; any Boolean combination

(o2}

of formulee of Testy, is equivalent to a disjunction of atoms.
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Definition 3.4 The satisfiability problem for Boolean combinations of test
formule is defined by:

INPUT: a set of program variables V = {x1,...,%4}; a Boolean combination .4
of formulee from  J,,- , Test,, built on V (the bounds k in the Size,, formulse
are encoded in binary).

QUESTION: is A satisfiable with test formulze understood using the set V7

Indeed, we need to specify the set {x1,...,%,} as an input because the
meaning of test formulee like # loops =1 depends on {xi,...,%q}; see the
previous section.

Theorem 3.5 The satisfiability problem for Boolean combinations of test for-
mule is NP-complete.

Proof Np-hardness follows from a reduction from SAT, assuming that the num-
ber of program variables is unbounded. Indeed, each propositional variable p;
can be encoded by the equality xo; = x9,41 where the program variables xo;
and x9;,1 are dedicated to p; only. The proof of the NP upper bound is given
in Section 5. ]

Checking the satisfiability status of a Boolean combination of test formulse
is typically the kind of tasks that could be performed by an SMT solver, see
e.g. (de Moura and Bjorner 2008; Barrett et al 2011).

3.3 Observing Pointed Memory States with Test Formulae

We introduce the notion of pointed memory state and three kinds of equiva-
lence relations between pointed memory states: a-equivalence denoted ~, and
basic equivalence denoted ~,.

Definition 3.6 (Pointed memory state, maxval) The triple m = (s, h,[)
is a pointed memory state if (s,h) is a memory state and [ € N is a location.
We define

maxval(h) = max(dom(h) U ran(h))
maxval(s, h) = max(s(V) udom(h) U ran(h))
maxval(m) < max(s(V) u dom(h) U ran(h) U {I})

Definition 3.7 (Pseudo-core) The pseudo-core of a memory state (s,h),
written pQ(s, h), is defined as pQ(s,h) = s(V)Uh(s(V)). The pseudo-core of a
pointed memory state m = (s, h, 1) is defined by pQ(m) = s(V)Uuh(s(V)) u{l}.

We observe that for any u > maxval(s, h), we have u ¢ dom(h) U pQO(s, h)
and if v > maxval(s, h,l) then u ¢ dom(h) U pQ(s, h,l). Note also that the
identity O(s, h) = pQ(s, h) n dom(h) holds. Moreover, (s, h) < pQ(s, h) and
pQ(s, h) may contain locations that are not in dom(h), unlike the core (s, h).

Below, we introduce equivalence relations depending on whether memory
states are indistinguishable with respect to some sets of test formulze.
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Definition 3.8 (Equivalences) Given pointed memory states m = (s, h,l)
and m’ = (¢/,h/,1'), we say that m and m’ are a-equivalent and we write
m ~, m’ when the equivalence

(s,h) & Biff (s',h) =1 B holds for any B € Test},

We also define the basic equivalence, written ~;,, by using Basic" instead of
Test,.

It is obvious that ~, and ~; are indeed equivalence relations between
pointed memory states. The pointed memory states m and m’ are basically
equivalent (resp. a-equivalent) if and only if they cannot be distinguished by
the formulee of Basic" (resp. Testy, ). Since the inclusion Basic™ < Testy, holds,
it is obvious that the inclusion ~, < =~ holds. Also observe that the identity
~;, = ~ holds because the set of formulae Testj is identical to Basic® u {L1}.
Nevertheless, we think it is clearer to keep a separate notation for ~.

Proposition 3.9 Let (s,h,l) and (s',1/,l') be two pointed memory states
such that (s, h,l) ~p (s',1/,I'). Then (s,0,1) ~ (s',0,1") holds.

The proof is left to the reader; remember that OO denotes the empty heap.
Proposition 3.10 below states that a-equivalence corresponds to basic equiv-
alence together with a-equipotence of the sets predg(:,-, ), loopg(:,-) and
remg (-, -).

Proposition 3.10 For any a > 0, the relation (s,h,l) ~, (s',h',1") holds if
and only if the four following conditions hold:

1. (s, hyl) =~ (8", 0, 1);

2. predg(s, h,i) ~q predg(s’, h',4) for any i€ [1,q];

3. loopg (s, h) ~a loopg(s’, h');

4. remg(s, h) ~, remg(s’, h').

The proof follows from Test,, = {L} U Basic" U Size,, and Lemma 2.14.

Proposition 3.11 Let m = (s,h,l) and w' = (s',h',1') be two pointed mem-
ory states such that dom(h) < O(s,h) and dom(h’) < Q(s',h'). For any
az0,m~,m iff m>~,m.

This is a direct consequence of Proposition 3.10.

3.4 A Relational View of Basic Equivalence

In this section, we assume two pointed memory states m = (s,h,l) and
m' = (¢/,h,1'). We name some properties which will be used to define bi-

nary relations between locations.

Definition 3.12 For u,v € N, we define the following properties:



[\~
[e)

Stéphane Demri et al.

) u=landv=1;

2) u = s(x;) and v = §'(x;) for some i € [1,q];

3) u = h(s(x;)) and v = h/(s'(x;)) for some i € [1, q];
=liffv=10;

= s(x;) iff v = §'(x;) for any i € [1,¢];

= h(s(x;)) iff v = h'(s'(x;)) for any i € [1,¢];

€ dom(h) iff v € dom(h');

(u) = s(x;) iff W' (v) = §'(x;) for any i € [1, q];
(u) = u iff B (v) = v.

REaRAEa 222
S>> & & <
I

We say that e.g. u/v verify (T2) if this property holds.

We emphasize the fact that Properties (1-3) and (¥1-6) depend on m/m’.
More precisely, (1) and (¥1) depend on I/I', (:R2) and (%2) depend on
s/s', (%4,6) depend on h/h/, and the remaining (:M3) and (¥3,5) depend on
(s,h)/(s',h’). When the context does not single out a unique choice for m/m’,
we will explicitly say that e.g. u/v verify (%3) with respect to m/m’.

The Properties (¥2-6) characterize precisely the positions of u (resp. v) in
the canonical decomposition of m (resp. m’). The Property (¥1) characterizes
the positions of u/v with respect to I/I’. As witnessed in upcoming Lemma 3.25
and Propositions 3.29 and 3.31, we do not need all this precision to establish
that basic or a-equivalence is preserved by atomic extensions.

Proposition 3.13 Let u,v € N. For (¥10)—(%20) defined as

(210) we s(V) iff ve s'(V);

(%11) we h(s(V)) iff ve W (s'(V));
(%12) we pQ(s,h) iff ve pQO(s,h);
(%13) uwe Q(s,h) iff ve O, 1);
(%14) w € pred(s, h,i) iff v € pred(s’, h', i) for any i€ [1,q];
(T15) w e pred(s,h) iff v e pred(s’,h');
(%16) w € loop(s,h) iff v eloop(s’, h');

(217) w e rem(s, h) iff verem(s’, h');

(T18) w € predg(s, h, i) iff v e predg(s’, b/, i) for any i€ [1,q];
(T19) w € loopg(s, h) iff v € loops(s’, h');

(T20) w € remg(s, h) iff v € remg(s’, h');

(%21) we pQ(m) iff ve pQ(m').

the following propositions hold:

1. (%2) implies (%10); 4. (%2-4) imply (T13);
2. (%3) implies (T11); 5. (%2-6) imply (10-20);
3. (%2-3) imply (%12); 6. (£1-3) imply (T21).

The proof can be found in Appendix B starting at page 54.
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Definition 3.14 (Binary relations between locations) We define binary

relations between locations denoted R mr, Ry s Dmm's T and Ty, by

U D v iff (T4)
U Tnme v iff (T2) and ... and (T6)
u ‘Z'mﬂm, v iff (%1) and ... and (%6)

U Rp,mr v I (JR2) or (R3)
u iﬂ'm’m, v iff (R1) or (R2) or (R3)

In the rest of this section, we simply denote R, R'... instead of R w/,

R . Obviously the inclusions R € R and T < T < D hold.

yen
’m,

Proposition 3.15 The following inclusions hold:

1. RS pO(s, h) x pO(s', ) . R < pO(m) x pO(m)
2. TnpQ(s,h) x NC R 5. T A pQ(m) x N R
3. TANxpQO(s',h) € R 6. T AN xpQ(m') = R

The proof can be found in Appendix B starting at page 55.

Proposition 3.16 The following properties hold:

1. The relation ¥ restricted to pO(s, h) xpQ(s’, h') is functional and injective;
2. The relation T restricted to pQ(m) x pQ(m’) is functional and injective;
3. For any u ¢ dom(h) U pO(s, h), v ¢ dom(h') U pQ(s', h'), we have u T v;
4. For any u ¢ dom(h) U pQ(m), v ¢ dom(h') U pQ(m’), we have u T' v.

The proof can be found in Appendix B starting at page 55.

We get a characterization of the basic equivalence of m and m’ in terms of
the inclusion of the relation %' into T'.

Theorem 3.17 m ~, m’ if and only if R < T.

The proof can be found in Appendix B starting at page 55.

Proposition 3.18 If m ~, m’ then the following properties hold:

1. The relation R is total and surjective between pQO(s,h) and pQO(s',h');
2. The relation R’ is total and surjective between pQO(m) and pQO(m’).

The proof can be found in Appendix B starting at page 56.

Lemma 3.19 (Bijections between pseudo-cores) When m and m’ are
basically equivalent, i.e. m ~, m’, the following properties hold:

the inclusions | < T and R' < T hold;

both R =T A pQ(s, h) x pO(s', 1) and R' = T~ pQO(m) x pQ(m’) hold;
the relation R is bijective between pO(s, h) and pQ(s', h');

the relation R' is bijective between pQ(m) and pO(m’);

the relation W NQ(s, h) xD(s', h') is bijective between V(s, h) and (s, h').

Cuds Lot =
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Proof We have proved R' € T' in Theorem 3.17. Hence we deduce % € R'
%' < T. Hence Property 1 holds.

By Proposition 3.15 item 5, we derive T npQ(m) x pO(m’) < T npQ(m) x
N < R'. By Proposition 3.15 item 4 and R' € T', we derive R' € T'  pQO(m) x
pQ(m’). Hence we obtain the identity R = T~ pQ(m) x pO(m’). The identity
R =T npO(s,h) x pO(s’, k') can then be established with similar arguments,
i.e. Proposition 3.15 items 1 and 2. Hence Property 2 holds.

By Proposition 3.18 item 2, R is total and surjective. By Proposition 3.16
item 2, T pQO(m) x pO(m’) is functional and injective. From the identity
R =T A pQ(m) x pO(m’) we deduce that R' is a bijective relation between
pQ(m) and pQO(m’). The same reasoning applies to R. Properties 3 and 4 hold.

We have Q(s,h) < pQ(s, h,l) and Q(s', 1) < pQ(s', 1/, 1"). Moreover if u
and v are such that u R' v then u/v respect V(s, h)/V(s',h’) using u T' v
with (T13). Hence by Proposition 2.16, R' n O(s,h) x Q(s’,h’) is a bijection
between O(s, h) and O(s', h'). O

When we atomically extend a heap (see forthcoming Propositions 3.29
and 3.31), we use the totality of the relations ' (and T). To get these results,
we need slightly stronger assumptions. With ~, instead of ~;, the relation ¥'
is total from N to [0,m + 1] with m = maxval(m’).

Proposition 3.20 If m and ' are 2-equivalent (i.e. m ~y m’), then ¥' is a
total relation on N: for any u € N, there exists v < maxval(m’) + 1 such that
uT .

Proof Since ~5 € ~;, we have ' < T' by Theorem 3.17. Let us consider u € N.
We have to show that there exists v € N such that u ' v holds. We determine
the value of v according to the first condition satisfied in the list below.

— If u € pO(m) then we define v as the unique location in pP(m’) such
that w ' v, see Lemma 3.19 item 4. We derive u ¥' v. The relation
v < maxval(m’) 4+ 1 holds because v € pO(m’);

— If u € predg(s, h,j) for some j € [1,q] then we know that u # | because
the case u = [ € pQO(m) occurs earlier in the list.
Hence we have u € predg (s, h, j)\{l}. From | &' I’ we deduce [ T' I’. Hence
by Proposition 3.13 (T18), I/l" respect preds (s, h, j)/preds(s’, b/, 7). We
also have predg(s, h,j) ~2 predg(s’, h',j) by Proposition 3.10. Hence by
Proposition 2.23, we can choose a location v € predg(s’, b/, j)\{l'}.
The relation v < maxval(m’) + 1 holds because v € dom(h'). Let us es-
tablish u T v. We have u € predg(s, h, j)\{l} and v € preds(s’, b/, j)\{I'}.
As a consequence, we deduce u ¢ pQO(m) and v ¢ pQO(m’). Hence, Prop-
erties (T1-3) hold. We also have u € dom(h) and v € dom(h’), whence
Property (¥4) holds. We have h(u) = s(x;) and h'(v) = §'(x;). We de-
duce h(u) R' b’ (v) and thus h(u) T A (v). Let us prove Property (T5) for
u/v: we use (¥2) for h(u)/h'(v) and get h(u) = s(x;) iff A'(v) = §'(x;) for
any i € [1,q]. Let us prove Property (%6): the identity u = h(u) implies
u = s(x;) which contradicts u ¢ pO(m). Hence v # h(u) and for similar
reasons, v # h/(v);
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— If u € loopg (s, h) then we know that u # [ because the case u = [ € pO(m)

occurs earlier in the list. Hence we have u € loopg (s, h)\{l}. Since [ T I/, by
Proposition 3.13 (¥19) we deduce that I/’ respect loopg (s, h)/loopg(s’, h').
We also have loopg (s, h) ~2 loopg(s’, ') by Proposition 3.10. Hence by
Proposition 2.23, we can choose a location v € loopg(s’, h')\{l'}.
The relation v < maxval(m’) + 1 holds because v € dom(h'). Let us check
that u T v holds. We have u € loops(s, h)\{l} and v € loops(s’, K/)\{I'}.
As a consequence, we deduce u ¢ pO(m) and v ¢ pO(m’). Hence Prop-
erties (¥1-3) hold. We also have u € dom(h) and v € dom(h'); hence
Property (%4) holds. We have h(u) = w and h'(v) = v, whence Prop-
erty (T6) holds. We have already proved that Property (%2) holds for
u/v. As h(u) = v and h/(v) = v we deduce that Property (¥2) holds for
h(u)/h (v). Hence Property (%5) holds for u/v;

— If u € remg(s,h) then u € remg(s, h)\{l}. By Proposition 3.13 (%20),

I/I" respect remg (s, h)/remg(s’, h'). We have remg(s, h) ~o remg(s’, h')
by Proposition 3.10. Hence by Proposition 2.23, we can choose a location
v € remg(s’, W )\{I'}.
The relation v < maxval(m’) + 1 holds because v € dom(h’). Let us check
that u T v holds. We have u € remg(s, h)\{l} and v € remg(s’, K')\{I'}.
So, we deduce u ¢ pQO(m) and v ¢ pO(m’). Hence Properties (£1-3) hold.
We also have u € dom(h) and v € dom(h’) hence Property (¥4) holds. We
have h(u) ¢ s(V) u {u} and h'(v) ¢ (V) u {v} hence Properties (T5-6)
hold;

— In the remaining cases we have u ¢ dom(h)upQ(m). Let v = maxval(m’)+1.

Then we have v ¢ dom(h') U pQO(m’) and by Proposition 3.16 item 4, we
conclude u T' v. m]

If we do not require Property (¥1), i.e. we work with T instead of %',
then only ~; is needed to establish that ¥ is total from N to [0, m + 1] with
m = maxval(s’, h').

Proposition 3.21 If m and m satisfy m ~; w’, then < is a total relation
on N: for any u € N, there exists v < maxval(s’,h') + 1 such that u ¥ v.

The proof can be found in Appendix B starting at page 56.

3.5 Basic Equivalence and Heap Splitting

In this section, we consider two stores s and s’, two locations [ and I’, and
two heaps h = hy w hg and b/ = h{ w hf that are divided into two disjoint
subheaps. Let us denote

m=(s,h,1) w=(s N1 R=R . T=TF,
my =(s,hy,l) m)=(s,h,1) R = %thm,l T =3'mhm,1 D1=Dm,m
mo = (s,ha,1) mh=(s,hh,1") | R,=HR Th=7 D2 =Dy m,

’ /
m2,m, maz,m,
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It is trivial to check the inclusion S| < R' because hy = h and b} = K. The
inclusion R}, < R holds by symmetry.

Let us study under which conditions the splits h = hy whge and b/ = b whi
preserve basic equivalence, i.e. when do m; ~;, m{ and my >~ m), hold, provided
that m ~, m’ already holds.

Proposition 3.22 Let us assume R' € T (or equivalently m ~, m’). Then
the following statements are equivalent:
1. RS D nDy; 3. R T and R, = T,;
2. R N3, 4. my >, m) and my >~ m).
The proof can be found in Appendix B starting at page 57.
If the splits h = hy w hy and b’ = h w k), preserve basic equivalence, then
some subsets of the core are equipotent.
Proposition 3.23 Let us assume m >~y m, my ~, m) and me ~p my. With
the notation X for N\X, the following properties hold:
1. pred(s,h,i) n A ~o pred(s’,h',i) n AL for any i€ [1,q]
2. loop(s, h) N As ~g loop(s’, h') n Al
3. rem(s,h) N A. ~p rem(s’, h') n AL,

A; = dom(h.) N hs—c(s(V)) ns(V) N he(s(V))
AL = dom(R,)  Hy_(s' (V) 0 (V) 2 B (570V)

Proof The definition of A(s,hi,hs) corresponds to that of Propositions 2.8
and 2.9. We have Ay = A(s, hi, ha), As = A(s,ha, h1), A = A(s', b}, hb)
and A} = A(s', hly, h). We easily verify that the inclusions Ay U As € Q(s, h)
and A} u A, € O(s/,h') hold. We invite the reader to check the following
equivalences:

uepred(s,h,j) n Ay it hi(u) = s(x;) and
w e ha(s(V)) and w ¢ s(V) and u ¢ hi(s(V))
we€loop(s,h) n Ay iff hi(u) =w and
u € ha(s(V)) and u ¢ s(V) and u ¢ hy(s(V))
uerem(s,h) n Ay iff wedom(hy) and hi(u) ¢ s(V) and h(u) # u and
w € ha(s(V)) and u ¢ s(V) and u ¢ hi(s(V))

From Proposition 3.22 and Theorem 3.19 we deduce R' € ' n T} N T),. More-
over by Lemma 3.19, the relation R' 1 Q(s, h) x O(s’, 1) is a bijection between
O(s, h) and Q(s', 1').

Let us prove Property 1 with ¢ = 1 for instance. We use Proposition 2.16:
we have pred(s, h,i) n Ay € Q(s, h) and pred(s’, k', i) n A} < O(s, h'). Hence
let us show that if u € Q(s,h) and v € Q(s',h’) verify u R v then u/v
respect pred(s,h,i) n Ay /pred(s’,h',i) n A}: we use the first of the three
above equivalences and v T} v with (5), v T, v with (T11), v T v with
(%10), and u T} v with (T11).

Hence by Proposition 2.16, there is a bijection between pred(s, h,i) n A4
and pred(s’, h/,i) n A} and thus pred(s, h,i) N Ay ~o pred(s’, h',i) n A} holds.
We use similar arguments for Property 1 (¢ = 2) and Properties 2-3. O

where c € {1,2} and {
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3.6 Basic Equivalence and Location Update

In this section, we study under which conditions an update of the location [
in the pointed memory state (s, h,l) preserves basic equivalence.

Proposition 3.24 Let (s,h,l) and (s',h',l') be basically equivalent pointed
memory states, i.e. (s,h,l) ~y (s',h,1"). For any lo,l € N, if lo/l} verify
(%2-6) then (s, h,lo) ~p (s', 1, 1) holds.

Proof Since any formula B € Basic contains no free occurence of u, by Propo-
sition 2.2 we have (s, h) i, Biff (s,h) = Biff (s', 1) Ev Biff (s',0') =y B.
As the identity Basic® = Basic u Extra® holds, to get (s, h,lo) ~p (', h/ lo) it
is sufficient to prove the property (s, h) k=1, B iff (s, h') =y B for any formula
B € Extra®. We proceed by a case analysis on B; we display the only if case,
the if case being proved in a symmetric way:

— Bisu< u: from (s,h) =, u—u we get h(lp) = ly. Since ly/lf verify (T6),
we deduce h'(l) = Il and thus (s, 1) Fp u— u;

— Bisalloc(u): from (s, h) k=, alloc(u) we get lg € dom(h). Since ly/l, verify
(%4), we deduce I € dom(h’) and thus (s, h') Fy; alloc(u);

- Bis x; =u: from (s,h) =y, x; =u we get s(x;) = lo. Since o/}, verify (T2),
we deduce s'(x;) = [j and thus (s',h') Ej; x; = y;

— Bis x; — w: from (s,h) &y, x; — u we get h(s(x;)) = lp. Since ly/l}, verify
(%3), we deduce h'(s'(x;)) = Ij and thus (s',h') Ey % —

— Bis u— x;: from (s,h) =y, uw— x; we get h(ly) = s(x;). Since ly/lj, verify
(%5), we deduce h'(ly) = s'(x;) and thus (s',h') Fy w— x;. |

3.7 Atomic Extensions and a-Equivalence

Recall that we write [l; — [2] to denote the (atomic) heap h such that
dom(h) = {l1}, h(l1) = l2 and ran(h) = {lo}. We study under which con-

ditions atomic extensions preserve a-equivalence.

Lemma 3.25 Let o > 1 and let (s,h,l) and (s',h',1") be two pointed memory
states. Let 1y,15,11,1, € N be such that Iy ¢ dom(h) and I} ¢ dom(h'). We
assume that one of the conditions below holds:

(C1) 11/15 verify (¥1-3), lo/l5 verify (T1-6), and lo =11 iff 15 =11;

(C2) 11 ¢ s(V), 11/1} verify (31-3), lo/l} verify (2), and lo =11 iff 1 =1].
If (s,h,1) ~q (', 0, 1) then (s,hw[ly — l2],1) ~5 (¢', W w [l] — 15],1") where
B=a—-1if Iy €s(V), and B = a otherwise.

The proof can be found in Appendix B starting at page 58.

Now let us present sufficient conditions under which an atomic extension
does not change a pointed memory state up to a-equivalence.
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Proposition 3.26 Let m = (s, h,l) be a pointed memory state and ly,ly € N
be such that Iy ¢ dom(h) U pQ(m). We have (s,h w [l1 — l2],1) ~p (s,h,1).
Moreover, given o = 0, if we assume that one of the following conditions hold

(C1) ly = s(x;) and card(predg(s, h,i)) = « for some i€ [1,q];
(C2) Iy =1 and card(loopg(s,h)) = «o;
(C3) Iy ¢ s(V) u {l1} and card(remg(s, h)) = o.

then we have (s, h w [l; — l2],1) ~4 (s, h,1).

The proof can be found in Appendix B starting at page 61.
We extend the previous result to more general extensions that avoid adding

locations in the pseudo-core.

Corollary 3.27 Let o > 0. Let m = (s, h,l) be a pointed memory state and h'
be a heap such that dom(h’) n (dom(h) U pQ(m)) = &. If for any u € dom(h')
one of the following conditions holds

(C1) h'(u) = s(x;) and card(predg (s, h,i)) = o for some i€ [1,q];
(C2) h'(u) = v and card(loopg(s,h)) = «;
(C3) h'(u) ¢ s(V) U {u} and card(remg(s, h)) = a.

then we have (s, h w h'|1) ~, (s, h,1).

The proof can be found in Appendix B starting at page 62.

3.8 Transposing Heap Extensions through a-Equivalence

In this section, we assume s, s, ho, h{, h, h', I and I’ such that hy L h and
hy L 1. We denote
(s, h,1) mo = (s, ho w h,l) R =R g =g

m,m’ m,m’

(s, W, 1) = (s by w 1) | Ry = g =T

m

m/

’
;Mg

We insist that the heap of mq is hg w h, not hg: the short notation might be a
bit confusing here. Because h = hg w h and h' E h{ w /, it is trivial to check
that the inclusion R' < R} holds.

Proposition 3.28 We assume m ~, m’, mg ~, m{, and u,v € N such that
uThv. If either u € pO(m) or v e pQ(m’) then uR v.

Proof We assume u € pQ(m) and we show u R' v. From pQ(m) < pQ(my),
we deduce u € pQ(mg). By Proposition 3.15 item 5, from u T, v we deduce
u R} v and thus v € pO(m)) by Proposition 3.15 item 4. Since u € pQ(m), by
Lemma 3.19 there exists a unique location w € pQ(m’) such that u %' w. From
R < R we deduce u R w. Hence, we have (u Ry v and u R, w) and by
Proposition 3.15 item 4 and Lemma 3.19, R is a bijection. We deduce v = w,
and then u R v. o
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Proposition 3.29 Let a > 1. We assume that the following conditions hold:

(a) m =~y /5

(b) mo ~p41 Mp;

(c¢) dom(h) < pQ(m);
(d) dom(h') € pO ().

Let 13 € s(V)\dom(ho w h) and Iy € N. There exist 11,15 € N such that
1. 1 € &(V)\dom(hg w h');
2. 11,1l < maxval(m{) + 1;
|

I
0
3. (s,hw [l — L],1) = (8,0 w [} — 1],1);
4o (schow how [l = L], 1) ~q (s, by w B w [1 o 1],1).

The proof can be found in Appendix B starting at page 63.

Corollary 3.30 Let o > 1. Let hy L hy, dom(hi) < s(V) and (s, ho, 1) ~pta
(s, h, U') with p = card(dom(hy)). Then there exists a heap h} such that hj, L
hi, dom(hy) < 8'(V), (s, h1,1) ~a (s, h1,1), (8,ho @ hasl) =6 (8" by @ by, 1)
and maxval(s’, h}) < maxval(s’, h{, ') + p.

The proof is by induction on the cardinality of dom(h,) using Proposi-
tion 3.29. Proposition 3.31 below is a slight variant of Proposition 3.29.

Proposition 3.31 Let o = 1. We assume that the following conditions hold:

(a) m >, m';
(b) my >q mf)f'

Let 1y ¢ dom(hg w h) U s(V) and Iy € N. There exist 11,15 € N such that

1. 1} ¢ dom(h( w h') U s'(V)

2. 11,15 < maxval(mg) + 2;

3. (s,hw [y — 12),1) =4 (80 w [l — 15],1);

4. (syhowhw [ly = l2],1) ~q (' hy w A w [I] — 15],1).

The proof can be found in Appendix B starting at page 64.

Corollary 3.32 Let o > 1. Let dom(hy) n (dom(hg w h) U s(V)) = &,
(s,h, 1) ~q (8", W,1') and (s,ho w h,l) ~4 (s',hy w h',I"). Then there exists
a heap I} such that dom(h}) n (dom(hy w h') U s'(V)) = &, (s,hw hy,l) =,
(s’ w by, 1), (syhow hwhy,l) ~q (8, hy w B w by, 1) and maxval(s’, h}) <
maxval(s’, hy = h,l') + 2. card(dom(hy)).

The proof is by induction on the cardinality of dom(h;) using Proposition 3.31.
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3.9 Correctness of the Abstraction

Lemmas 3.33, 3.34 and 3.35 below roughly state that the relation ~, (and
therefore the set of test formulee we have introduced) behaves properly. Each
lemma corresponds to a given quantifier, respectively separating conjunction
*, separating implication — and first-order quantifier Ju. We combine these
three lemmas in the proof of Correctness Theorem 4.3.

Lemma 3.33 below states how two equivalent memory states can be split.
The precision is split accordingly.

Lemma 3.33 (Distributivity) Let o, aq, a2 = 1 such that a = oy +as. Let
us consider two a-equivalent pointed memory states (s, h,l) and (s',h',1'), i.e.
(s,h,1) =q (s', 1, I"). For every split h = hywhs of h, there exists a split ' =
Wy w by of W such that (s,h1,l) ~q, (8,h],1) and (s, ha,l) =4, (', 05, 1').

Proof Let m = (s,h,l) and m’ = (s', 1/, I') be such that (s, h,l) ~, (s', 0, 1).
Let us denote by %' (resp. T') the relation Ry ., (resp. T, ) from Defini-
tion 3.14. From m ~, m’ we deduce m ~, m’ and then by Theorem 3.17,
we have the inclusion ' < ¥'. Moreover by Lemma 3.19, we know that
R, = R~ Os,h) x O(s', ') is a bijective relation between O(s,h) and
Q(s', ).

Let us define J = {j € [1,¢] | for all k € [1,q], s(x;) = s(xx) implies j < k}.
Since s(x;) R s'(x;) and R' < T, using (T2) we deduce s(x;) = s(x;) iff
s'(x;) = §'(x;) for all 4, j € [1, ¢]. Hence J is a subset of [1, ¢] that verifies

(J1) for any i € [1, ¢, there exists j € J such that s(x;) = s(x;) and §'(x;) =
s'(%;);

(J2) for all 4,7 € J, s(x;) = s(x;) or s'(x;) = s'(x;) implies ¢ = j.

For every ¢ € {1,2} and for every j € J, let us consider the following notations:

D = dom(h) D, = dom(h.) D’ = dom(h')
C =Q(s,h) C.=CnD, ' =Q(s, 1)

P(j) = predg(s,h,§) P(j) = P() 0 Do P(j) = prede(s', 1, 7)
L = loopg (s, h) L.=LnD, L' = loopg(s',h')
R = remg(s, h) R.=Rn D, R' = remg(s', 1)

According to Lemma 2.6 and Properties (J1) and (J2), we have the following
canonical decompositions:

D=Cwlye, PHlwLwR D'=Cwol);, P(j)el R

We know that 9%'@ is a one-to-one relation between C' and C’, and from Propo-
sition 3.10, we have P(j) ~o P'(j), L ~o L' and R ~, R.

Using the bijection R, for ¢ = 1 or 2, let us define C’, = R, (C.). Then,
we have C = C; w Cy and C" = Cf w C}. Let us show that [/l’ respect both
C1/C4 and Co/Ch. We have [ RR' I’ by definition and hence | T' I’. By (%13),
we deduce that /I’ respect C'//C’. Hence if [ € C; then [ € C and thus I € C".
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As a consequence, [ R, I’ and thus as C] = R (C1), we deduce I’ € Cf. For
similar reasons, if [ € Cy then I’ € C}. Now, if I’ € C{ then I’ € C’ hence
le C =CywCs. The case | € Cy would lead to I’ € C4 hence I' € C] n C},
which is impossible. Hence we have [ € Cy. For similar reasons, if I’ € C} then
l € Cy. We conclude that /I’ respect both C1/C} and Cy/C%.

Let us verify that [/I’ respect both P(j)/P'(j): 1 € P(j) iff h(l) = s(x;) and
L ¢ Q(s,h) iff W(I') = s'(x;) and I ¢ Q(s', ) iff I' € P'(j) using | T' I with
(%5) and (%13). By Lemma 2.22, from P(j) ~ay+a, P'(7) and a1, a2 = 1, we
compute PL(j) such that P'(7) = P{(7) & BY(7), Pi(j) ~ax PL(7): Pa(j) ~as
Pj(5) and I/l’ respect both Py(5)/P;(j) and P»(j)/Ps(j)-

By a similar argument, we get L} and L} (resp. R} and R)) such that
L' = LY w L Li ~o LY, Ly ~o, L (resp. R = R} w RS, R ~q, Ri,
Ry ~qa, RY) and /I’ respect both Ly/L} and Ly/L} (resp. R1/R} and Ry/R}).

Now let us define a partition D' = D} w D) by

D= Cl ol ) w L w R Dy =Choly, Poi)w Ly w R

and hf, hj such that h' = h) w hf, dom(h}) = D} and dom(h}) = DL We
point out that the defining equation of D’ is not necessarily the canonical
decomposition of D/, = dom(h!,) according to (s’, h.). Since the identities

Di=Ciolle, Pi(j)wLliw Ry Dy=Cowlye; Pa(j) wLlew Ry

hold, we observe that [/l respect both Dy/D} and Ds/Dj.

Using Proposition 3.22, we check that the basic equivalences (s, hy,l) >
(s',hy,1) and (s, ho,l) =~ (s',h5,1) hold. For ¢ = 1 or ¢ = 2, let us prove
R <D,

— we already proved that {/I’ respect dom(h.)/dom(h.);

— if s(x;) € dom(h.) = D, then s(x;) € dom(h) and thus s(x;) € C. We derive
s(x;) € C. = C'n D,. Since s(x;) € O(s, h) we derive §'(x;) € O(s', h') using
s(x;) T 8'(x;) and (T13). Thus s(x;) RE, s'(x;) holds and we deduce s'(x;) €
C! hence §'(x;) € D, = dom(h’,). The reverse implication “s’(x;) € dom(h.)
implies s(x;) € dom(h,.)” is proved by symmetric arguments;

— if h(s(x;)) € dom(h.) = D. then h(s(x;)) € dom(h) and thus h(s(x;)) € C.
We derive h(s(x;)) € C. = C 1 D,. From h(s(x;)) R5 1/ (s'(x;)), we deduce
R (s'(x;)) € C’ hence h'(s'(x;)) € D. = dom(h.,). The reverse implication
“R'(s'(x;)) € dom(h’) implies h(s(x;)) € dom(h.)” is proved by symmetric
arguments.

Hence we have (s, h,1) >~ (', 1/, I'), (s,h1,1) =~ (', 0], 1) and (s, ho, 1) =
(s, hhy,1"). According to the above definitions and Proposition 2.9, we get the
following identities:

predg (s, he, j) = Pe(j) w (pred(s, h, j) 0 A(s, he, ha—c))
predg(s', L, j) = PL(j) w (pred(sﬂh’,j) N A(s, b, g,c))

According to Proposition 3.23 item 1 we have

pred(s,h,j) N A(8, he, hg—c) ~o pred(s’, b, 5) n A(s', R, b _.)
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For any j € J, from P.(j) ~a, P.(j) we get predg (s, he, j) ~a. Preds(s’, hl., j)
by Lemma 2.19. In fact we get more precision but we do not need it here.
By similar arguments using Proposition 3.23 items 2 and 3, we establish
loopg (s, he) ~a, loopg(s’, h,) and remg(s, he) ~q, remg(s’, hl,).
Using Properties (J1), we have predg(s, he,4) ~a, predg(s’, b, i) for any
i € [1,q]. Hence, by Proposition 3.10, we deduce (s, h1,1) ~, (s',h],1') and
(8, ha,l) ~q, (8, h5,1). =

Lemma 3.34 below states how to extend a memory state with a heap while
preserving equivalence. Some precision (not exceeding q) is lost in the process.

Lemma 3.34 (Compositionality) Let us consider a = 1, two pointed mem-
ory states (s, ho,1) and (', h, ") such that (s, ho,1) ~q1a (8, R, 1), For any
h such that h L hq there exists h' such that h' L h}, and

1. (s,h0) ~q (8", 1,1);
2. (s,how h,1) ~o (s’ hy w B/,1');
3. maxval(s’, h') < maxval(s', h(, ') + (2a+ 3)(g + 2) — 4.

Proof Let J = {j € [1,q] | for all k € [1,q],s(x;) = s(xx) implies j < k}. So
J is a subset of [1, ¢q] that verifies:

(J1) for any ¢ € [1,q], there exists j € J such that s(x;) = s(x;);
(J2) for all 4,5 € J, s(x;) = s(x;) implies ¢ = j.

We define set following subsets of dom(h):

S =dom(h) ns(V);

H = (dom(h) n pD(s, ho = h,1))\s(V);

— Pjw P} =pred(s, h,j)\pQO(s, howh,l) and P; ~o Pjw P} and card(P;) < «
for any j € J;

— Lw L' =loop(s, h)\pQ(s,hg w h,l) and L ~, L w L' and card(L) < o;

— Rw R =rem(s, h)\pO(s, ho w h,l) and R ~, Rw R and card(R) < a.

where (P;/P})jes, L/L' and R/R’' are obtained using Proposition 2.24.and
from e.g. L ~, Lw L' and card(L) < « we deduce either card(L) = « or
L' = &. Let us check that

dom(h) = SwHw |4)(Pj w P)) w(Lw L) w (Rw R (3.1)
jeJ
is indeed a partition of the domain of k. Obviously SwH = dom(h)npQO(s, how
h,1). Then pred(s, h) = 4, ; pred(s, h, j) because of Properties (J1) and (J2).
From dom(h) = (pred(s, h) U loop(s, h)) w rem(s, h), we deduce

dom(h)\pD(s, ho w h,1) = (|4 (P& P)) u (Lw L)) @ (Rw R)

jeJ

Then the only remaining point is to show that (P; w P}) n (Lw L") = &. If
u € (Pjw Pj)n(LwL') then we have u € pred(s,h,j) and u € loop(s, h).
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Hence h(u) = s(x;) and h(u) = u. We deduce u = s(x;) € pQO(s, ho v h,l)
which contradicts u € L w L'.

We observe that card(S) < g because S € s(V) and that card(H) < ¢ +1
because H € (hg w h)(s(V)) u {I}. Let us define

— hq as the restriction of h to S, i.e. hy E h and dom(hq) = S;
— ha as the restriction of h to H u | J; P, u LU R;
— hs as the restriction of (J; Pj v L' U R'.

Then we have h = hy w hy w hg, card(dom(h1)) < ¢, and card(dom(hsg))
card(H) + >,y card(P;) + card(L) + card(R) < (¢ + 1) + g+ a + o
(a+1)(q+2)—1

Let us write p = card(S) = card(dom(hq)) < ¢ and m = maxval(s’, hy, ).
We deduce (s, ho,1) ~pta (8, b, 1"). By Corollary 3.30, we get h} such that:

— dom(h}) < &' (V);

— maxval(s’, h}) < maxval(s’, hj, ') + p;
— (s,h1,1) =4 (&', 07, 1);

— (s, ho w hy, 1) ~q (8, by w b, 1),

[ I/AN

We deduce maxval(s’, h}) < m + ¢ and thus also maxval(s’, hjy = h}) < m +gq.

Then we use Corollary 3.32 for hy. We have indeed dom(hg) n (dom(hg w

h1)us(V)) € dom(he)n(dom(ho)us(V)) € (dom(he)ndom(hg))u (dom(ha) N

( NS dud <, (s,h,l) ~ (8,0,1) and (s, ho w hy,l) ~4 (8, h) w
1,1'). We obtain a heap hf such that:

— dom(h}) n (dom(hy w hY) U s'(V)) = &;

— maxval(s’, hy) < maxval(s’, hy w hi,1’) + 2. card(dom(ha));
— (s,h1 w hg,l) ~, (' h) w h’2,l');

— (8,ho w hy w ho,l) ~q (8, hG w Ay w RS, T).

We deduce maxval(s’, h}) < (m+q)+2((a+1)(g+2)—1) = m~+(2a+3)(q+2)—4
and thus also maxval(s’, h] w hy) < m+ (2a +3)(¢+ 2) — 4.

Then, we use Corollary 3.27 to show that (s, hywhowhg,l) ~4 (s, hywhg,l)
holds. By construction of hs, it is clear that dom(hs) n (dom(h; w hg) U
pQ(s, by w ho,l)) = & because pQ(s, hy w ha,l) € pQ(s, ho w h,l). It is thus
sufficient to verify either (C1) or (C2) or (C3) for any Iy € dom(hs) = |, Pj v
L’ u R'. We have three cases for [; € dom(hs):

— if Iy € Pj for some j € J. Then h(l1) = s(x;) and thus hz(l1) = s(x;).
Moreover P} # & and thus we must have card(P;) = a (because P; ~,
Pj w P} and card(P;) < a). Let us prove P; € predg(s, h1 @ ha, j).

We have P; < (pred(s,h, j)\pQ(s, ho = h 1)) n dom(hs) hence we de-
duce P; < (pred(s,h,j) n dom(he))\p©O(s, ho w h,l). But pred(s, h,j) n
dom(hg) C pred(s, hiwhse, j) because he = hywhe E h;and QO(s, hywhs) <
pQO(s, ho w h,1) because hy w1 hy = hg w h. We deduce P; < pred(s, hy
ha, )\ (s, h1 v hy) = predg (s, hy w ha, 7).

We deduce card(predg (s, h1 w ho,j)) = a. Condition (C1) holds for I;;
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— if [y € L' then h(ly) =l hence h3(ly) = I;. Since L' is not empty, we have

card(L) = a and we show that L € loopg(s, h1 w ha).
We have L < (loop(s, h)\pQ(s, how h, 1)) ndom(hsz) hence L < (loop(s, k)N
dom(h2))\pQ(s, ho w h,1). But loop(s, h) ndom(hs) < loop(s, hy w hy) and
O(s, hy whg) S pO(s, ho w h,l). We get L < loop(s, hy 1 ha)\Q(s, hy w ha).
We deduce card(loopg (s, b1 1 hy)) = «. Condition (C2) holds for I;;

— if Iy € R’ then h(ly) ¢ s(V) u {l1} hence h3(l1) ¢ s(V) u {l1}. Since R’ is
not empty, we have card(R) = o and we show that R < remg(s, hy 1 hy).
We have R < (rem(s, h)\pQ(s, how h, 1)) ndom(hg) hence R < (rem(s, h) N
dom(h2))\pQ(s, ho w h,1). But rem(s, h) n dom(hs) S rem(s, hy = hy) and
Q(s,h1 w1 he) € pQ(s, ho = h,l). We get R S rem(s, hy w ha)\Q(s, hy = ha).
We deduce card(remg(s, hy 1 hz)) = «. Condition (C3) holds for ;.

Hence, by Corollary 3.27, we deduce that (s, hy w hg w hg, 1) ~4 (s,hy @ ha,l)
holds. By similar arguments, we show that (s, ho = hy @ hg wi hg, 1) ~4 (s, ho @
hi @ ha,1) holds as well.

Let us finally show that h’ = h} w h} satisfies the required conditions. We
have already proved maxval(s’, h') < maxval(s', hy, ') + (2a + 3)(q + 2) — 4.
Then we have (s, h,1) = (s, hywhowhs, 1) ~, (s, hywhg,l) =, (s',hjwh), 1) =
(s', 0, 1") and (s, hg w h,l) = (s,hg w hy w hg i hg, 1) ~q (8, ho v hy wha, ) ~,
(s’ hi w by w by, 1) = (', h w W/, 1). =

Lemma 3.35 below states how to update the location of the quantified
variable while preserving equivalence. No precision is lost here.

Lemma 3.35 (Existence) Let « > 1 and (s, h,l) and (s',1/,l') be two «-
equivalent pointed memory states, i.e. (s, h,1) ~q (s', 0/, I'). For every ly € N,
there exists Iy < maxval(s’,h') + 1 such that (s, h,lo) ~q (8,1, 1}).

Proof By Proposition 3.10, we have (s, h,1) =~ (s',h/,l') together with three
a-equipotence constraints: predg (s, h,i) ~o predg(s’, h’,i) for any i € [1,q],
loopg (s, h) ~q loopg(s’, h'), and remg (s, h) ~o remg(s’, h').

Let Iy € N. Let us consider the relation T, n of Definition 3.14 where
m = (s,h,l) and m’ = (s', 1/, 1"). By Proposition 3.21, there exists [, € N such
that /i < maxval(s’,h') + 1 and ly Ty w [j holds. By definition of Ty v, this
means that lo/lj, verify (¥2-6). Hence by Proposition 3.24, we get (s, h,ly) ~
(s', 1), and by Proposition 3.10, we conclude (s, h,ly) ~o (s', 1, 1}). ]

4 Decidability, Expressiveness and Complexity

In this section, we show that two a-equivalent pointed memory states can-
not be distinguished by 1SL1 formulse of memory threshold less than a. We
introduce model compression results and deduce that the unbounded quan-
tifications used in the definitions of (s,h) E; JuA and (s, h) = A - B can
be replaced by bounded quantifications. We then derive decidability results
for the model-checking and satisfiability problems in 1SL1 and a quantifier
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elimination result for 1SL1: any formula of 1SL1 is equivalent to a Boolean
combination of test formulese in Test], for some threshold o > 1. Then we
provide a PSPACE complexity characterization for both model-checking and
satisfiability in 1SL1 using a bounded model-checking algorithm.

4.1 Correctness of the Abstraction

Given the three previous results, Lemma 3.33 for distributivity, Lemma 3.34
for compositionality and Lemma 3.35 for existence, we design a notion of
memory threshold that matches the loss of precision induced by the separating
conjunction, the separating implication and the first-order quantification.

Definition 4.1 (Memory Threshold) Given ¢ > 1 and an 1SL1 formula
A built over the program variables x1,...,x4, we define its memory threshold
th(g,.A) inductively as follows:

th(g, A1 A Ag) Z max (th(g, A1), th(g, A2))
th(g, A1 * A) = th(q, A1) + th(g, As)
th(g, A1 =+ As) = ¢ + max(th(g, A1), th(g, A2))

th(g, A1) £ 1 for every atomic formula A; in 7 U {1, emp}

th(g, ~A1) = th(g, A1)
th(qa 311./41) = th(QvAl)

For instance th(3, (x;1 < x1)— 1) = 3 + max(1,1) = 4. The rationale for
these inductive definitions comes from the proof of the upcoming correctness
result and how Lemmas 3.33, 3.34 and 3.35 are used there. In the case of
Aj #As, the use of the Distributivity Lemma 3.33 implies that precision is split
in half. In the case of A; — As, the use of the Compositionality Lemma 3.34
implies a loss of precision bounded by g¢.

Proposition 4.2 Given ¢ = 1 and a formula A in 1SL1 with program vari-
ables in x1,...,x4, we have 1 < th(g, A) < q.|A|.

The proof is left to the reader.

Now we state the correctness result which means that test formule in
Test,, provide the proper abstraction for the formulee of 1SL1 with a memory
threshold bounded by a.

Theorem 4.3 (Abstraction Correctness) Let ¢ > 1. For any 1SL1 for-
mula A with program variables in x1,...,%q, for any o = 1, if th(¢, A) < «
and (s,h,1) ~4 (8,1, ") hold then (s,h) =i A iff (s',h') = A.

Proof The proof is by induction on the structure of A. Suppose that (s, h,l) ~,
(s',h',l") and A be a formula with th(g,.A) < «. By structural induction, we
show that (s, h) =; A if and only if (s', ') &= A: but we only display the proof
of the only if implication, the converse implication is obtained by symmetry.

— A is e — &’ which is covered by one of the following cases: x; — x;, x; —u,
u— x; and u<> u. All of these formulae belong to Basic"  Test),;
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— Ais e = ¢’ which is covered by one of the following cases: x; = x;, x; = 1,
u=x; and u=u. The two first belong to Basic" C Test},, u =x; is logically
equivalent to x; = u and u = u is a tautology;

— A is emp which is logically equivalent to
—(V; conv(xq, x;) v \/; toalloc(x;) v \/; # predeg(x;) = 1 v # loops > 1 v # remg > 1)

by the canonical decomposition of Lemma 2.6. This formula is a Boolean
combination of formulae of Test] < Test,,. Remember that conv(x;,x;) is
use in place of alloc(x;);

- Ais JuA; with (s,h) =; JuA; and (s, h,1) ~, (', 1/, I') and th(g,Ju.A;) <
a. There exists ly such that (s,h) k&, A;. By Lemma 3.35, there is Iy
such that (s, h,ly) ~q (s',h',11). Since we have (s, h) =, Az, by induction
hypothesis we get (s',h’) k=, A1 (note that th(g, A1) = th(¢g,JuA;) < ).
Thus we conclude (s',h') Ep FuAy;

- Ais A=Ay with (s, h) B ArxAs, (s, h, 1) ~, (s, 0, 1), th(g, A1 = A2) < a.
There are heaps h; and hy such that h = hy w he and (s, hy) =; A; and
(s,he) E1 Aa. As a = th(g, A) = th(g, A1) + th(q, As), there exist a;
and s such that @ = a3 + a2 and a; > th(g, A1) and ay > th(g, As).
By Lemma 3.33, there exist heaps h} and hf such that h' = h} w h)
and (s, hy,1) ~q, (8,04, 1) and (s, ha,l) ~4, (¢, h5,1"). By the induction
hypothesis, we get (s',h}) ¢ A1 and (s, b)) Ep As (since th(g, A1) < ag
and th(g, As) < aq). Consequently we obtain (s', h') =y Ay # Ag;

- Ais Ay = As with (s,h) = Ay = Ay and (s, h, 1) ~, (s',h/,1') and
q+ 8 =th(q,A; =« A3) < a with S8 = max(th(g,.A1),th(q, A3))

We deduce (s, h,1) ~q4p (s',1/,1"). Let us prove (s',h') £y Ay = Ay. We
pick R} such that A} L A’ and (s',h}) Er A; and show that (s',h/ w
h}) Er As. By Lemma 3.34, there is a heap h; such that h; L h and
(s,h1,1) ~5 (s',h1, 1) and (s, hw hy,1) ~5 (s’ w hi,1"). We deduce that
(s,h1) =1 Aj holds by the induction hypothesis (since th(g, A1) < 3). As
hi L h and (s,h) &= A; = Az hold, we deduce (s,h w hy) =; Ay. By
induction hypothesis, we deduce (s, h’ v h}) = Az (since th(g, As) < B).
Hence we have (s, 1) =p Ay = As.

The induction step for a Boolean outermost connective is straightforward and
therefore this concludes the proof. ]

4.2 Model Checking, Satisfiability and Expressive Completeness

Lemma 3.34 and the proof of Lemma 3.35 suggest a “compressor” lemma that
can operate at any precision and compress either the location or the heap of
a pointed memory state.

Lemma 4.4 (Compressor) Let ¢ = 1 and let (s,h,l) be a pointed memory
state. The two following statements hold:
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1. there erists I < maxval(s,h) + 1 s.t. (s,h,1) =4 (s,h,1") holds for any «;

2. for any o = 1, any hy L h, there exists by L h s.t. (s,h1,1) ~4 (s,h],1)
and (s,hwhy,l) ~4 (s,hwhl,l) and maxval(h}]) < maxval(s, h,l) + 15qga.

Proof Let m = (s, h,l) be a pointed memory state.

Let us start with Statement 1. Let us define I’ the following way: if | €
dom(h)upQ(s, h) then !’ = [; and I’ = maxval(s, h)+1if [ ¢ dom(h) upQD(s, h).
In the former case, we obviously have [ Ty, m I because Ty is reflexive. In
the later case, we get | Ty m [ by Proposition 3.16 item 3. Hence [/I’ verify
(T2-6) with respect to m/m. In both cases, the relation !’ < maxval(s,h) + 1
is obvious. Since (s, h,l) ~ (s, h,1) holds by reflexivity and /I’ verify (%2-6)
then by Proposition 3.24, we get (s, h,l) ~3 (s,h,l’). Let « = 0. By Proposi-
tion 3.10, only the a-equipotence constraints prede(s, h,i) ~ predg(s, h, 1),
loopg (s, h) ~a loopg(s, h) and remg (s, h) ~, remg(s, ) remain. By reflexiv-
ity, they hold trivially.

Now let us prove Statement 2. Let a« > 1 and h; | h. By reflexivity we
have (s, h,1) ~¢t+a (S, h,1). Hence by Lemma 3.34, there exists a heap h such
that (s, h1,1) ~q (8,h9,1), (s,h w hy,l) ~4 (s,hw hi, 1) and maxval(s, h}) <
maxval(s, h, 1) + (2a +3)(g+2) —4. As a > 1 and ¢ > 1, we get the relation
(2a+3)(q+2)—4 < 15ga. We deduce maxval(h}) < maxval(s, h,l)+15qa. ©

We derive two corollaries that aim at replacing unbounded/infinite quan-
tification with bounded/finite quantification in the respective definitions of
(s,h) = Jud and (s,h) =1 A - B.

Corollary 4.5 Let g = 1. For any pointed memory state (s, h,l) and for any
15L1 formula A with program variables in x1,...,%,, we have:

(s,h) =y Ju A iff  there is I” < maxval(s, h) + 1 such that (s,h) =y A

Proof The if case is trivial. For the only if case, let us assume (s, h) =; JuA.
Then there exists Iy € N such that (s, h) k=, A. By Lemma 4.4, there exists
" < maxval(s, h) + 1 such that (s, h,ly) ~4 (8, h,1") holds for any «. Choosing
e.g. a = th(g, A), we deduce (s,h) = A by Theorem 4.3. O

Corollary 4.6 Let q = 1. Let (s, h,l) be pointed memory state and A, B be
two 1SL1 formule with program variables in xi,...,%q. Let us define m =
maxval(s, h,1) + 15|A4 - Blg®>. Then (s,h) =, A — B if and only if

for any hy L h with maxval(h1) < m, (s,h1) = A implies (s,h = hy) = B

Proof The only if case is trivial. For the if case, let us assume that (s, hy) =; A
implies (s, hwhy) = B for any hy L h such that maxval(hy) < m and show that
(s,h) E; A=+ B holds. Let us consider a heap k' such that h’ L h and (s, h') k=
A and prove (s, h w h’) =, B. By Lemma 4.4, for o = g|.A — B| there exists a
heap h” such that h” L h, (s,h/,1) ~4 (s,h",1), (s,h v W/,1) =, (s,h w h"])
and maxval(h”) < maxval(s, h,l) + 15ga. We deduce maxval(h”) < m.

But we have th(g, A) < ¢g|A| < a. Hence by Theorem 4.3, from (s, ') =; A
and (s,h',1) ~4 (s,h",1) we deduce (s,h”) =; A. Then by hypothesis with hy
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as h”, we deduce (s, h = h") = B. By Theorem 4.3, from th(q, B) < ¢|B| < «
and (s,hw h',1) ~4 (s, hw b 1) we conclude (s,h w ') =; B. O

We also deduce a model compression result under a-equivalence and then
we derive a small model property as a consequence of Theorem 4.3.

Corollary 4.7 Let q,a = 1. Every pointed memory state is a-equivalent to a
pointed memory state (s, h,l) such that maxval(s, h,l) < 16ga.

Proof Let (so, ho,lo) be a pointed memory state. The set so(V)u{lo} is a subset
of N of cardinal less than ¢ + 1. Hence there exists a bijection ¢ : N — N such
that ¢(so(V) U {lo}) < [0,q]. We define s = posg, hy = pohgop ! and | =
©(lo). By Proposition 2.3, the pointed memory states (so, ho,lo) and (s, h1,1)
do not distinguish any formula of 1SL1, hence we have (sq, ho,lo) ~a (s, h1,1).

Now we consider the pointed memory state (s,0,1). As p(so(V) U {lo}) S
[0, q] we deduce s(V)u{l} < [0, ¢] hence maxval(s, d,1) < g. We use Lemma 4.4
item 2 with @ > 1 and hy L O, hence there exists h such that (s, hi,1) ~,
(s,h, 1) (and (s,0w hy,l) ~4 (s,0w h,l)) and maxval(h) < maxval(s,0,1) +
15ga. We deduce that (sg,ho,lo) and (s,h,l) are a-equivalent. Moreover,
maxval(s, h, 1) < max(q, ¢ + 15ga) < 16qa. ]

Corollary 4.8 (Small Model Property) Let A be an 1SL1 formula with
program variables in x1,...,xq. If A is satisfiable then there exists a pointed
memory state (s, h,1l) such that (s, h) E; A and maxval(s, h,l) < 16¢.th(g,.A).

Proof Let o = th(q,.A). Let (s, h/,1") be a pointed memory state that satisfies
A, ie. (s',h') Er A. By Corollary 4.7, there exists a pointed memory state
such that (s',h/,l') ~, (s,h,l) and maxval(s, h,l) < 16ga = 16¢.th(g, A). By
Theorem 4.3, from « < th(g, A) we deduce (s, h) =; A. O

Now we can give proofs of high-level decidability results as easy conse-
quences of the previous Compressor Lemma 4.4 and its corollaries.

Theorem 4.9 (Decidability of Model-Checking) The problem of check-
ing whether an 1SL1 formula A and a pointed memory state (s,h,l) verify
(s,h) =1 A, is decidable.

Proof For ¢ = 1, V = {x1,...,%4}, a formula A with program variables in V
and a pointed memory state (s, h,l), we define a function mc (q, V, A, (s, h, l))
which returns a value in {£f,tt} by structural induction on the formula A:

if A is either e = e’ or e < €’ or emp, then we define mc(q, V, A, (s, h, l)) such
that mc(q,V,A, (s, hJ)) = tt iff (s,h) E=; A (the details are left to the
reader, same as upcoming function amc in Figure 4.1 page 40);

if the principal connective of A is Boolean, for instance if A = A; A As then
mc (q, V, A, (s, h,l)) = tt if both

mc(q, V, A1, (s,h,1)) =tt and mc(q, V, Az, (s, h,1)) = tt
hold; otherwise mc(g,V, A, (s, h,1)) = £f;
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if Ais Ju.A; then mc(q,V,.A7 (s, h, l)) =tt ifmc(q,V,Al, (s, h, l’)) = tt holds
for some I < maxval(s, k) + 1; otherwise mc(q, V, A, (s, h,1)) = ££;

if Ais Ay = Ay then me(q,V, A, (s, h,1)) = tt if both
mc(g, V, A, (s,h1,1)) =ttt and mc(q,V, As, (s, ho,1)) = tt

hold for some heaps hy and hg such that h = hy w hs (there are only finitely
many such splits); otherwise mc(q,V, A, (s, h,1)) = £f;

if Ais Ay - Ay then mc (q, V, A, (s, h,l)) = ff if both
mc(q,V, A1, (s,h1,1)) =tt and mc(q,V, Az, (s, h i hy,l)) = ££
hold for some heap hq such that hy L h and
maxval(hy) < maxval(s, h,1) + 2|A; - As|qg?
(there are only finitely many such hq); otherwise mc (q, V, A, (s, h, l)) = tt.

The termination of mc is by induction on A: any call to mc (q, V, A, (s, h, l))
only generates finitely many recursive sub-calls on the (strict) subformulae of
A. Let us prove the correcteness of the mc function. Let us fix ¢ and V. We
show by induction on A that if A has its program variables in V then for any
pointed memory state (s, h,1), the equivalence

(s,h) =1 A ifand only mc(q, V, A, (s, k1)) = tt

holds. The proof uses Corollaries 4.5 and 4.6 in an obvious way. For instance,
let us consider the case where A = A; — As:

— let us assume (s,h) =; A and let us show mc(q,V,A, (s,h,l)) = tt. We
show that mc (q, V, A, (s, h, l)) = ff leads to a contradiction. Indeed, in that
case, there exists a heap hy such that hy L h and mc(q,V, A, (s, h1,1)) =
tt and mc (q, V, As, (s, h = hq, Z)) = ff. By the induction hypothesis, we de-
duce (s,h1) E; Ay and (s, hwhy) B As. As a consequence we get (s, h) ¥
A1 - Ag which contradicts the hypothesis. Hence mc (q, V, A, (s, h, l)) = ff
is impossible so we must have mc (q, V, A, (s, h, l)) = tt;

— let us assume mc(q,V,A, (s,h,l)) = tt and let us show (s,h) =; A; —
As. We use Corollary 4.6. Let us consider a heap h; such that hy L h,
maxval(h1) < maxval(s, h,)+2|A; - As|q¢? and (s, h1) =; A;. Let us show
(s,hw hy) =1 Ag. By contradiction, if (s, hw hq) ¥ Az then by induction,
we have mc(q,V,Al, (s,hl,l)) = tt and mc(q,V,Ag, (s,h w h1,l)) = ff.
From the definition of mc, we derive mc (q, V, A, (s, h, l)) = ff which leads
to a contradiction. Hence we must have (s, h = hy) = As.

To finish, deciding the model checking problem (A, (s, h,l)) can be done
this way: compute the program variables of A in V = {x1,...,%,} and call
mc (q, V, A, (s, h, l)) (remark that if A contains no program variable, we can
harmlessly add an arbitrary one to V). O
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Later we show how to transform the decidability proof into a bounded
model checking algorithm that runs in PSPACE.

Theorem 4.10 (Decidability of Satisfiability) The problem of checking
whether an 1SL1 formula A admits a pointed memory state (s, h,l) such that
(s,h) E1 A, is decidable.

This is a direct consequence of Corollary 4.8 and Theorem 4.9. Here is our
main result characterizing the expressive power of 1SL1 in terms of Boolean
combination of test formulze.

Theorem 4.11 (Quantifier Admissibility) Let ¢ > 1. Every formula A in
1SL1 with program variables in x1,...,%q 15 logically equivalent to a Boolean
combination of test formule in Test), with o = th(g, A).

Proof Let a = th(q,.A) and consider the (saturated) set of literals

{B | B € Test,, and (s, h) =; B}
U {—B| B e Test,, and (s, h) ¥; B}

As Test), is finite, the set Sy (s, h, 1) is finite and let us consider the well-defined
atom A S.(s, h,1). It is obvious to check the equivalence

(s 1) v )\ Sals hl) iff (s,h,1) =4 (s, 0, 1)

The disjunction

Sals, h,1) = [

Ta = \/{ASa(s,1,0) | (s,h) =1 A}

is a Boolean combination (with, as is usual, the empty disjunction understood
as 1) of test formulee in Test}, because A Sa(s,h,!) ranges over the finite set
of atoms built from Test,. By Theorem 4.3, we deduce that A is logically
equivalent to T4 which finishes the proof. )

We note that the proof of Theorem 4.11 can lead to an algorithmic way
to eliminate quantifiers thanks to the decidability of model-checking (Theo-
rem 4.9). Indeed, by Corollary 4.7, for every pointed memory state (s, h,1),
there is a pointed memory state (s', h’, ') such that (s, h,1) and (s', A/, 1’) are a-
equivalent and maxval(s’, h',1l") < 16ga. So, in the construction of T4, we can
restrict ourselves to pointed memory states whose maximal value is bounded
by 16ga. However, the procedure described in the proof is not really suited for
an effective elimination of quantifiers. Theorem 4.11 provides a characteriza-
tion of the expressive power of 1SL1, which is now easy to differenciate from
1SL2. No big deal here since undecidability of 1SL2 is established in (Demri
and Deters 2014) (but strictly speaking, this does not entail that 1SL2 is
strictly more expressive than 1SL1 in case there would be a non-computable
translation from 1SL2 into 1SL1).

Corollary 4.12 1SL2 is strictly more expressive than 1SL1.
The proof can be found in Appendix C starting at page 65.
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4.3 Discussion

The Boolean combination equivalent to any formula in 1SL1 is made of test
formulze that depend on the memory threshold of the formula and on the set
of program variables occurring in it, which seems fair enough.

When A in 1SL1 has no free occurrence of u, one can show that A is equiv-
alent to a Boolean combination of formulae in Testy(q 4). Similarly, when A
in 1SL1 has no occurrence of u at all, A is equivalent to a Boolean combina-
tion of formulae of the form x; = x;, x; <= x;, alloc(x;) and # remg > k with
the alternative definition Q(s, h) = s(V) n dom(h); see also (Lozes 2004a,b;
Brochenin et al 2009).

Theorem 4.11 witnesses that the test formulee we introduced properly ab-
stract memory states when 1SL1 formulse are involved. Test formulse from
Definition 3.1 were not given to us and we had to design such formula to
conclude Theorem 4.11. All the test formulee can be expressed in 1SL1, see
developments in Section 2.4 and Lemma 2.14.

Last but not least, we need to prove that the set of test formule is expres-
sively complete to get Theorem 4.11. Lemmas 3.33, 3.34 and 3.35 are helpful
to obtain the Correctness Theorem 4.3, taking care of the different first- or
second-order quantifiers. It is in their proofs that the completeness of the set
Test!, is best illustrated. Nevertheless, to apply these lemmas in the proof of
Theorem 4.3, we designed the adequate definition for the function th(-,-) and
we arranged different thresholds in their statements. Then, there is a real in-
terplay between the definition of th(:,-) and how Lemmas 3.33, 3.34 and 3.35
are used in the proof of Theorem 4.3.

4.4 A pspacE Upper Bound for Model Checking and Satisfiability

In this section, we consider 1SL1 formulee with program variables in x1, ..., x,.
But ¢ > 1 remains a parameter that is instantiated in our proof of the PSPACE
bound for satisfiability (resp. model checking) in 1SL1; see Theorems 4.17
and 4.18.

Proposition 4.13 We consider the function ¢ that maps formule of 1SL1
defined by o(A) < 15q2\.A|2, Then the following relations hold for any A, B:

o(—A) = p(A);

p(FuA) =1+ p(A);

(A A B) = max(p(A), p(B));

(A= B) = max(p(A), p(B));

0(A — B) = 15| A — B|g? + max(p(A), ¢(B)).

Cuds ot =

The proof is left to the reader. Remark that the actual value of p(A) =
15¢> |A\2 does not matter much; other choices could be made. It is only essential
that ¢ verifies the relations 1-5 of Proposition 4.13 because they are essential
in the proof of correctness of the algorithm bmc that follows. Notice however
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: if B is emp then return tt iff dom(h) is empty;

if B is x; = x; then return tt iff s(x;) and s(x;) are equal;

if B is x; =u or u=x; then return tt iff s(x;) and [ are equal,

if B is u = u then return tt;

if B is x; < x; then return tt iff s(x;) € dom(h), and h(s(x;)) and s(x;) are equal;
if B is x; < u then return tt iff s(x;) € dom(h), and h(s(x;)) and ! are equal;

if B is u < x; then return tt iff [ € dom(h), and h(l) and s(x;) are equal;

: if B is u <> u then return tt iff [ € dom(h), and h(l) and ! are equal.

QNP W

Fig. 4.1 Function a.mc(q7 V, B, (s,h, l)) € {f£f,tt} for any atomic formula B of 1SL1.

: if A is atomic then return amc(q, V, A, (s, h,1));

: if A is —.A; then return not bmc(q, m,V, A1, (s, h,1));
. if Ais A1 A Az then return bmec(g,m, V, A1, (s, h, 1)) and bmc(q, m, V, A2, (s, h,1));
: if A is Ju Ay then return

=

W N

fin_exst { lg € [0, m] ‘ lo + (A1) < m and bme(g,m, V, A1, (s, b, lo)) }
5: if A is Aj * Az then return

maxval(hi) + max(¢(A1), ¢(A2)) < m
and subheap(hi, h)
and bmc (g, m, V, A1, (s, h1, l))
and bmc (g, m, V, Az, (s,h — h1, l))

fin_exst<{ hy : [0,m] — [0,m]

6: if A is A; — Az then return

not (maxval(hi) + max(p(A1), p(A2)) < m)
or not ortho(hy, h)
or not bme(q,m, V, A1, (s, h1,1))
or bmc(q,m,V,.AQ, (s, h w hy, l))

fin fall< hy : [0,m] — [0,m]

where not, or, and are Boolean operators; fin_exst, fin fall are finite quantification oper-
ators; subheap, ortho, w and — are heap related functions; maxval, max, + and < are natural
number related functions; and ¢ is implemented as defined in Proposition 4.13

Fig. 4.2 Function bmc(q7 m,V, A, (s, h, l)) € {f£f,tt} for any formula A of 1SL1.

that ¢ should also be chosen to be smoothly computable, i.e. in our case, with
a low space complexity bound like O(log g + log |A|).

In Figure 4.2, we describe the recursive function bmc(q7m,V,A, (s, h,l))
with the following inputs:

— g =1 and m € N are two natural numbers;

— V ={x1,...,%} is a set of ¢ program variables;
— Ais an 1SL1 formula with program variables in x1,...,x¢;
— (s, h,1) is a pointed memory state where s : {x1,...,%,} = N.

Such an input is called legitimate for bmc. The function bmc is defined by
structural induction on the formula A and (eventually) returns a Boolean
value in {ff,tt}. There is a special treatment for atomic formulae B of 1SL1
described by the (non-recursive) function amc(g, V, B, (s, h, 1)) € {££,tt}; see
Figure 4.1.
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Proposition 4.14 On a legitimate input, bmc (q, m,V, A, (s, h, l)) always ter-
minates and returns either ££ or tt. If (q,m,V) can be stored in memory
space O(gmlogm) and the relation maxval(s,h,l) < m holds then the call
bme(q,m, V, A, (s, h,1)) runs in space O((q + [A])mlogm).

Proof bmc (q,m,V,.A, (s,h,l)) terminates because it is defined by structural
induction on A. The depth of recursion is thus bounded by the depth of A,
which is itself bounded by |A|. The parameters ¢, m, V, and s remain un-
changed during a run of bmc and can be stored in space O(gmlogm). Each
recursive call involves storing new data in the stack:

— when bmc (q,m,V, JuA, (s, h, l)) makes the recursive call, the new data is
lo (size bounded by logm);

— when bmc(q,m,V,A*B, (s,h,l)) makes recursive calls, the new data is
either hy or ha = h — hy (both of size bounded by mlogm);

— when bmc (q7 m,V, A—B,(s,h, l)) makes recursive sub-calls, the new data
is either hy or h w hy (both of size bounded by mlogm). O

We now prove following correctness lemma for bmc (q7 m,V, A, (s, h, l)): on
a legitimate input, it returns the correct value of the predicate (s,h) =; A
provided m is chosen large enough.

Lemma 4.15 Let ¢ > 1 and m € N. Let A be an 1SL1 formula with program
variables in V = {x1,...,%4} and (s,h,l) be a pointed memory state. If we
assume maxval(s, h,1) + ¢(A) < m then

bmc(q,m,V,A, (S,h,l)) =tt iff (s,h)= A

The proof can be found in Appendix C starting at page 65.

Theorem 4.16 Let ¢ > 1. Given a 1SL1 formula A with program vari-
ables in x1,...,%4, a pointed memory state (s,h,l) and m € N such that
max(q, maxval(s, h,1), |A]) < m, it is possible to check the predicate (s,h) =, A
in space O(m®logm).

Proof Let V = {x1,...,%,} and m’ = 16m*. We have maxval(s, h,l) <m < m/
and

maxval(s, h, 1) + ¢(A) = maxval(s, h, 1) + 15¢*|A]> < m + 15m* < m’

Up to compression of the names x1,...,x,, we can store the data (g, 16m*, V)
in space O(gm’logm’). Hence bmc (q, m',V, A, (s, h, l)) terminates after a run
in space O((q + |A])m'logm’) (see Proposition 4.14) and returns the correct
value of the predicate (s, h) E; A (see Lemma 4.15). From ¢ < m and | A| < m,
we deduce the O(m?®logm) space upper bound. o

Theorem 4.17 The satisfiability of an 1SL1 formula A can be solved in space
O(JAI" log | A]).
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Proof The first step is to collect the program variables of A. Since each atomic
formula contains at most two different program variables, A contains at most
| A|+1 different program variables. Let ¢ = |.A|+1. Hence there exists a set V =
{x1,...,%q} such that A has programs variables in x1, . .., x,. Computing ¢ and
V can be done in deterministic time O(|.A|log|.A|) with a sorting algorithm.
Hence it can also be done in space O(|.A]log |A).

We now use the particular values ¢ and V obtained from A. Corollary 4.8
states that if A is satisfiable, then there is a pointed memory state (s, h,1)
such that (s,h) E; A and maxval(s, h,l) < m with m = 16q.th(q,.A). From
q = |A] + 1 and th(g, A) < g|A|, we deduce m < 16(]A| + 1)3.

To check for the satisfiability of A, it is thus sufficient to test the predicate
(s,h) =; A for all pointed memory states (s, h,1) such that maxval(s, h,l) <
m. For such a pointed memory state we have max(q, maxval(s, h, 1), |A]) <
max(q, m, |A|) < 16(]A| + 1)3. Hence by Theorem 4.16, checking for satisfia-
bility of A can be done in space O(|A|'" log|A|). O

Before we prove the PSPACE upper bound for the model-checking problem,
we have to describe the composition of the input of this problem (and how its
size is measured) because it does not only contain a formula but also a model.
Hence the input of the model-checking problem is of the form ((s,h,1),.A).
where (s, h,1) is a pointed memory state and A is an 1SL1 formula; and the
problem is to determine whether (s, h) =; A holds. Let V = {x1,...,x4} be
the ¢ different program variables that occur in A. The store s must be defined
on at least those ¢ program variables that occur in A. Let n be the cardinality
of dom(h). The heap h which is defined on exactly n locations. Let m be the
maximal value of the numerical inputs, i.e. s(V)udom(h)uran(h)u{l}. Hence
the value (¢ +mn + 1)logm + |A| measures the size of the input of the model-
checking problem. We rather choose the lower bound k = q+n+ 1+ |A|, ie.
we assume that each numerical input is as least one bit long.

Theorem 4.18 Model-checking for 1SL1 can be solved in polynomial space.

Proof From the input ((s, h,1),.A), we first compute a pointed memory state
(s',h/, ') of small size which is equivalent to (s, h,l) in polynomial space:
we construct (s’,h/,1") such that maxval(s’,h/;l') < 2k and ((s,h) &; A iff
(s’ 1)) Er A). Let us define the set D = s(V)udom(h) uran(h)u{l}. We know
that d = card(D) < ¢+2n+1 < 2k. In deterministic polynomial-time (and thus
also polynomial space), we compute a bijection ¢ : D — [0, d — 1], for instance
using a sorting algorithm. Then we compute s’ = pos, i/ = pohop~! and
" = ¢(l) in polynomial time. We obviously have maxval(s’, h',l') < d—1 < 2k
and by Proposition 2.3, we have the equivalence (s, h) = Aiff (s, h) =y A.
We have max(q, maxval(s’, h', ), |A]) < 2k, hence by Theorem 4.16, we can
check the predicate (s’, ') E; A in space O(k® log k) which is thus polynomial
in the size of the input. O

Theorem 4.19 The model-checking and satisfiability problems for 1SL1 are
PSPACE-complete.
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Proof PSPACE-hardness for both problems is a consequence of (Calcagno et al
2001) since the problems for propositional separation logic SLO are already
PSPACE-hard. Note that the PSPACE-hardness proof can be adapted with a
single record field and that nil can be simulated by a dedicated program vari-
able, see (Calcagno et al 2001). The PSPACE upper bound for model-checking
(resp. satisfiability) is stated in Theorem 4.18 (resp. Theorem 4.17). O

Corollary 4.20 Let g = 1. Let A be an 1SL1 formula with program variables
in xi,...,%q and let o = th(g, A). Computing a Boolean combination of test
formule in Test, logically equivalent to A can be done in polynomial space
(even though the outcome formula can be of exponential size).

Proof We analyze the proof of Theorem 4.11. Let A be an 1SL1 formula with
a = th(g, A). By the proof of Theorem 4.11 and Corollary 4.7, A is logically
equivalent to the formula below

\/{/\Sa(s,h,l) | (s,h) =1 A and maxval(s, h,l) < 16ga}
The non-isomorphic copies of pointed memory states (s, h,l) such that
maxval(s, h, 1) < 16go

can be enumerated in polynomial space. Moreover, the model-checking prob-
lem for 1SL1 can be solved in polynomial space, whence the above formula
can be built in polynomial space (even though its size may be exponential in
the size of A). Note also that S, (s, h,l) can be computed in polynomial space
too. O

5 Complexity of Satisfiability of Test Formulase

The goal of this section is to complete the proof of Theorem 3.5. We decide
the conjunctions of literals in deterministic polynomial-time using a saturation
algorithm based in a set of deduction rules for basic test formulse. We then
describe the NP procedure for Boolean combinations of test formulse.

Remember that Basic” (resp. Test,) denotes the set of basic formule (resp.
test formulee) built from the program variables x1,...,xq.

Proposition 5.1 (Soundness of the saturation rules) Let P be a subset
of Basic® and let (s, h,l) be a pointed memory state such that (s, h) E; B holds
for any B e P. If C € Basic" is derivable from the formule of P using the rules
of Figure 5.1 then (s,h) E; C holds.

The proof is by induction on the derivation height and it is left to the reader.

If a set of basic formule is satisfied in a model, then all the basic logical
consequences of those formulae are also satisfied in that model. Hence, in gen-
eral it is not possible to satisfy exactly a given set of basic formulse. But if a
set P of basic formusz is closed under the rules of Figure 5.1, then it is possible
to satisfy exactly the formulae of P in the canonical pre-model defined below.
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x=y x=y y=z conv(x;,x;) conv(xj,x;) conv(xj;,Xy)

X=x y=x x=2z conv(x;,x;) conv(x;, Xk)

X=y x>z X=y zXx x; =%; conv(x;,Xg)

yoz zy conv(x;,xy)
x; =x; btwn(x;,xg) x; =x; btwn(xg,x;) u=x; alloc(u)

btwn(x;,xy) btwn(xy, x;) conv(x;, X;)

X2z Xj >z Xy x>z Xi oy Yoxj x; =y btwn(x, x;)

conv(x;, X;) y=z btwn(x;, x;) ¥ X
x; > x; conv(x;,x;) x; > u alloc(u) x; > x; toalloc(x;) X Oy Yoy

toalloc(x;) toalloc(x;) conv(x;,x;) toloop(x;)

x; <>y toloop(x;) u—x conv(xi,x;j) X; >z conv(x;,x;) btwn(x;,xk)

yoy alloc(u) Xj >z btwn(x;, xx)

conv(xj,x;) toloop(x;) conv(x;,x;) toalloc(x;) x; =u conv(x;,x;)

toloop(x;) toalloc(x;) alloc(u)

btwn(x;,x;) btwn(x;,xy) btwn(x;,x;) btwn(x;, x;) toloop(x;) btwn(x;,x;)

Xj = Xp conv(x;, x;) toalloc(x;) X > Xj

toloop(x;) toalloc(x;) toalloc(x;) x;<—u

toalloc(x;) conv(x;, X;) alloc(u)

Fig. 5.1 Saturation rules for basic formulee with x,y,z € PVAR U {u} and x;,x;,x), € PVAR.

Definition 5.2 (Canonical pre-model) Let ¢ > 1. The canonical pre-model
of a finite set P of formulee of Basic" is built the following way: we define two
partial functions s : V — [1,q] and b : [1,¢q] — [¢ + 1,2¢q], a finite graph
H < [0,2q] x [0,2g + 1] and a finite subset L < [0, 2¢] by:

— 5(x;) < min{j | x; = x; € P} and b; < min{q +j | conv(x;,x;) € P};

— Fm; & {x; —=x1,...,%x %4} and Bw; © {vtwn(x;, x1),...,btwn(x;, x4)};
def def

— Fmy = {u—x,...,u—>x4}and To, = {x1 —u,...,x;, —u};

—Eq, & {x1=u,...,x, =u};

— for B < Basic" the notation B L P is a shortcut for Bn P = ¢¥;

— H is defined to be the least set such that:
H1. (s(x;),s(x;)) € H if x; > x; € P;

H2. (s(x;),b;) € H if conv(x;,%;) € P and Fm; L P;

H3. (b;,s(x;)) € H if btwn(x;,x;) € P and Fm; L P;

H4. (b;, f)]) € H if {conv(x;, x;),toloop(x;)} = P and Fm; L P;

H5. (h;,0) € H if toalloc(x;) € P and (Fm; u Bw; U {toloop(xl)}) 1P
H6. (0,s(x;)) € H ifu—x; € P and (Eq, U To,) L P;

H7. (0,0) € H ifu—ueP and (Eq, v To, U Fm,) L P;

HS8. (0,2¢+1)e H if (Eq, v To, u Fmy U {u—u}) L P and
alloc(u) € P;

— L is defined to be the least set such that:
L1. s(x;)eLifx;=ueP;
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L2. ;e Liftx;,—>ueP and Eq, L P;
L3. 0e L if (Eq, u To,) L P.

Remark that when we write e.g. (s(x;),h;) € H, we assume that s(x;) and b;
are both defined otherwise the pair is not added to H. The same remark holds
for the definition of L.

Remark that Fm abbreviates “from,” Bw abbreviates “between,” To ab-
breviates “to” and Eq abbreviates “equal.” We prove that the canonical pre-
model, which might not even be a memory state in general, becomes a model
of exactly those formule of P when P is saturated under logical consequence.

Proposition 5.3 (Completeness of the saturation rules) If the (finite)
subset P < Basic" is closed under the rules of Figure 5.1 and (s, H, L) is the
canonical pre-model of P then:

— s 1s a total function s:V — [1,q], hence s is a store;

— H is a finite and functional graph, hence H is the graph of some heap h;
— L is a singleton subset of N, i.e. L = {l} for a location I;

the inclusion dom(h) < (s, h) u {I} holds;

— for any formula B € Basic" we have (s,h) =; B iff BeP.

The proof can be found in Appendix D starting at page 66.

Hence if P is closed under the rules of Figure 5.1 then the canonical pre-
model of P is a model of exactly those formulse in P. As a consequence,
any conjunction of basic test formule is satisfiable. Let us see what happens
when we add negations of basic test formulae and cardinality constraints like
#predg(x;) =k or —# loops = k' ...

Let us write cl(P) to denote the closure of a (finite) set P of basic formulae
of Basic” under the rules of Figure 5.1, i.e. all the formulee that can be deduced
from those of P. We can compute cl(P) by an obvious saturation algorithm.
Since Basic" is closed under the rules of Figure 5.1, the cardinal of cl(P) is at
most the cardinal of Basic", i.e. 4¢> + 6¢ + 3. Hence, the saturation algorithm
runs in polynomial time in q.

The expression =B~ is defined as usual by —B~ = {=B | B € B~}.
Given BT, B~ < Basic", checking for the satisfiability of the conjunction of the
formulee of Bt U =B~ is easy. It is sufficient to compute the closure cl(BT):

— if BT ncl(B*) = & then the conjunction of B* U —B™ is satisfied in the
canonical model of cl(B*) by Proposition 5.3;

— if otherwise B~ n cl(B1) # ¢ then BT U =B~ is unsatisfiable. Indeed, let
B e B~ ncl(B*). Then B should be both satisfied (by Proposition 5.1) and
unsatisfied in any model of BT U =B~ which leads to a contradiction.

For the general problem of the satisfiability of conjunctions of literals in
Basic® USize,, there is a subtlety related to the interpretation of the quantified
variable u. Indeed, using only literals from Basic” it is possible to require that
the interpretation of u belongs to dom(h)\©(s, k). Indeed, any model of

Bu{—(x1=1),...,~(xg =1), ~(x1 > u),..., (x4 —u),alloc(u)}
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would meet such a requirement. Hence, one of the test formulee

#predg(x1) = 1,...,#predg(xy) = 1, # loopg = 1, #rems > 1

has to be satisfied in such a model. That is why we develop a more involved
argument to check the satisfiability of conjunctions of literals in Test}, in poly-
nomial time.

Definition 5.4 A cardinality assignment is a tuple (p1,...,pq,1,r) of ¢ + 2
elements of N.

Proposition 5.5 Let g > 1. Let s : V — N be a store, h : N — N be a heap
and 1 € N be a location. Let (p1,...,pq,l,r) be a cardinality assignment such
that:

1. s(x;) = s(x;) implies p; = p; for all 4,5 € [1,q];
2. card(predg (s, h,i)) < p; for any i€ [1,q];

3. card(loopg(s, h)) < |;

4. card(remg(s, h)) <r

There exists a heap h' such that:

— (s,h, 1) ~p (s, h )5

— card(pred (s,h',1)) =
card(loopg (s, )) =1;

card(remg(s, b)) =r.

p; for any i€ [1,q];

The proof can be found in Appendix D starting at page 76.

It is always possible to add elements outside the core of a heap as much as
we wish while preserving basic equivalence.

Definition 5.6 (1-, 2- and 3-consistency) Let g, > 1. Let B¥,B~ be two
(finite) sets of formulee of Basic" and S be a (finite) set of literals from Size,,.
We say that the triple (B*,B~,S) is I-consistent when for all i, j € [1,q] and
for all a,b € N the following conditions hold:

Cl1.1 B~ ncl(BY) = &;

Cl.2 if x; = x; € cl(B*") and {#predg(x;) > a, ~# predg(x;) = b} = S
then a < b;

C1.3 if {# loopy = a, ~# loopg = b} = S then a < b;

Cl4 if {#remg > a, ~#remg > b} < S then a < b.

We say that the triple (B*,B™,S) is 2-consistent when it is 1-consistent and
for all 4,5 € [1, ¢q] the following conditions hold:

C2.1 if {x; = xj,u—x;} < cl(B") and —# predg(x;) =1€S
then (B* u {B},B™,S) is 1-consistent for some B € Eq, U Toy;
C2.2 if u s uecl(Bt) and ~#1loops;>1€S
then (Bt u {B},B™,S) is 1-consistent for some B € Eq, U Toy;
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We say that the triple (B*,B™,S) is 3-consistent when it is 2-consistent and
the following conditions hold:

C3.1 if alloc(u) € cl(B*) and —#rems; >1 € S then (BT U {B},B~,S) is
2-consistent for some B € Eq, u To, U Fm, U {u < u}.

where Eq,, To, and Fm, are from Definition 5.2.

Proposition 5.7 If the conjunction of the formule in BT U —B~ U S is sat-
isfiable then the triple (BT,B~,S) is n-consistent for any n € {1,2,3}.

The proof can be found in Appendix D starting at page 77.

Proposition 5.8 If the triple (BT, B™,S) is 3-consistent then the conjunction
of the formule in BT U —B~ US is satisfiable.

The proof can be found in Appendix D starting at page 78.

Proposition 5.9 For any n € {1,2, 3}, the n-consistency of (B*,B~,S) can
be checked in polynomial time in the size of (B*,B™,S).

The proof is left to the reader.

Let us conclude this section by explaining why the satisfiability problem
for Boolean combinations of test formulse (see Definition 3.4) can be solved
in NP, establishing the upper bound that was postponed from the proof of
Theorem 3.5. Let A be a Boolean combination of test formulee over x,...,x,.
An NP procedure for checking the satisfiability of A goes as follows:

1. non-deterministically guess a conjunction of literals contained in A that
makes true A propositionnally, say A; A --- A A,. Then check for the
satisfiability of A; A --- A A, starting at step 2. If it is satisfiable return
“yes.” If no such conjunction is satisfiable return “false”;

2. none of the A; can be L; if A; is —L then remove it; hence all the A; are
literals from Basic" U Sizey;

3. sort Ay, ..., A, and find (B*,B™,S) so that {A;,..., A,} = BT U—B~US;

4. Return the 3-consistency of (BY,B~,S).

From Propositions 5.7 and 5.8, the 3-consistency of (B*,B™,S) is equivalent
to satisfiability of the conjunction of B* U =B~ US, hence this is equivalent to
the satisfiability of A; A -+ A A,. Step 1 is the nondeterministic polynomial-
time step, all the other steps can be performed in deterministic polynomial
time; use Proposition 5.9 for step 4.

6 Conclusion

In (Brochenin et al 2012), the undecidability of first-order separation logic
1SL with a unique record field is shown. Propositional separation logic 1SL0
is also known to be PSPACE-complete (Calcagno et al 2001). In this paper,
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we provided an extension with a unique quantified variable (and with both
separating connectives) and we show that the satisfiability problem for 1SL1
is PSPACE-complete by presenting an original and fine-tuned abstraction of
memory states. We proved that in 1SL1 separating connectives can be elimi-
nated in a controlled way as well as first-order quantification over the single
variable. In that way, we show a quantifier elimination property similar to
what is known with Presburger arithmetic. Last but not least, we have estab-
lished that satisfiability problem for Boolean combinations of test formulee is
NP-complete thanks to a saturation algorithm to deal with conjunctions. This
is reminiscent of decision procedures used in SMT solvers and it is a chal-
lenging question to take advantage of these features to decide 1SL1 with an
SMT solver. Finally, the design of decidable fragments between 1SL1 and un-
decidable 1SL2 that admit decision procedures by adapting our method would
be worth being further investigated. Indeed, even though the extension with
strictly more than one record field might preserve decidability (which remains
to be formally proved), it is open whether the addition of the reachability
predicate remains decidable.
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A Proofs of Section 2

Proposition 2.9 Let s, h, hi,hs be such that h = h1 w hy and let i € [1,q]. The following
identities hold:

1. predg(s, h1,1) = (predg(s, b, i) N dom(h1)) w (pred(s, h,i) N A(s, h1, h2));

2. loopg(s, h1) = (loopg(s, h) N dom(h1)) w (loop(s, ) N A(s, h1, h2));

3. remg(s, h1) = (remg(s, h) N dom(hy1)) w (rem(s, h) N A(s, h1, h2)).

Proof First, observe that we have the following identities:

pred(s, hi1,1) = pred(s, h,i) n dom(h1)
loop(s, h1) = loop(s, h) n dom(h1)
rem(s, h1) = rem(s, h) n dom(hy)
Q(s,h1) = Q(s,h) udom(hi) U A(s, h1, h2)

By definition, we have
predg; (s, h1,1) = pred(s, h1,7)\V(s, h1) = pred(s, h1,1) N D(s, h1)

Hence,

prede (s, h1,4) = (pred(s, h, i) n dom(h1) n O(s, h))u

(pred(s, h, i) n dom(h1) N dom(h1)) v (pred(s, h,i) ndom(hi) N A(s, h1,h2))
Consequently,

predg (s, h1,4) = (predg(s, h, i) N dom(h1)) U (pred(s, h,i) N A(s, h1, h2))

since A(S, h1,h2) € dom(h1). The other identities are established in a similar fashion. o

Proposition 2.10 Let (s, h) be a memory state, l1 € N\dom(h) and la € N. Let us write
hio2 for hw [l1 — 2] and let i be in [1,q]. The following identities hold:

dom(hi—2) = dom(h) w {li}
pred(s, h1-2,%) = pred(s, h,i) w %1} Z ;3 ; igz;

_ {ll} if ll = l2
loop(s, h1~2)  =loop(s,h) w4 o7 ey Ly

N {3 415 T

{l1,12} if 11 € s(V), l2 € dom(h) and l2 ¢ V(s, h)

{lh if l1 € s(V) and (I2 ¢ dom(h) or Iz € O(s, h))
{li}  if 1 ¢s(V) and U1 € h(s(V))

%] if ln ¢ pO(s, h)

Proof The proof of the first four identities is left to the reader. For the identity that describes
Q(s, h1-2), we notice that

Q?(s:hIHQ) = Q(S, h‘) @

ref(s, hi—2) = ref(s,h) u ({l1} N s(V))
holds. For acc(s, h1—2), it is a bit more complicated. We have

acc(s, h1z) = (h(s(v)) o {%2} i 51 : zgj; > A (dom(h) L {11})

Hence we deduce the properties:

(P1) acc(s,h) € acc(s, h1i—2) € acc(s, h) u {l1,12};
(P2) 11 € acc(s, hi—2)\acc(s, h) iff 11 € h(s(V)) or l1 =1z € s(V);
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(P3) 2 € acc(s, hi—2)\acc(s, h) iff 11 =12 € h(s(V)) or I € s(V) and Iz € dom(h) U {11}

From QO(s, h1_2) = ref(s, h1-2) U acc(s, h1—2), it is then easy to deduce the inclusions
O(Sv h) S Q?(s»hl—>2) S O(Svh) “ {l1’12}

Then we study the statements I3 € Q(s,h12) and l2 € O(s, h1_2) according to the four
supplementary conditions on the right-hand side of the fifth identity:

— if I3 € s(V), l2 € dom(h) and l2 ¢ Q(s,h) then I3 # la (because I3 ¢ dom(h)). Then
l1,12 ¢ O(s, h). Hence the union Q(s, h) w {l1,l2} is indeed disjoint. From I € s(V) we
deduce [y € ref(s, h1—2). From {1 € s(V) and Il € dom(h) we deduce I3 € acc(s, h1-2).
We obtain Q(s, h12) = Q(s, h) w {l1,l2};

— if Iy € (V) and (l2 ¢ dom(h) or I3 € O(s, h)) then we already have l; € ref(s, hi_2) and
11 ¢ O(s, h). Hence 11 € (s, h1—2)\V(s, h).
Let us show that if 1 # lo and lo € Q(s,h12) then lo € O(s, h). By contradiction,
let us assume l1 # l2 and ly € O(s,h152)\Q(s,h). Then we have ly € ref(s,h12) U
acc(s, h1—2). Then either Iy € ref(s,h12) or l2 € acc(s,h1—-2). In the former case,
from I # lo we deduce Iz € ref(s,h) € O(s, h), a contradiction. In the later case, we
deduce Iy € acc(s, h1-2)\V(s,h) S acc(s, h1—2)\acc(s, h) hence, by (P3) either i1 =
l2 € h(s(V)) (a contradiction) or 2 € dom(h) U {l1}. From l; # l2, we get l2 € dom(h).
Since we also have l2 ¢ O(s, h), we get a contradiction with l2 ¢ dom(h) or l2 € Q(s, h).
We deduce Q(s, h1—2) = Q(s,h) w {l1};

— if Iy ¢ s(V) and l; € h(s(V)) then we have l; € acc(s,h12) and l1 ¢ Q(s, h). Hence
ll € @(S, hlﬁ,g)\@(s, ]’L).

Let us show that if 1 # Il and la € Q(s,h12) then lo € O(s, h). By contradiction,
let us assume l1 # l2 and ly € O(s,h152)\P(s,h). Then we have Iy € ref(s,h12) U
acc(s, h1—2). Then either Iy € ref(s,h12) or la € acc(s, hi—2). But la € acc(s, hi1-2)
implies la € acc(s, h1-2)\O(s,h) S acc(s, hi—2)\acc(s, h) and thus, by (P3) we get
either I3 = la (a contradiction) or l; ¢ s(V) (a contradiction). From Iy € ref(s, h1-2)
and l; # lo we deduce [z € ref(s, h) € Q(s, h) (a contradiction).

We obtain Q(s, hi-2) = Q(s,h) w {l1};

— if I3 ¢ pQ(s,h) then neither Iy nor l» belong to acc(s,hi—2)\acc(s,h). Then I; €
ref(s, h1—2) implies Iy € s(V) which contradicts I; ¢ pO(s,h). Hence we get I ¢
Q(s, h1—2). Finally, l2 € ref(s, h1—2) implies either I3 € ref(s, h) or I = la. In the former
case, we get ls € O(s, h). In the later case, we have already proved Iz = l1 ¢ O(s, h1-2).
Hence in any case, (1 ¢ O(s, h1—2) and Iz € O(s, h1-2)) imply lo € O(s, h).

We obtain Q(s, h12) = O(s, h). m]

Proposition 2.11 Let (s,h) be a memory state, Iy € N\dom(h) and la € N. Let us write
hi2 for h s [l1 — l2] and let i be in [1,q]. The following identities hold:

predg (s, h, i) w {l1} if 11 ¢ pO(s, h) and l2 = s(x;)
predg (s, h, i) — {l2} if 1 € s(V) and Iz € predg(s, h, i)
predg (s, h, 1) otherwise

{ loopg(s, k) w {l1} if 11 ¢ pQO(s,h) and 11 = l2

predg (s, h1-2,1)

loopg (s, k) — {l2} if 11 € s(V) and Iz € loopg (s, h)
loopg (s, h) otherwise

100pg (s, h1+2)

remg(s, h) w {l1} if 11 ¢ pO(s,h) and Iz ¢ s(V) U {l1}
remg; (s, h12) = { remg(s, h) — {l2} if 1 € (V) and Iz € remg(s, h)
remg; (s, h) otherwise

where X — {l2} means that the location ly already belongs to the set X and is (strictly)
removed from it.

Proof Let us first establish the two following properties:
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(P1) 11 € Q(s,h12) iff 11 € pQO(s, h);

(P2) if I3 € dom(h)\Q(s, k) then (I2 € V(s, h12) iff 11 € s(V)).

Property (P1) is a direct consequence the last equation of Proposition 2.10 and the fact that
11 ¢ Q(s, h) (remember I ¢ dom(h)). Let us prove Property (P2):

— for the only if part, we assume la € (s, h1-2) and prove l; € s(V) by contradiction.
Indeed, if i1 ¢ s(V), then we have the inclusion l2 € O(s, h12) € Q(s, h)u{l1} according
to Proposition 2.10. Hence either Iy € O(s, h) which contradicts l2 € dom(h)\V(s, h) or
lo =11 which implies I3 ¢ dom(h) and contradicts l2 € dom(h)\V(s, h);

— for the if part, if I3 € s(V) then lo = hi2(l1) € hi1-2(s(V)). Since lo € dom(h) <
dom(hi—2) we deduce Iz € O(s, h1-2).

By Proposition 2.10, there are only three possible values for O(s, hi_2):
O(Sv h1—>2) € {Q?(s’ h)7 Q?(Sv h) @ {ll }’ Q(S» h) @ {llr IQ}} (Al)

Let us now consider the case of predg(s, h1-2,1). According to Proposition 2.10 and {; ¢
dom(h), we know that

pred(s, h12,%) € {pred(s, h,1),pred(s, h,i) w {l1}}

Hence there are only three possible values for predg (s, h1—2,4) which are predg(s, h,i) w
{l1}, predg (s, h,4) — {l2} and predg(s, h,i) and we study those three cases:

— 11 € predg(s, h12,1)\predeg(s, h, i) iff 1 € predg(s, hi—2,19) iff I1 € pred(s, h12,1)
and l1 ¢ O(s, h12) iff l2 = s(x;) and 11 ¢ pO(s, h);

— if I3 € predg(s, h,i)\predg;(s, h1—2,1) then Iz € predg;(s, h,4) and (l2 ¢ pred(s, h1—2,1)
or lo € O(s,h1-2)). But predg(s,h,i) S pred(s,h,i) S pred(s,hi—z2,i). Hence we
know that l2 € pred(s,hi—2,7) and thus we must have Iy € O(s, h1_2). Since l2 €
predg (s, h, i) S dom(h)\Q(s, h) we deduce I; € s(V) by Property (P2);

— if I3 € s(V) and I3 € predg (s, h, i) then Iz € h12(s(V)) n dom(h) € (s, h1-2). Hence
la ¢ predg(s, h12,1%).

Let us now consider the case of loops(s, h1-2). According to Proposition 2.10, we know
that
loop(s, h1-2) € {loop(s, k), loop(s, k) w {11}}
and by inclusion (A.1), we deduce that there are only three possible values for loopg (s, h1-2)
which are loopg (s, ) w {l1}, loopg(s, h) — {l2} and loopg(s, h).

-l e IOOp@(S,}11*>2)\100p6($7 h) iff Iy € loopg(s,fuﬂg) iff 11 € loop(s,h1-2) and Iy ¢
Q(s,h1-2) iff 11 =12 and 11 ¢ pQ(s, h);

— if Iz € loopg (s, h)\loopg (s, h1—2) then l2 € loopg (s, k) and either Iz ¢ loop(s, h1—2) or
l2 € Q(s,h1-2). But loopg(s,h) c loop(s, h1—2). Hence we get I € loop(s, h1—2) and
thus we must have Iy € O(s, h1—2). Since I3 € loopg (s, h) S dom(h)\Q(s, h) we deduce
1 € s(V) by Property (P2);

— if I3 € s(V) and l2 € loopg (s, h) then l2 € h12(s(V)) n dom(h) € O(s, h1—2). Hence
l2 ¢ loopg (s, hi—2).

Let us now consider the case of remg(s, h1-2,1). According to Proposition 2.10, we
know that
rem(s, h1_,2) € {rem(s, h),rem(s, h) w {ll}}
and by inclusion (A.1), we deduce that there are only three possible values for remg (s, h1-2)
which are remg (s, h) w {l1}, remg(s, h) — {l2} and remg(s, h).

— 11 € remg(s, hl_,z)\remg(s,h) iff 11 € remg(s,h1_,2) iff 11 € rem(s,h1—2) and [ ¢
Q?(s,hlﬁ,g) iff I ¢ S(V) v {ll} and l1 ¢ p@(s,h);

— if l2 € remg(s, h)\remg(s, h1-2) then Iz € remg(s, h) and either Iz ¢ rem(s, h1—2) or
l2 € O(s, h1-2). Because of the inclusions remg;(s, h) S rem(s,h) S rem(s, h12), we
have Il € rem(s, h1—2) and thus we deduce la € Q(s,h1_2). Since Iz € 1"em6(s7 h) <
dom(h)\Q(s, h) we deduce l; € s(V) by Property (P2);
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— if Iy € (V) and Iz € remg(s, k) then Iz € h12(s(V)) n dom(h) € (s, h1-,2). Hence
la ¢ remg (s, h1-2). m]

Lemma 2.14 For any k > 1 and for any ¢ € [1,q], there exist 1SL1 formule denoted
# predg(xi) =k, # loops = k and # remg; > k respectively such that, for any memory state
(s, h) and for any location 1 € N the following equivalences hold:

1. (s,h) F #predg(x;) = k iff card(predg (s, h, 1)) = k;
2. (s,h) Fi # Lloopy = k iff card(loopg(s, h)) = k;
3. (s,h) F; #remg = k iff card(remg(s, h)) = k.

Proof Let us first establish the equivalence
(s,h) B #predo(x;) =k iff  card(predo (s, h, j)) = k
For the if part, let us assume card(predy (s, h,j)) = k. Then, then let us define
R={ie[l,q] | h(s(xs)) = s(x;) and Vr € [1,q], s(xr) = s(x;) = i <}

_ . h(s(x:)) ¢ s(V) and h?(s(x;)) = s(x;)
A= {Z €[Lal| and vir e [1, q], h(s(xr)) = h(s(x:)) = & < 7"}

We also recall the notations sR = {s(x;) | © € R} and sA = {s(x;) | ¢ € A} from Propo-
sition 2.13. We check the identities prede (s, h,j) = sR w h(sA), card(sR) = card(R) and
card(h(sA)) = card(A) hold. We deduce card(R)+card(A) > k. By Proposition 2.13, we have
(s,h) =y refp and (s,h) k= accq. For any r € R we have h(s(x,)) = s(x;) hence (s, h) =
Aver %r < x;. For any a € A we have h2(s(xq)) = s(x;) hence (s, h) 1 A ca PEVR(Xa, X;).

For the only if part, let us assume (s, h) =; # predg, (x;) = k. By definition, there exists
R,A < [1,q] such that card(R) + card(A) = k, (s,h) k; refg, (s,h) = accy, Vr €
R, h(s(xr)) = s(x;) and Va € A, h%(s(xa)) = s(x;). We deduce sR < pred(s, h, j) nref(s, h)
and h(sA) € pred(s, h,j) n (acc(s, h)\ref(s, h)) and card(sR) = card(R) and card(h(sA)) =
card(A). Hence sRw h(sA) € prede (s, h, j) and card(sRw h(sA)) = card(R) +card(A) = k.
As a consequence, card(prede (s, h,j)) = k holds.

Let us now establish the equivalence
(s,h) Fi #predg(x;) =k iff  card(predg(s, h,j)) = k

For the if part, let us assume card(predg (s, h,j)) = k. Let us define p = card(predo (s, h, j)).
From prede (s, h,j) € O(s,h) we deduce p < 2¢. We have card(prede (s, h,j)) = p <
p+ 1 and as a consequence, we deduce (s, h) ¥; # predo(x;) = p + 1. From pred(s, h, j) =
predo (s, h, j) w predg;(s, h, j) we get pred(s,h,j) = k + p and thus the relation (s, h) F;
#pred(x;) = k + p holds. We deduce (s, h) ; # predg(x;) = k.

For the only if part, let us assume (s,h) k= #predg(x;) = k. There exists p < 2q
such that (s,h) ; #pred(x;) =k + p and (s, h) ¥; #prede(x;) = p+ 1. We deduce the
upper bound card(prede (s, h,j)) < p and the lower bound card(pred(s, h,j)) = k + p.
Using the partition pred(s, h,j) = prede (s, h, j) w predg (s, h, ), we derive the lower bound
card(predg; (s, h, j)) = k.

The cases of the test formulae # loops > k and # remg > k can be treated in a similar
way after slight modifications in the definitions of R and A. [}

Lemma 2.21 Let ay,a2 € N and X, X', Yy be finite sets such that X w X' ~q, 4as Yo
holds. Then there are two finite sets Y, Y’ such that Yo =Y wY’, X ~q, Y and X' ~q, Y’
hold.
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Proof By Proposition 2.18 item 3, we have two cases: either card(X w X’) = card(Yp) <
a1 + ag or card(X w X’) = a1 + a2 and card(Yp) = a1 + as.

The case card(X w X’) = card(Yp) < a1 + ag is easy: we have card(X) < card(X) +
card(X’) = card(Yp); then for Y, we choose any subset of Yj such that card(Y) = card(X).
Then we define Y/ = Yp\Y and we get card(Y’) = card(Yp) — card(Y) = card(X w X') —
card(X) = card(X’). Then we have both X ~q, Y and X’ ~qo, Y.

Let us consider the case card(X w X’) > a1 + a2 and card(Yp) = a1 + aa. We have four
sub-cases:

— the case card(X) < a1 and card(X’) < ag is impossible because it contradicts card(X w
X') = a1 + ag;

— in the case card(X) > a1 and card(X’) < ag, let Y’ be any subset of Yy such that
card(Y’) = card(X’) and Y = Yp\Y’. We have card(X’) = card(Y”’) hence X’ ~q, Y.
We have card(X) > a1 and card(Y) = card(Yp) — card(Y') = (a1 + a2) — a2 = a1
hence X ~q,; Y;

— the case card(X) < a1 and card(X’) > a9 is obtained by symmetry from the previous
case;

— in the case card(X) > aj and card(X') > a2, let Y be any subset of Yj s.t. card(Y) = oy
and Y’ = Yp\Y. We have card(X) > a1 and card(Y) = a1 hence X ~o, Y. We have
card(X’) = a2 and card(Y’) = card(Yp) — card(Y) = (a1 + a2) — a1 = a2 hence
X' ~ay Y. =)

B Proofs of Section 3

Proposition 3.13 Let u,v € N. For (£10)—(%20) defined as

(T10) we s(V) iffves'(V);

(T11) we h(s(V)) iff ve h'(s'(V));

(12) uwe pQ(s,h) iff vepQ(s',h');

(%13) we Q(s,h) iff ve O, h');

(T14) w € pred(s,h,1) iff v € pred(s’,h’,4) for any i € [1,q];
(%15) w € pred(s, h) iff v € pred(s’, h’);

(%16) w € loop(s, h) iff v € loop(s’, h');

(%17) w e rem(s,h) iff v € rem(s’, h');

(%18) w € predg (s, h, i) iff v € predg(s’, h',4) for any i € [1,q];
(%19) u € loopg (s, h) iff v € loopg(s’, h');

(%20) w € remg(s, h) iff v € remg(s’, h');

(T21) we pQ(m) iff v e pO(m’).

the following propositions hold:

1. (%2) implies (T10); 4. (T2-4) imply (T13);
2. (%3) implies (T11); 5. (%2-6) imply (£10-20);
3. (%2-3) imply (T12); 6. (T1-3) imply (T21).

Proof The proofs are easy. Here is a summary of the arguments:

(%10) is a direct consequence of (T2);

(%11) is a direct consequence of (T3);

(%12) we use the identity pQO(s, h) = s(V) u h(s(V)), (¥10) and (T11);
(13) we use the identity (s, h) = pO(s, h) N dom(h), (¥12) and (T4);
(%14) just another way to write (¥5);

(%15) we use the identity pred(s, h) = |J, pred(s, h,i) and (T14);

(%16) just another way to write (%6);

(%17) with rem(s, h) = dom(h)\(pred(s, h) U loop(s, h)), (T4), (¥15), (T16);
(%18) we use predg (s, h,i) = pred(s, h,1)\pQO(s, h) and (T14), (T12);

(%19) we use loopg (s, h) = loop(s, h)\pQ(s, h) and (T16), (T12);

(%20) we use remg (s, h) = rem(s, h)\pQ(s, h) and (T17), (T12);

(%21) we use the identity pO(m) = pO(s, h) U {I}, (¥12) and (T1). o
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Proposition 3.15 The following inclusions hold:

1. M < pQ(s, h) x pQ(s’, h') 4. R < pQ(m) x pO(m’)
2. TnpQ(s,h) x NS R 5. % ApQ@m) x N R
3. TANxpO(s’,h) S R 6. T AN xpQw') c R

Proof Inclusions 1 and 4 are trivial. Let us consider Inclusion 2, hence let v and v be such
that v T v and u € pO(s, h). Since pO(s, h) = s(V) U h(s(V)) we have two cases:

— either u = s(x;) for some i € [1,¢g] and then v = s/(x;) by (2). Hence u and v satisfy
(M2) and thus we deduce u R v;

— oru = h(s(x;)) for some i € [1, q] and then v = h/(s'(x;)) by (£3). Hence u and v satisfy
(M3) and thus we deduce u R v.

Inclusions 3, 5 and 6 are proved in a similar way. ]

Proposition 3.16 The following properties hold:

The relation T restricted to pQ(s, h) x pO(s’, k') is functional and injective;
The relation T restricted to pQ(m) x pQ(m’) is functional and injective;
For any u ¢ dom(h) U pQ(s,h), v ¢ dom(h’) U pQ(s’, k'), we have u T v;
For any u ¢ dom(h) U pQ(m), v ¢ dom(h') U PO (W), we have u T v.

oo~

Proof To show that ¥ is functional, we prove that for all u € pQO(s, h), for all v, w € pQ(s’, h’),
u T vand u T wimply v = w. If u = s(x;) then we must have v = s'(x;) = w; and if
u = h(s(x;)) then we must have v = h/(s/(x;)) = w. By symmetric arguments, T is injective.
The proof that T' restricted pQ@(m) x pQ(m’) is functional and injective (Property 2) is
similar.

Let us now establish Property 3. We consider u,v € N such that u ¢ dom(h) u pO(s, h)
and v ¢ dom(h') U pQ(s’, h'). Conditions (T2)—(T3) hold because u ¢ s(V) U h(s(V)) and
v ¢ s'(V)uh/(s'"(V)). Conditions (T4)—(%6) hold because u ¢ dom(h) and v ¢ dom(h'). The
proof of Property 4 follows a similar pattern. ]

Theorem 3.17 m ~;, w’ if and only if R' < T'.

Proof Let us show the only if part first. We assume m ~; m’ and we prove ' € T by case
analysis on u R v:

(931) let us check I ' I’: Condition (¥1) is trivial; for Condition (32), I = s(x;) iff (s, h)
x; =uiff (s',h') =y x5 =uiff I’ = §/(x;); for Condition (T3), I = h(s(x;)) iff (s, h)
x; —u iff (s',h') Ep x5 > uiff I! = A/(s'(x;)); for Condition (T4), I € dom(h) iff
(s,h) = alloc(u) iff (s',h') =y alloc(u) iff I’ € dom(k'); for Condition (T5), h(l) =
s(x;) iff (s,h) =y u—x; iff (s',h') Ep uw—x; iff B'(I") = s'(x;); for Condition (%6),
h(l) =1iff (s,h) Eru—uiff (§,h) Epu—uiff (') =1

(9R2) let us check s(x;) T' s’(x;): for Condition (¥1), s(x;) = L iff s'(x;) = I’ (as previously);
for Condition (%2), s(x;) = s(x;) iff (s,h) &y x5 = x5 iff (s',h)) =y x; = x5 iff /(%) =
s'(x;); for Condition (T3), s(x;) = h(s(x;)) iff (s,h) k= x5 — x; iff (s',h)) =y x5 > x5
iff s'(x;) = h'(s'(x;4)); for Condition (T4), s(x;) € dom(h) iff (s, h) E; conv(x;,x;) iff
(s',h') Ep conv(xs,x;) iff s'(x;) € dom(h'); for Condition (%5), h(s(x;)) = s(x;) iff
(S, h) = x — X5 iff (Sl,h,) )=l/ Xj 7™ X iff h’(s’(xi)) = S’(Xj); for Condition (‘26),
h(s(xi)) = s(x;) iff (s,h) & %, > x; iff (s',h)) Ep xi = % f B/ (s' (%)) = 8’ (x4);

(93) let us check h(s(x;)) T h'(s'(x;)): for Condition (1), h(s(x;)) = Liff b/ (s'(x;)) = U (as
previously); for Condition (¥2), h(s(x;)) = s(x;) iff (s, h) &y xi—x; iff (s, h) Ep x;o%;
iff h'(s'(x;)) = s'(x;); for Condition (¥3), h(s(x;)) = h(s(x;)) iff (s,h) = conv(x;,x;)
iff (s',h') Ep conv(x;,x;) iff h'(s'(x;)) = h'(s'(x;4)); for Condition (T4), h(s(x;)) €
dom(h) iff (s, h) E; toalloc(x;) iff (s',h) Ep toalloc(x;) iff A'/(s'(x;)) € dom(h'); for
Condition (%5), h(h(s(x;))) = s(x;) iff (s, h) k7 btwn(x;, x;) iff (s', ') = btun(x,, x;5) iff
K (W' (s'(xi))) = §'(x;); for Condition (T6), h(h(s(x;))) = h(s(x;)) iff (s, h) E; toloop(x;)
iff (s',h') & toloop(x;) iff M/(R/(s'(x))) = K (s'(x:)).
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Let us now tackle the if part. We assume ' € T'. Hence we have [ T I, s(x;) T s(x;)
for any i € [1,¢], and h(s(x;)) T h/(s'(x;)) for any i € [1,q] such that s(x;) € dom(h) (and
s'(x;) € dom(h')). To establish m ~;, m’/, we consider a formula B € Basic* and we show
that (s,h) =; B implies (s’,h’) =y B. The reverse implication can be proved by symmetric
arguments. We proceed by a case analysis on B:

Bis x; = x;: if (s,h) i x; = x; then s(x;) = s(x;). Using the instance of (¥2) for s(x;) '
s'(x;) with parameter j, we get s'(x;) = s'(x;). We deduce (s',h') £y x; = x5;

B is x; — x;: if (s,h) =; x; < x; then h(s(x;)) = s(x;). Using the instance of (%2) for
h(s(x;)) T h'(s'(x;)) with parameter j, we get h'(s'(x;)) = s'(x;). We deduce (s', h') =
X & Xj;

B is conv(xs,x;): if (s,h) ; conv(x;,x;) then h(s(x;)) = h(s(x;)). Using the instance of
(T3) for h(s(x;)) §' h/(s'(x;)) with parameter j, we get h/(s'(x;)) = h/(s'(x;)). We
deduce (s',h') £y conv(x;, x5);

B is btwn(x;,x;): if (s,h) ; btun(x;,x;) then h(h(s(x;))) = s(x;). Using the instance of
(T5) for h(s(x;)) T h/(s'(x;)) with parameter j, we get h/(h'(s'(x;))) = s'(x;). We
deduce (s',h') £y btun(x;, x;);

B is toalloc(x;): if (s, h) = toalloc(x;) then h(s(x;)) € dom(h). Using (F4) for h(s(x;)) T
K (s'(xi)), we get h'(s'(x;)) € dom(h’). We deduce (s’,h’) E; toalloc(x;);

B is toloop(x;): if (s, h) =7 toloop(x;) then h(h(s(x;))) = h(s(x;)). By (%6) for h(s(x;)) ¥
R (s'(x:)), we get h/(R/(s'(x;))) = h/(s'(xi)). We deduce (s’,h’) =y toloop(x;);

Bisu<u: if (s,h) F; u <> u then h(l) = I. Using (%6) for I T' I, we get h/(I') = I'. We
deduce (s',h) Ey u— y;

B is alloc(u): if (s,h) k; alloc(u) then ! € dom(h). Using (T4) for | ' I/, we get I’ €
dom(h'). We deduce (s’,h') =y alloc(u);

Bis x; =w if (s,h) F; x;=u then s(x;) = I. Using (F1) for s(x;) T s(x;), we get s'(x;) = I'.
We deduce (s',h') &=y x; = u;

Bis x; <> if (s,h) k=7 x; <> u then h(s(x;)) = 1. Using (1) for h(s(x;)) T h'(s'(xi)), we
get W' (s'(x;)) = U'. We deduce (s', /') By x; — u;

Bisu<s x;: if (s,h) E; ue> x; then h(l) = s(x;). Using (%5) for | T I’ with parameter 3,
we get h'(I') = s'(x;). We deduce (s',h') =y u > x,. =]

Proposition 3.18 If m ~, m’ then the following properties hold:

1. The relation R is total and surjective between pQ (s, h) and pO(s’,h');
2. The relation R’ is total and surjective between pQP(m) and pQ(m’).

Proof Let us consider Property 1. To show that R is total, we prove that for all u € pQ(s, h),
there is v € pQ(s’,h’) such that u R v. If u = s(x;) then choose v = §/(x;); and if u =
h(s(x;)) then s(x;) € dom(h). But we have s(x;) R s'(x;) by definition of %!, hence by
Theorem 3.17 we deduce s(x;) T' s'(x;). As a consequence s(x;)/s’(x;) verify (¥4) and thus
s'(x;) € dom(h'). We choose v = h’(s'(x;)) and we get u R' v and v € pQ(s, h').

By symmetric arguments, R is surjective. The proof that %' is total and surjective
(Property 2) is similar.

Proposition 3.21 If m and m’ satisfy m ~1 m’, then T is a total relation on N: for any
u € N, there exists v < maxval(s’,h’') + 1 such that u T v.

Proof Since ~1 € =}, we have R € T by Lemma 3.19. Let us consider v € N. We have to
show that there exists v € N such that u T v holds. We determine the value of v according
to the first condition that holds in the following list:

if u € pO(s, h) then let us define v to be the unique location in pQ(s’, h’) such that u R v,
see Lemma 3.19. We deduce u T v. The relation v < maxval(s’, ') + 1 holds because
v e pQ(s', h');
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if u € predg (s, h, j) for some j € [1,q] then we know that prede(s, h,j) is not empty. We
have predg (s, h, j) ~1 predg(s’, h’,j) by Proposition 3.10 hence predg(s’, h', ) is not
empty either. We choose any v € predg(s’, b/, 5).
The relation v < maxval(s’,h’) + 1 holds because v € dom(h’). Let us check that
u T v holds by establishing Properties (¥2-6) for u/v. We have u € prede(s, h,j) and
v € predg(s’, B/, j). As a consequence we deduce u ¢ pQO(s, h) and v ¢ pO(s’, h’). Hence
Properties (T2-3) hold. We also have u € dom(h) and v € dom(h’) hence Property (¥4)
holds. We have h(u) = s(x;) and h'(v) = s'(x;). We deduce h(u) R h'(v) and thus
h(u) T ' (v). Since (T2) holds for h(u)/h/(v), we deduce that Property (¥5) holds for
u/v. Let us prove Property (%6) for u/v: the identity u = h(u) implies v = s(x;) which
contradicts u ¢ pO(m). Hence u # h(u) and for the similar reasons, v # h'(v);

if u € loopg;(s, h) then we proceed in a way similar to the previous case;
if u e remg(s, h) then we proceed in a way similar to the previous case;

in the remaining cases we have u ¢ (dom(h) UpQ(s, h)). Let us define v = maxval(s’, h’) +1.
We have v ¢ (dom(h’) upQO(s’, h’)) and by Proposition 3.16 item 3, we deduce u Tv. o

Proposition 3.22 Let us assume R' € T (or equivalently m =~ m’). Then the following
statements are equivalent:

1. RS D1 N Dy; 3. R T and R, = T,;
2. R < ‘I'l N ‘3,"2; 4. my >, m) and mg ~p m).

Proof Let us review the easy implications first. Obviously, statement 3 and 4 are equivalent
by Theorem 3.17. Then statement 2 implies statement 3 by the two following deductions:
R R T AT and R, c R g AT, T

Let us now show that statement 1 implies statement 2. So we assume R € D1 N Ds.
We show that R < T'l, the case R < 5'2 being treated in a similar way. So let us assume
u, v such that v %! v and let us show that u T'l v. Because ' € T! we have u %! v. Because
R € D1 Do we have R' € D;. Let us show that u/v verify (T1-6) with respect to my/m/:

Properties (¥1,2) hold because u T v;

Property (¥3): u = hi1(s(x;)) iff (s(x;) € dom(h1) and u = h(s(x;))) iff (s'(x;) € dom(h])
and v = h'(s'(x;))) iff v = R (s’ (x;)) because s(x;) D1 s’(x;) (which comes from s(x;) R'
s'(x;)) and u ¥ v;

Property (¥4): u € dom(hy) iff v € dom(h)) because u D1 v;

Property (£5): hi(u) = s(x;) iff (v € dom(hy) and h(u) = s(x;)) iff (v € dom(h}) and
h'(v) = §'(x;)) iff A (v) = s'(x;) because u D1 v and u T v;

Property (%6): hi(u) = u iff (u € dom(h;) and h(u) = u) iff (v € dom(h}) and h'(v) = v)
iff A (v) = v because u D1 v and u T v.

Let us finish by showing that statement 3 implies statement 1. So we assume 9%'1 c 5'1
and 9%'2 c ‘I'Q. Let us show the inclusion ' € ©1 " D5. We assume u, v such that u R v. Let
us show that u D1 v, the case of u D2 v being treated in a similar way. Notice the inclusion
T'l C D, that always holds by Definition 3.14. For u %' v there are three cases:

— either w = [ and v = I’. We have [ 9‘{'1 U, fR'l c 5'1 and T'l c D4, thus we get | D1 U
hence u ©1 v;

— or u = s(x;) and v = §'(x;) for some i € [1,g]. We have s(x;) R} s'(x;), R} € T) € Dy,
thus we get u D1 v;

— or u = h(s(x;)) and v = h/(s'(x;)) for some i € [1,q]. Let us assume u € dom(h1)
and let us prove v € dom(h}). From h(s(x;)) € dom(hi) deduce s(x;) € dom(h) =
dom(h1) w dom(h2). Hence we have two cases:

— either s(x;) € dom(h1). In this case we have hi(s(x;)) = h(s(x;)) = u € dom(h1)
and s(x;) € dom(hy). From R} € T we deduce s(x;) T} s'(x;) and hq(s(x;)) T,
R (s'(xi)). By (%4) (twice) we get h)(s'(x;)) € dom(h)) and s'(x;) € dom(h)). We
deduce v = h/(s'(x;)) = k) (s'(x;)) € dom(h});
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— or s(x;) € dom(hz). In this case we have ha(s(x;)) = h(s(x;)) = u € dom(h1) and
s(x4) € dom(hz). Since dom(h) = dom(h1) w dom(h2) we deduce h(s(x;)) € dom(h)
and ha(s(x;)) ¢ dom(ha). Because R, < T, and R < T we have s(x;) T, s'(x;),
h(s(x:)) ¥ W'(s'(x;)) and ha(s(x;)) T, hy(s'(x;)). Hence by (T4) (three times) we
deduce s'(x;) € dom(h}), h'(s'(x;)) € dom(h') and h,(s'(x;)) ¢ dom(h}). As a
consequence v = h/(s'(x;)) = h4H(s'(x;)) ¢ dom(h}) and v = h/(s'(x;)) € dom(h’).
We conclude v € dom(hf). o

Lemma 3.25 Let o > 1 and let (s, h,l) and (s',h/,l") be two pointed memory states. Let
l1,02,14,15 € N be such that 1 ¢ dom(h) and I} ¢ dom(h'). We assume that one of the
conditions below holds:

(C1) 11/1} verify (T1-3), l2/l}, verify (T1-6), and lz =1y iff 1§, =1;
(C2) 11 ¢ s(V), /1] verify (T1-3), l2/l, verify (22), and l2 =11 iff 1, =1].

If (s,h,1) ~a (s',h/,I) then (s,hw [l1 — l2],1) ~g (s',h/ w [} — I,],1") where B = a —1
if L1 €s(V), and B = o otherwise.

Proof We denote h wi [l1 — I2] by h1.2 and b’ w [l — I}] by h}_,,. According to Proposi-
tion 3.10, we have to establish

(37h1—>2al) =p (Slvhl1~>27ll) (Bl)

together with S-equipotence constraints:

pred@(& hia2, Z) ~p pred@(s', h/1—>27 7’) (B2)
loopg (s, h1—2) ~p loopg(s’, 1 _,2) (B.3)
remg(s, h12) ~g remg(s’, R ) (B.4)

We start with basic Equivalence (B.1). We have to show that for any B € Basic?,
(s,h1-2) Ey Biff (s',h]_,5) =y B. We prove that (s, h1—2) =; B implies (s',h]_,) =y B.
The reverse implication can be established in a symmetric way. Note that all hypotheses are
symmetric: when [1/l] verify (22), we have I3 ¢ s(V) iff I{ ¢ s'(V). We proceed by a case
analysis on B:

B is x; = x;: using (s, h,1) > (s', k', '), we derive (s, h152) = x; = x5 iff (s,h) E; % = x5
iff (s',h') By xs = x5 M (8,0 _5) By % =53

B is x; — x;: let us suppose (s,h1-2) E; x; < x; and let us show (s',h]_,) Ey x; — xj.
For (s, h1-2) =) x; <> x; we have two cases:

— h(s(xi)) = s(x;). We derive h'(s'(x;)) = s'(x;) (because (s, h,l) >~y (s',h',1")) and
thus we also have h)_ ,(s'(x;)) = s'(x;) hence (s',h]_,,) Ep % = x5

— l1 = s(x;) and l2 = s(x;). Since 11/l and l1/l] verify (%2) in both (C1) and (C2),
we get I} = §'(x;) and I, = s'(x;) and thus h|_,(s'(x;)) = s'(x;) and finally
(¢, hllﬂz) Er % — xj.

In both cases we obtain (s',h]_,) Ey x; — xj;

B is conv(x;,x;): let us suppose (s,h12) =; conv(x;,x;) and prove that (s',h]_,) Ep
conv(xj,x;). From hi,2 = hw [l1 — l2] and (s,h12) F; conv(x;,x;), we get four
cases:

— s(xi),s(x5) € dom(h) and h(s(x;)) = h(s(x;)). Then (s,h) &; conv(x;,x;) from
which we get (s’,h’) =y conv(x;,x;) and thus also (s',h]_,) Ep conv(x;, x5);

— h(s(x;)) = l2 and s(x;) = l;. If (C1) holds then I2/l}, verify (%3) and 1/l verify
(%2) and we get h'(s'(x;)) = I, and s’'(x;) = l). Hence (s',h]_,5) =y conv(x;, x;).
If (C2) holds then s(x;) = l1 contradicts I1 ¢ s(V);

— the case s(x;) = l1 and h(s(x;)) = l2 is symmetric to the previous one;

— s(x;) = s(xj) = l1. In case of (C1), 11/l] verify (T2) and thus we get s'(x;) =
s'(x5) = 1} and then (s',h|_,,) =y conv(x;,x;). (C2) implies 1 ¢ s(V) which
contradicts s(x;) = [1.

In all four cases we have (s',h]_ ) s conv(x;, x5);
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B is btun(x;, x;): let us assume (s, h1,2) k=; btun(x;, x;) and let us prove that (s', h|_,,) Ep
btwn(x;,x;). We have four cases:
— h(h(s(x;))) = s(x;). Then (s,h) ; btwn(x;,x;) from which we get (s',h') =y
btwn(x;,x;) then (s',h]_,) Ey btwn(x;, x;);
— h(s(x;)) = l1 and l2 = s(x;). In both (C1) and (C2), 11 /1] verify (T3) and I/}, verify
(%2). Hence we get h'(s'(x;)) = 1} and I}, = s’(x;). Thus (s’, h]_ ) Ep btun(x;, x;);
— U1 = s(x;) and h(l2) = s(x;). In (C1), 11 /1] verify (T2) and I/l verify (T5), hence
we get I} = s'(x;) and b/ (I5) = s’(x;), Thus (s', h|_,,) Ep btun(x;, x;). In case (C2),
l1 = s(x;) contradicts I ¢ s(V);
— l1 =12 = s(x;) = s(xj). l1/1] and l2/l} verify (¥2) in both (C1) and (C2), hence we
get I) =1, = s'(x;) = s'(x;). We deduce (s',h]_,5) = btwn(x;, x5).
In all four cases we have (s',h_,,) k) btwn(x;,x;);
B is toalloc(x;): let us assume (s, h1.2) =; toalloc(x;) and let us prove (s',h}_,)
toalloc(x;). We get four cases:
— h(s(x;)) € dom(h). Then (s,h) E; toalloc(x;) from which we get (s’,h') Ep
toalloc(x;) then (s',h]_,) =y toalloc(x;);
— h(s(x;)) = l1. l1/1} verify (23) in both (C1) and (C2), thus we get h/(s'(x;)) = I}
and thus (s',h]_,) Ep toalloc(x;);
— l1 = s(x;) and l2 € dom(h). In case (C1), I1/l] verify (T2) and lz/l} verify (T4).
Then we get I} = s'(x;) and I}, € dom(h’) and we deduce (s', b _,,) k= toalloc(x;).
(C2) implies i1 ¢ s(V) which contradicts s(x;) = l1;
— Iy = la = s(x;). 11/l} and l2/l}, verify (¥2) in both (C1) and (C2), hence I} =1}, =
s'(x;) = §'(x5). We deduce (s, h}_,,) =y toalloc(x;).
In all four cases we have (s',h|_,,) s toalloc(x;);
B is toloop(x;): let us suppose (s,h12) k; toloop(x;) and let us prove (s',h]_,,) Ep
toloop(x;). We get four cases:
— h(s(x;)) = h(h(s(x;))). Then (s,h) ; toloop(x;) from which we get (s',h') Ep
toloop(x;) then (s',h]_ ) yr toloop(x;);
— h(s(x;)) =11 = l2. In both (C1) and (C2), 11 /1] verify (T3), and lp = I3 iff I}, =1].
We get h/(s'(x;)) = I} and I} =1}, and thus (s, h)_,5) = toloop(x;);
— l1 = s(x;) and h(l2) = l2. In case (C1), l1/l] verify (¥2) and l2/l/, verify (¥6), hence
we get I} = s'(x;) and h/(l}) = I} and then (s, h]_,,) = toloop(x;) In case (C2),
11 = s(x;) contradicts I ¢ s(V);
— l1 =l = s(x;). 11/l} and l3/l}, verify (T2) in both (C1) and (C2), hence I} =1}, =
s'(x;) = §'(x5). We deduce (s, h]_,5) =y toloop(x;).
In all four cases we have (s',h]_,5) s toloop(x;);
B is u=u: let us suppose (s,h12) =; u < u and let us prove that (s',h]_,5) Ey u—u.
We get two cases.
— h(l) = l. We derive (s,h) =) u> u then (s',h’) £y u < u and hence (s, h}_ ) =p
u<>u;
— L =11 = la. Iy/l} verify (T1), and Iz = Iy iff I, = I} holds in both (C1) and (C2).
Hence we get I =1 and I =1} and thus (s',h]_,) Ey u—u.
In both cases we obtain (s',h]_,5) Ey u—u;
B is alloc(u): let us assume (s,h1-2) k; alloc(u) and let us prove that (s',h]_,)
alloc(u). We get two cases.
— | € dom(h). We derive (s,h) ; alloc(u) then (s’,h’') =y alloc(u) and hence
(', W_.,) Fy alloc(u);
— 1 = ly. ly/l} verify (T1) in both (C1) and (C2), hence we get I’ = I]. We deduce
(s',h)_,5) Ep alloc(u).
In both cases we obtain (s',h)_,,) k= alloc(u);
Bis x; =u: using (s, h,l) ~p (s', W, '), we derive the equivalences (s,h1-2) E; x; = u iff
(s,h) Erxg =uiff (&,0) =y xg =uiff (&, _,) By xi =1
B is x; < u: let us suppose (s, h1-2) = x; <> u and let us prove that (s',h]_,,) =y x; —u.
We get two cases.
— h(s(x;)) = 1. We derive (s,h) E; x; — u then (s’,h’) Ey x; — u and hence
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— l1 = s(x;) and l2 = . In case (C1), l1/l] verify (%2) and l2/l}, verify (%1), hence we
get I = s'(x;) and I = I’ and thus (s, h)_,5) Ey x; <> u. In case (C2), Iy = s(x;)
contradicts I3 ¢ s(V).

In both cases we obtain (s', h]_,5) Ey x; <= u;
B is u< x;: let us suppose (s, h12) F; u x; and let us show (s, h}_ ;) =y u—x;. We
get two cases.

— h(l) = s(xj). We derive (s,h) k; u < x; then (s’,h’) = u < x; and hence
(s',h)_,5) Er u— xj;

— i =land ly = s(x;). l1/l} verify (1) and lp/l} verify (2) in both (C1) and (C2),
hence we get I} =1’ and I}, = s/(x;). We deduce (s',h]_,5) Ep u— x;.

In both cases we obtain (s',h]_,) Epy u— x;.

This ends the proof of the basic equivalence (s, h12,1) >~ (s',h]_5,1').

Let us consider S-Equipotence (B.2). By Proposition 2.11, there are 3 possible values
for predg;(s, h1—-2):

if Iy ¢ pQO(s, h) and l2 = s(x;) then the identity
predg (s, h1-2,1) = predg(s, h, i) w {l1}
holds. We can treat the case of (C1) and (C2) simulaneously. As l1/l] verify (£2-3), 11/1}

also verify (¥12) and we deduce I} ¢ pQ(s’, h'). As la/l} verify (T2), we get I, = s'(x;).
Thus by Proposition 2.11 again, we have

predg(s’, by, ) = predg(s', 1, i) w {11}

From (s, h,1) ~q (s',h',1), we have preds (s, h,i) ~a preds(s’, b, i) by Proposition 2.11
and we derive Equipotence (B.2) using Lemma 2.19 and 8 < a + 1;

if Iy € s(V) and l2 € predg (s, h,i) then the identity
predg (s, h1-2,1) = predg(s, h, i) — {l2}

holds. We treat the case (C1) and (C2) separately.

On the one hand, if (C1) holds then, l1/l] verify (¥2) and thus also (¥10). Thus we
get I} € s'(V). Moreover, la/l}, verify (¥1-6) and thus also (T18). Thus we get I}, €
predg(s’, b/, ). We deduce

predg(s'7 h/14>27 Z) = predg(s'7 hlv Z) - {ll2}

by Proposition 2.11. Since 1 € s(V), we have 8 + 1 = «. Thus by Proposition 2.20, we
obtain Equipotence (B.2);
On the other hand, (C2) contradicts I € s(V);

in the otherwise case we have
(1 € pQ(s, h) or Iz # s(x;)) and (I1 ¢ s(V) or Iz ¢ prede (s, h, 1))

and predg (s, h1-2,1) = predg(s, h,i). By a combination of the arguments of two pre-
vious cases, in both (C1) and (C2), we have

(13 € pO(s’, ') or Iy # s'(x;)) and (I} ¢ (V) or Iy ¢ prede(s’, b/, )

and thus we get predg(s’,h]_,,,4) = predg(s’,h’,i) by Proposition 2.11. Equipo-
tence (B.2) is immediate.

Let us consider S-Equipotence (B.3). We have loopg (s, h) ~a loopg(s’, h'). By Propo-
sition 2.11, there are three cases for the value of loopg (s, h1—2):
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if 1 ¢ pO(s,h) and I1 = l2 then loopg(s, h1—2) = loops(s, h) w {l1}. As 11/1] verify (T12),
and lp = Iy iff I}, = 11, we deduce !} ¢ pQ(s’, h’') and I} = ;. Thus by Proposition 2.11, we
have loopg (s, b _,5) = loopg(s’, ') w {l}}. Since we have loopg (s, h) ~q loopg(s', h'),
we deduce Equipotence (B.3) using Lemma 2.19 and 8 < a + 1;

if Iy € s(V) and l2 € loopg;(s, h) then loopg(s, h1—-2) = loopg(s, h) — {l2}.
On the one hand, if (C1) holds then 1 /1) verify (£10) and la/l} verify (£19). Hence we get
I} € s'(V) and I € loop(s’, h'). We deduce loopg(s’, b _,,) = loopg(s’, h') —{15}. Since
11 € s(V), we have 8 + 1 = a and thus by Proposition 2.20 we get Equipotence (B.3).
On the other hand, (C2) contradicts I € s(V);

in the otherwise case we have
(11 € pO(s, k) or Iy # l2) and (11 ¢ s(V) or Iz ¢ loopg (s, h))

and loopg (s, h1—2) = loopg (s, h). By a combination of the arguments of two previous
cases, in both (C1) and (C2), we have

(13 € pQ(s', 1) or 1] # 15) and (I} ¢ s'(V) or I ¢ loop(s’, h'))
thus loopg(s’, h_,,) = loopg(s’, h'). Equipotence (B.3) is immediate.

Let us consider S-Equipotence (B.4). We have remg (s, h) ~o remg(s’, h'). By Propo-
sition 2.11, there are three cases for the value of remg (s, h1-2):

if Iy ¢ pQO(s, h) U {l2} and I3 ¢ s(V) then remg (s, h1—2) = remg(s, h) w{l1}. As 11/} verify
(%12), Iz = Iy iff I}, = 1), and l2/l} verify (%10), we deduce I} ¢ pQ(s’,h’), I} # I} and
Iy ¢ s'(V). Thus by Proposition 2.11, we have remg;(s’, b _,5) = remg(s’, h')w{l}}. Since
we have remg (s, h) ~a remg(s’, h’), we deduce Equipotence (B.4) using Lemma 2.19
and B < a+1;

if Iy € s(V) and Iz € remg;(s, h) then remg;(s, h1—2) = remg(s, h) — {l2}.
On the one hand, if Hypothesis (C1) holds then I1/l} verify (¥10) and l2/l} verify
(%20). Hence we get I} € s'(V) and I}, € remg(s’,h'). We deduce remg;(s’, b _,5) =
remg(s’, h') — {l5}. Since l; € s(V), we have 8+ 1 = « and thus by Proposition 2.20 we
get Equipotence (B.4).
On the other hand, (C2) contradicts I € s(V);

in the otherwise case we have
(11 € pQ(s,h) U {l2} or Iz € s(V)) and (I1 ¢ s(V) or Iz ¢ reme(s, h))

and remg (s, h12) = remg(s, h). By a combination of the arguments of two previous
cases, in both (C1) and (C2), we have

(13 € pQ(s', 1) L {ly} or Iy € s'(V)) and (I} ¢ s'(V) or I ¢ remg(s’, h'))

thus remg(s’, b _,5) = remg(s’, ). Equipotence (B.4) is immediate. o

Proposition 3.26 Let m = (s, h,l) be a pointed memory state and l1,la € N be such that
l1 ¢ dom(h) U pQD(m). We have (s, hw [l1 — l2],1) ~p (s, h,l). Moreover, given o = 0, if we
assume that one of the following conditions hold

(C1) l2 = s(x;) and card(predg(s, h,1)) = a for some i € [1,q];

(C2) l2 =11 and card(loopg(s, h)) = «a;

(C3) 12 ¢ s(V) u{l1} and card(remg(s, h)) = a.

then we have (s,h w [l1 — l2],1) ~a (s, h,1).
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Proof We write hi_,2 to denote hu [l1 — l2]. First, without assuming any of (C1-3), let use
prove that (s, h1-2,1) >~ (s,h,l) holds. By Proposition 3.2 (monotonicity), we only need
to prove that (s, hi1—2) E; B implies (s, h) =; B for any formula B € Basic". We proceed by
a case analysis on B:

B is x; = x;: This only depends on the value of s and therefore we are done;

B is x; = x;: from (s, h12) =y %3 <> xj, we get h12(s(x;)) = s(x;). But since 11 ¢ pO(m),
we deduce I # s(x;) and thus h(s(x;)) = s(x;). We get (s, h) =1 x; — x;;

B is conv(x;,x;): from (s,h12) k= conv(x;,x;), the identity h12(s(x;)) = h1-2(s(x;))
holds. But since 11 ¢ {s(x;),s(x;)}, we deduce h(s(x;)) = h(s(x;)) and thus (s,h) =
conv(x;, x;);

B is btwn(xi,Xj): from (S,hlg,z) = btwn(xi,xj'), we get hlag(hlﬂz(s(xi))) = S(Xj). But
since 1 ¢ {s(x;), h(s(x;))} (remember h(s(x;)) € pO(m)), we get h(h(s(x;))) = s(x;) and
thus (s, h) = btun(x;, x;);

B is toalloc(x;): from (s,h1—2) k; toalloc(x;), we deduce hi2(s(x;))) € dom(hi2).
Since l1 # s(xi), we get h(s(x;))) € dom(h) U {l1}. Since h(s(x;)) # li, we deduce
h(s(x;)) € dom(h) and thus (s, h) =; toalloc(x;);

B is toloop(x;): from (s,hi1-2) E; toloop(x;) we get hi—2(hi-2(s(x:))) = his2(s(x:)).
But since I1 ¢ {s(xi),h(s(xi))}, we get h(h(s(xi))) = h(s(xi)) and thus (s,h) &
toloop(x;);

Bis u—u: from (s, h1—2) E; u—u we get h1_2(l) = l. But since l1 # I, we deduce h(l) =1
and thus (s, h) Ej u—>u;

B is alloc(u): from (s,hi—2) =; alloc(u) we get | € dom(hi—2). But since I1 # [ and
dom(hi1—2) = dom(h) U {l1}, we deduce ! € dom(h) and thus (s, h) k; alloc(u);

B is x; =u: only depends on the values of s and ;

Bis x; > w from (s,h1-2) E; x; — u we get hi2(s(x;)) = . But since I1 # s(x;), we
deduce h(s(x;)) =1 and thus (s, h) = x; — u;

Bisu< x;: from (s,h12) = u—x; we get h1_2(l) = s(x;). But since l1 # [, we deduce
h(l) = s(x;) and thus (s, h) £ u> x;.

Now we assume a > 0 such that one of either (C1), (C2) or (C3) holds. Since we

already have (s,h1-2,0) >~ (s,h,l), according to Proposition 3.10, we have to establish
three a-equipotence constraints:

predg (s, h1-2,J) ~a predg(s, h,j) for any j € [1,q]
loopg (s, h1—2) ~a loopg (s, h)
rem@(s, hi152) ~a rem@(s, h)

If (C1) holds then by Proposition 2.11, we have predg (s, h1—2,5) = predg(s, h,j) w{l1}
if s(x;) = s(xj), predg(s, h1-2,7) = predg(s,h,j) if s(x;) # s(x;), loopg(s, hi—2) =
loopg (s, h) and remg (s, h1—2) = remg(s, h). Then we already have predg (s, h1-2,7) ~a
predg (s, b, j) when s(x;) # s(x;), loopg(s, h12) ~a loopg(s, h) and remg(s, h1-2) ~a
remg (s, h). If s(x;) = s(x;) holds then we have predg(s, h,j) = predg(s, h,4). As a con-
sequence, we get card(predg (s, h1-2,5)) = a + 1 and card(predg(s, h,j)) > a. Hence
predg (s, h1-2,7) ~a predg(s, b, j) holds as well.

If (C2) holds then by Proposition 2.11, we have predg(s, h1-2,j) = predg(s, b, j).
Indeed, l2 = s(x;) implies i1 = Iz € s(V) which contradicts i1 ¢ dom(h) U pQ(m). We
also get loopg(s, h1—2) = loopg(s, h) w {l1} and remg(s, h1-2) = remg(s, h). The three
a-equipotence constraints follow.

If (C3) holds then by Proposition 2.11, we have predg(s, h1-2,j) = predg(s, b, j),
loops (s, h1—2) = loopg (s, k) and remg(s, h1—2) = remg(s, h) w {l1}. The a-equipotence
constraints follow. )

Corollary 3.27 Let a > 0. Let m = (s, h,l) be a pointed memory state and h' be a heap
such that dom(h') N (dom(h) U pP(m)) = . If for any u € dom(h') one of the following
conditions holds
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(C1) h'(u) = s(x;) and card(predg (s, h,)) = « for some i€ [1,q];
(C2) W(u) =wu and card(loopg (s, h)) = a;
(C3) h'(u) ¢ s(V)u {u} and card(remg(s, h)) = a.

then we have (s,hw h',1) ~o (s, h,1).

Proof We prove the result by induction on (the size of the domain of) A/. If A/ = O then
the result it trivial by reflexivity of ~4. Otherwise, we can write h’ = [l; > l2] w h”. From
dom(h') " (dom(h) upO(m)) = & we deduce l1 ¢ dom(h) upD(m). We apply Proposition 3.26
to m, I; and l2 and we get (s,h w [l1 — l2],1) ~q (s, h,1).
We then use the induction hypothesis on hA” (with h = [l1 — l2] replacing h). Let us
verify the requirements:
— We have dom(h”) N (dom(hw [I1 — l2]) upQ(s, hwi [l1 — I2],1)) = dom(h”) N (dom(h) U
{l1} U pQ(s, h,1)) = & because 11 ¢ dom(h”) and I; ¢ s(V).
— Let u € dom(h”). Let us show that either (C1), (C2) or (C3) holds for u. We have
u € dom(h') and h'(u) = h”(u). By hypothesis, one of the following conditions holds:
— h'(u) = s(x;) and card(predg(s,h,i)) > a for some i € [1,q]. From s(V) <
pQ(s, h, 1), we deduce l1 ¢ s(V). Thus by Proposition 2.11 we have

predg(s, hw [l1 = l2],4) € {predg(s7 h, 1), predg (s, h, 1) @ {l1}}

hence card(predg (s, h w [l1 + l2],1)) = . We also have h”(u) = h'(u) = s(x;)
hence Condition (C1) holds;

— h/(u) = v and card(loopg (s, h)) = a. By Proposition 2.11 again, from I1 ¢ s(V) we
deduce card(loopg (s, h w [l1 — l2])) = a. As h”(u) = h/(u) = u, Condition (C2)
holds;

— h(u) ¢ s(V) U {u} and card(remg(s,h)) = «. By Proposition 2.11 again, from
l1 ¢ s(V) we deduce card(remg (s, hwi[l1 — I2])) = a. As h”(u) = b/ (u) ¢ s(V) u{u},
Condition (C3) holds.

As a consequence, we obtain (s,h w [l1 — l2] w h”,l) ~o (s,h w [l1 — l2],1) by induction
and thus (s, h w [l1 — l2] w h”|1) ~4 (s, h,l) by transitivity of ~q. o

Proposition 3.29 Let a = 1. We assume that the following conditions hold:

(a) m=~qi1m';

(b) mo ~qq1 my;

(c) dom(h) < pO(m);

(d) dom(h') € pO(m’).
Let 11 € s(V)\dom(ho w h) and lz € N. There exist l1,l5 € N such that
1. 1} € s'(V)\dom(h{ w h');

2. 1,14 < maxval(mj) + 1;

3. (s,hw[ly = 12],1) ~a (8B w [I] = 15],1);

4. (s,how hw[ly = 12],1) ~o (s',hi v b w [l] — 15],1).

Proof According to Lemma 3.19, we have both %' € ¥ and DR'O c T'O.

Let use define I{ to be the unique value such that /1 R l’l. We also have [y SR'O l%. Hence
we get both I; ! I} and Iy ‘I'O l}. From I3 € pO(m) and Iy gl 1} we deduce I} € pQ(m’). Since
l1 € s(V) and 1 ¢ dom(ho w h) from 13 T} I} we deduce I} € s'(V)\dom(h{ w k') by (T10)
and (T4). Hence Property 1 holds.

Let us define I}, by Proposition 3.20: since o > 1, we have mg ~ m{, and thus there
exists I, < maxval(m{) + 1 such that Iz T} l5. Property 2 holds because !} € s'(V) and
I < maxval(m{) + 1.

Let us establish Property 4, i.e. (s,ho w hw [l1 — l2],1) ~o (s',hg w b/ w [I] — 15],1").
We use Lemma 3.25 (C1) with mg/m{;. We have both l1 ¢ dom(howh) and I} ¢ dom(h(wh’).
11/l verify (T1-3) because 11 Th I holds. lo/l}, verify (T1-6) because l2 T} I} holds. Let us
check I1 =l iff I} =1):
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— if Iz € pQ(mp) then 2 9%'0 l% by Proposition 3.15 item 5. Since [1 ER'O 1,12 ER'O l% and 9’%'0

is a bijection (Lemma 3.19), we deduce l; = I2 iff 1] = I};

— if lo ¢ pQ(mp) then I, ¢ pO(my) by (T21) with I T) 15. But Iy € s(V) and I} € s'(V)

hence 1 # l2 and I} # I} and we deduce I} = I3 iff I} = 1.

We apply Lemma 3.25 (C1) with Hypothesis (b) and we get Property 4.

Let us show Property 3, i.e. (s,h w [l1 — l2],]) ~q (s',h" w [I] — 1,],I'). We use
Lemma 3.25 (C1) with m/m’. Since I1 ¢ dom(howh) and I} ¢ dom(h({wh') then 1 ¢ dom(h)
and I} ¢ dom(R'). l1/1} verify (T1-3) because l1 T' I} holds. We already verified that 1 = l2
iff 14 = I, holds. Let us check that lz/l) verify (T1-6), i.e. lo T" I

— ;f ZTQI le/ pQ(m) then, as lo T}, I, holds, by Proposition 3.28, we get lp %' I, and thus

2 >

—if Iy ¢2 pQ(m) then we must have I}, ¢ pQ(m’): otherwise if I, € pO(m’) holds then
we would have lo %' I, by Proposition 3.28, which contradicts > ¢ pQ(m). Hence by

Hypotheses (c) and (d) we deduce l2 ¢ dom(h) and I}, ¢ dom(h'). By Proposition 3.16

item 4, we deduce Iy T 1.

We apply Lemma 3.25 (C1) with Hypothesis (a) and we get Property 3. =]

Proposition 3.31 Let oo > 1. We assume that the following conditions hold:
(a) m ~qo m';

(b) mp ~o my;

Let 1y ¢ dom(hg w1 h) U s(V) and l2 € N. There exist 1,1, € N such that

1. 1} ¢ dom(h{ w h') U s'(V)

2. 1,14 < maxval(m)) + 2;

3. (s,hw[li —1l2],l) ~q (8, W [l’; — UI],1);

4. (s,how hw [ly — I2],1) ~q (s',hy w B w [I] — 15],1).

Proof According to Lemma 3.19, we have both %! € %' and m'o c T'O.

Let us define I} and simultaneously check Property 1 and prove that I < maxval(m{)+1,
1 Ty 14 and I; T' I} hold:

— if i3 € pO(mg) then let us define § € pO(my) as the unique value such that i; R} 1. We
immediately deduce i1 T} I;. As a consequence, I} ¢ dom(h{wh’) by (T4) and I} ¢ s'(V)
by (¥10). Hence Property 1 holds. As I} € pQ(my(), the relation I < maxval(m)+1 holds
trivially. Only /1 T' % remains. We use Proposition 3.28: if [; € pQ(m) or I} € pO(m’) then
1 ' 14, hence 11 ' I}; otherwise both i1 ¢ dom(h) U pQP(m) and I} ¢ dom(h’) U PO (m’)
hold and we deduce I; ¥ I} by Proposition 3.16 item 4;

— if 11 ¢ pO(mg) then we define Ij = maxval(my) + 1 and Property 1 holds in an obvious
way. We also have l1 ¢ dom(ho w h) U pQ(mg) and If ¢ dom(h w h') U pQP(my) and we
deduce 11 ¥}, I} by Proposition 3.16 item 4. A fortiori we have {1 ¢ dom(h) U pQ(m) and
I} ¢ dom(h') U pQ(m’) and we deduce I T' I} by Proposition 3.16 item 4.

From I} < maxval(mj) + 1, we obviously derive Property 2 for 1.

Let us define I, by choosing the first possible choice in the following list. We simultane-
ously check Property 2 for I, and prove that lz/l}, verify (%2), and that lo = {3 iff I}, =1}
holds:

— if Iy = l; then we define I}, = /. In case, Property 2 obviously holds for I, since it holds
for 1} . Since I3 3'0 1} holds then 1 /1) verify (2), and thus l2/l}, verify (¥2). Since I2 = I3
and I}, = I{, the property lo = 1 iff I}, =] holds;

— if lo € s(V) then we define l’2 to be the unique location such that Ilg R l’2. Then
I, € pO(m’) < pO(mf) and as a consequence, Property 2 holds for l5. From %' < ¥
we deduce Iz T' I}, and as a consequence, l2/l}, verify (T2). We have I1 ¢ s(V) hence we
deduce ) ¢ s'(V) using 11 T I} and (T10). We have I € s(V) hence we deduce I} € s'(V)
using I T' I}, and (T10). We derive both 1 # l2 and I} # I}. Thus the property lo = I3
iff 1, = I/ holds;

— otherwise we have Iz ¢ s(V) and l; # l2 an we define I, = maxval(mj) + 2. Hence
Property 2 holds for I,. Moreover, as I} < maxval(mj,) + 1, we deduce I} # I;. Thus the
property Il = Iy iff I, = I} holds. Finally we have I ¢ s(V) and I}, ¢ s'(V) (because
I > maxval(pQ(my))). Hence lz/l} verify (32).

We apply Lemma 3.25 (C2) with Hypothesis (a) and (b) and we get Property 3 and 4. o
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C Proofs of Section 4

Corollary 4.12 1SL2 is strictly more expressive than 1SL1.

Proof Let A be the sentence in 1SL2 that states that there is a path of length 3 between
x1 and x2 in the memory state and nothing else, for instance

Ad=dx1;éxz/\C/\ﬂ(C*—\emp)

with
C e 3 (unéuz/\ul#mAu1¢XQAu2¢X1Au2#XQ>
1,u2
AX]S>U] AU] <>UQ A U <> X9

Suppose that there is a sentence A’ in 1SL1 whose models are precisely the memory
states defined by A. Let us show that this leads to a contradiction.

By Theorem 4.11, there is a Boolean combination A” of test formulae from TeSt‘tlh(q,.A’)
for some ¢ = 1 such that A’ and A” are equivalent. Let s be the store with s(x1) = 0 and
s(x2) = 3. Let hy be the heap such that h1(0) = 1, h1(1) = 2 and h1(2) = 3. Similarly,
let ho be the heap such that ha(0) = 1, ho(1l) = 2 and h2(4) = 3. And let [ = 0 for
instance (any other value would fit). We note that (s, h1) ; A and therefore (s, h1) =; A’
by assumption. Similarly, (s, h2) F¥; A and therefore (s, h2) ¥, A’ by assumption. However,
it is worth noting that for every test formula B from (J,-, Testa, we have (s, h1) = B iff
(s, h2) E=; B, which leads to a contradiction because A’ is a Boolean combination of formulae
from Ua;l Testq. ]

Lemma 4.15 Let ¢ = 1 and m € N. Let A be an 1SL1 formula with program variables
inV ={x1,...,%xq} and (s, h,l) be a pointed memory state. If we assume maxval(s, h,l) +
¢(A) < m then

bmc(q7 m,V, A, (s, h, l)) =tt iff (s,h)E= A

Proof We proceed by induction on A and we prove the double implication, assuming that

maxval(s, h,1) + ¢(A) < m holds:

if A is atomic then bmc(q,m,V,A, (s,h,l)) = amc(q,V,A, (s, h, l)) The correctness of amc
is obvious and left to the reader;

if Ais = A; then
bme (g, m, V, A, (s, h,1)) = not bmc(q, m, V, A1, (s, h, 1))

We deduce the equivalences bmc(q, m, V, A, (s, h,1)) = tt iff bmc(q,m,V, A1, (s, h,1)) #
tt iff (s, h) ¥ A1 iff (s, h) E; A using the induction hypothesis;

if Ais A1 A Az then
bme (g, m, V, A, (s, h,1)) = bmec(g,m, V, Ay, (s, h,1)) and bmc(q, m, V, Az, (s, h, 1))

We deduce the equivalences brm:(q7 m,V, A, (s, h, l)) = tt iff bmc (q,m,V,Al, (s, h, l)) =
tt and bmc(q, m, V, Az, (s,h,1)) = tt iff (s,h) =; A1 and (s, h) = Az iff (s,h) = A
using the induction hypotheses;

if A is Ju.A;, let us assume bmc(q7 m,V,Ju Ay, (s,h, l)) = tt and prove (s,h) ; JuAd;. By
definition, there exists lo < m such that lo+¢(A1) < m and bmc(g,m, V, A1, (s, h,lo)) =
tt. We have maxval(s, h) + ¢(A1) < maxval(s, h,l) + ¢(A) < m by Proposition 4.13
item 1. Hence we deduce maxval(s, h,lo) + ¢(A1) < m. By induction hypothesis we get
(s,h) =1, A1 and thus (s, h) =; JuA;.
Now let us assume (s,h) =; Ju.A; and prove bmc(q,m,V,Ju Ay, (s, h,1)) = tt. By
Corollary 4.5, there exists lp < maxval(s,h) + 1 such that (s,h) =i, A1. We have
maxval(s,h) + 1 + ¢(A1) < maxval(s, h,l) + ¢(A) < m by Proposition 4.13 item 1.
Hence we get both lgp + ¢(A1) < m and maxval(s, h) + (A1) < m and we deduce
maxval(s, k,lo) + ¢(A1) < m. By induction we derive bmc(g,m,V, A1, (s, b, lp)) = tt.
By definition of bmc, we conclude bmc(q, m,V,3u Ay, (s, h, l)) = tt;
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if A is Aj * As, let us assume bmc (q,m, V, A1 % Az, (s, h, l)) = tt and let us prove (s, h) =;
A1 * As. By definition of bmc, there exists a heap hi : [0,m] — [0,m] such that
maxval(h1) + max(¢(A1), ¢(A2)) < m and k1 E kh and bmc(q, m, V, A1, (s, h1,1)) = tt
and bmc(q, m,V, Az, (s, h2,1)) = tt with hy = h — hy. For each ¢ € {1,2}, we have
maxval(s, he,l) + @(Ac) < maxval(s, h,l) + ¢(A) < m by Proposition 4.13 item 4.
Hence by induction hypotheses, we deduce (s,h1) ;A1 and (s, h2) E; A2. Given that
the identity h = hq w ha holds, we get (s, h) =; A1 * Aa.
Now let us assume (s,h) =; A1 * Az and prove bmc(q,m,V,Al * Ao, (s, h, l)) = tt.
There exists h; and hg such that h = hy w ha, (s,h1) E=; A1 and (s, h2) & Asa.
For each ¢ € {1,2}, from h. = h we deduce maxval(s, hc,l) + max(p(A1), p(A2)) <
maxval(s, h,l) + ¢(A) < m by Proposition 4.13 item 4. Hence we have the identities
bme (g, m, V, A1, (s, h1,1)) = tt and bmc(q, m, V, A, (s, h2,1)) = tt by induction hypoth-
esis. Moreover, we have subheap(hi,h) = tt and maxval(hy) + max(p(A1), p(A2)) < m
holds. As hy = h — h1, by definition of bmc, we get bmc(q, m, V, A1 * Az, (s, h, 1)) = tt;

if Ais A1 = Az, let us assume bmc(q,m,V,.Al *Ag,(s,h,l)) = tt and prove (s,h) =;
A1 = As. For this we use Corollary 4.6. Let us consider h1 L h such that maxval(hi) <
maxval(s, h,1) + 15|41 — Az|¢? and (s, h1) k= A1 and prove (s, hw h1) =; Az. We have

maxval(h1) + max(p(A1), p(A2))
< maxval(s, h, 1) + 15|41 - A2|g? + max(p(A1), p(A2))
< maxval(s, h,l) + (A) <m

by Proposition 4.13 item 5. Let us prove the identity bmc (q, m,V, A1, (s, h1, l)) =tt. We
have maxval(s, h,1) + ¢(A1) < maxval(s, h,l) + ¢(A) < m by Proposition 4.13 item 5.
We also have maxval(hi1) + ¢(A1) < maxval(hi) + max(p(A1), p(A2)) < m. Hence we
get maxval(s, h1,l) + p(A1) < m and by induction hypothesis, from (s, h1) ; A1, we
get bmc(q,m,V, A1, (s, h1,1)) = tt. Since maxval(h1) + max(p(A1), ¢(Az2)) < m holds,
by definition of bmc we have h; L h and bmc (q, m,V, A1, (s, h1, l)) = tt. Hence, to satisfy
bmc(q,m7 V, A1 = Ag, (s, h,l)) = tt, we must have bmc(q7 m,V, Az, (s,h w h1, l)) = tt.
Then maxval(s, h1,1) + ¢(A2) < maxval(h1) + max(p(A1),p(A2)) < m holds and
maxval(s, h,l) + p(A2) < maxval(s, h,l) + ¢(A) < m holds by Proposition 4.13 item 5.
We deduce maxval(s, h w1 hi,1) + ¢(A2) < m and thus we have (s,h u h1) &=; A2 by
induction hypothesis.

Now let us assume (s,h) E; A1 = A2 and prove bmc(q,m,V,.Al - Ag, (s,h,l)) = tt.
By definition of bmc, we pick hy : [0,m] — [0,m] and we verify that either maxval(h1)+
max(p(A1),¢(Az2)) > m or hy L h does not hold or bmc(q,m,V, A1, (s, h1,l)) =
ff or bmc(q,m,V7 Az, (s,h w hl,l)) = tt. So we assume h; L h and maxval(hi) +
max(p(A1), p(A2)) < m and bmc(q,m7 V, A1, (s, h1, l)) = tt and we prove the identity
bmc(q,m7 V, Az, (s,h w hi, l)) = tt. We have maxval(h1) + (A1) < m and

maxval(s, h,l) + (A1) < maxval(s, h,l) + p(A) <m

by Proposition 4.13 item 5. Hence we derive maxval(s, h1,l) + ¢(A1) < m thus by
induction hypothesis we get (s, h1) =; Ai1. As h1 L h we deduce (s,h w h1) =; Az. We
have maxval(h1) +¢(Az2) < m and maxval(s, h, 1) + ¢(Az2) < maxval(s, h,1) + ¢(A) < m
by Proposition 4.13 item 5. Hence we derive maxval(s, h w hi,1) + ¢(A2) < m and thus
by induction hypothesis we get bmc(q, m,V, Az, (s,h w h1, l)) = tt. )

D Proofs of Section 5

Proposition 5.3 (Completeness of the saturation rules) If the (finite) subset P <
Basic® is closed under the rules of Figure 5.1 and (s, H, L) is the canonical pre-model of P
then:

— s 1is a total function s:V — [1,q], hence s is a store;
— H is a finite and functional graph, hence H 1is the graph of some heap h;
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— L is a singleton subset of N, i.e. L = {l} for a location I;
— the inclusion dom(h) € O(s, h) U {l} holds;
— for any formula B € Basic® we have (s,h) &=; B iff Be€ P.

Proof Since P is closed under the three rules

X=y X=y y=z

X=X y=x X=2z

the relation {(x,y) | x =y € P} is an equivalence relation. Hence the function s is total:
indeed x; = x; € P and the set {j | x; = x; € P} contains at least i. Hence s(x;) is always
defined and we have x; = x(y;) € P. Moreover we have

s(x;) = s(x;) iff x;=x;€P foralli,jell,q] (D.1)
Since P is closed under the two rules

conv(x;, x;) conv(xj,x;) conv(xj;,Xy)

conv(x;,x;) conv(x;, Xk )
the relation {(4,7) | conv(x;,x;) € P} is a partial equivalence relation and

hi,h; are both defined and h; = h; iff conv(xs,x;) € P for all ¢,j € [1,q] (D.2)

It is obvious that H is a finite graph. An important remark for the rest of the proof is
the following: by construction we have

{0} w{s(x;) | i€ [1,q]} w{hi|i€[1,q] and b; is defined} w {2¢ + 1} = N (D.3)

i.e. these sets are mutually disjoint. Let u,w € N be such that (u,w) € H and let us check
the following characteristic properties of the graph H:

P1 one of the three following properties holds:

— eithers u = s(x;) for some i € [1, ¢];

— or u = b; for some ¢ such that conv(x;,x;) € P;

— or u = 0;
P2 if u = s(x;) then

— either w = s(x;) and x; < x; € P for some j € [1,¢];

— or w = h; and conv(x;,x;) € P and {x; > x1,...,x;, > xg} nP = ;
P3 if b; is defined and u = b; then conv(x;,x;) € P, {x; > x1,...,%; > x¢} " P = J and:

— either w = s(x;) and btwn(x;,x;) € P for some j € [1, q];

— or w = h; and toloop(x;) € P;

— or w =0 and toalloc(x;) € P and

{btwn(x;,x1),...,btwn(x;,xq), toloop(x;)} N P = F;

P4 if u =0 then {x; =u,...,xg =u,%1 —>u,...,xg >u} " P = and:
— either w = s(x;) and u<> x; € P for some : € [1, ¢];
—orw=0andu—uePand {u—>x1,...,u—>x} "nP=¢;
— orw=2¢+ 1 and alloc(u) € P and {u—>xi1,...,u>xgu—u}nP =7

We prove Properties P1 to P4 in that order:

— Property P1 holds by definition of H. We just have to check that when u = h; then
conv(x;,x;) € P but this is a consequence of Equivalence (D.2);
— let us check Property P2. By definition of H and Property (D.3), there are two possi-
bilities for (s(x;),w) € H:
— either (s(x;),w) = (s(xx),s(x;)) with x; — x; € P. But from s(x;) = s(x;) we
deduce xi = x; € P by Equivalence (D.1). As P is closed under the rule

Xp =X Xp Xy

X; <> Xj

we deduce x; <> x; € P and v = s(x;);
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— or (s(x;),w) = (s(xg), b;) with conv(xg,x;) € P and {xx—>x1,...,x,>x}nP = .
From s(x;) = s(xx) we deduce {x = x;,%x; = x5} S P by Equivalence (D.1). But P
is closed under the rule

X =x; conv(xy,x;) conv(x,x;) conv(xj,x;) conv(x;,X;) X;=3Xp X; — Xp

conv(x;, x;) conv(x;, x;) conv(x;,X;) X > Xp

hence we deduce {conv(x;,x;), conv(x;,%;)} € P and {x;—>x1,...,x;9%x4} nP = .
We conclude w = b; = b; using Equivalence (D.2);
— let us check Property P3. By definition of H and Property (D.3), there are three possi-
bilities for (h;,w) € H:
— either (h;, w) = (hg, s(x;)) with btun(xg, x;) € P and {x—x1,...,x,>x}nP = .
We deduce bh; = by and w = s(x;). Thus {conv(x;,xx), conv(xg, x;), conv(x;,%x;)} S
P by Equivalence (D.2). Since P is closed under the rules

conv(xy,X;) btwn(xg,x;) conv(x;,Xg) X; > Xp
btwn(x;, x;) XL Xp
we deduce btun(x;,x;) € P and {x; > x1,...,% > x4} nP = ;
(i, w) = (bg, b;) with {conv(x,x;),toloop(x)} S P and {x —x1,...,x—=>xq} N

P = &&. We deduce h; = b and w = h;. By Equivalence (D.2), we deduce the
inclusion {conv(x;,xy), conv(xg,x;), conv(x;,x;)} S P. Since P is closed under the

rules
conv(xg,x;) toloop(xy) conv(x;,Xk) X; < Xp
toloop(x;) X > Xp
we deduce toloop(x;) € P and {x; — x1,...,%x; > xq} " P = ;
(hs, w) = (hg,0) with toalloc(xy) € P and
{xx = x1,...,%¢ — xq,btun(xg,x1),...,btwn(xg,xq), toloop(xx)} N P = . We
deduce h; = by and w = 0. We get {conv(x;,xy), conv(xy,x;), conv(x;,x;)} S P

using Equivalence (D.2). Since P is closed under the rules

conv(xg,x;) toalloc(xg) conv(x;, Xk) X; — Xp
toalloc(x;) X < Xp

conv(x;,x) btwn(x;,xp) conv(x;, %) toloop(x;)
btwn(xg, xp) toloop(xy)

we deduce toalloc(x;) € P and
{xi = x1,...,%; < xg,btwn(x;,x1),...,btwn(x;,xq), toloop(x;)} " P = ;
— let us finally check Property P4. By definition of H and Property (D.3), there are three
possibilities for (0,w) € H:

— (0, w) = (0,s(x;)) withu—x; € Pand {x1=u,...,x¢=1u,x1>u,...,xg>u}nP = &;
Hence w = s(x;) and all the other properties hold;

— (0,w) = (0,0) withu<>u € P and {x1 =1u,...,xg =Uu,x; > u,...,Xg > u,u—
X1,...,u > xq} NP = . Hence w = 0 and all the other properties hold;

— (0,w) = (0,2q + 1) with alloc(u) € P and
{xi=u,...,xg=u,x1 >u,...,xg > LU X],...,u > xg,u—>u} n P =J. Hence

w = 2q + 1 and all the other properties hold.
We can now check that H is a functional graph. Assume that {(u,v), (u,w)} € H. Let
us show v = w. We have three cases:

— either u = s(x;)
— v = s(x;) and w = s(xi) with {x; — x;,%; <> x;} < P. But P is closed under the
rule
X; — X]' X; ™ Xk
Xj = Xk

hence x; = x;, € P and thus v = s(x;) = s(x;) = w by Equivalence (D.1);
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— v = s(x;) and w = b; is impossible because {x; — x1,...,%x; > x4} " P =
contradicts x; — x; € P;
— v =bh; and w = bh; imply v = w;

— or u = b; with conv(x;,x;) € P and {x; > x1,...,x, 9%} "nP =
— v = s(x;) and w = s(x;) with {btwn(x;,x;), btwn(x;,x;)} < P. But P is closed under
the rule

btwn(x;,x;) btwn(x;,xy)

Xj =X

hence x; = x;, € P and thus v = s(x;) = s(x;) = w by Equivalence (D.1);
— v = s(x;) and w = b; with {btwn(x;,x;), toloop(x;)x;} S P. But P is closed under

the rule
toloop(x;) btwn(x;,x;)
Xi > X5
hence we deduce x; < x; which contradicts {x; < x1,...,%; = x4} " P = &;
— v = s(x;) and w = 0 is impossible because btwn(x;,x;) € P contradicts
{btwn(x;,x1),...,btwn(x;, xq), toloop(x;)} N P = &;

— v =bh; and w = bh; implies v = w;
— v =h; and w = 0 is impossible because toloop(x;) € P contradicts
{btwn(x;,x1),...,btwn(x;,xq), toloop(x;)} N P = F;
— v =0 and w = 0 implies v = w;
—oru=0with {x1 =u,...,xg=u,x1 —>u,...,xg > u}nP=¢
— v =s(x;) and w = s(x;) with {u— x;,u < x;} < P. But P is closed under the rule

U X U X

Xi:Xj

hence x; = x; € P and thus v = s(x;) = s(x;) = w by Equivalence (D.1);
— v = s(x;) and w = 0 with {u<> x;,u>u} € P. But P is closed under the rule

u—x; u—u

X, =1u
hence x; =u € P which contradicts {x1 =u,...,xg =u,x1 >u,...,xg—>u} NP = ;

— v = s(x;) and w = 2q + 1 is impossible because u < x; € P contradicts {u —
X1,...,u > xg,u—u} NP =5

— v =0 and w = 0 implies v = w;

— v =0and w = 2¢g + 1 is impossible because u <> u € P contradicts {u < x1,...,u—

xg,u—>u} NP =5
— v=2¢+1and w=2¢g+ 1 implies v = w.

Let us now show that L is a singleton set. For that, we first show that L contains no
more than one location:

— if s(x;) € L and s(x;) € L then {x; = u,x; =u} < P. But P is closed under the rules

Xj=1u X;=U u=xj

'Ll:X]' Xi:X]'

thus x; = x; € P and s(x;) = s(x;);

— s(x;) € Land b; € L is impossible because x; =u € P contradicts {x1=u,...,xq=u}nP =
;

— the case when s(x;) € L and 0 € L is impossible because x; = u € P contradicts {x1
4...,Xg=1,...} "nP=¢F;

— if h; € L and b; € L then we have {x; < u,x; <> u} € P. But P is closed under the rule

X; > u Xj<u

conv(x;, x;)

hence conv(x;,x;) € P and thus h; = bj;
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— bhi € L and 0 € L is impossible because x; < u € P contradicts {...,x1 —u,...,xq —
upnP=¢.

Then we show that L is not empty. If there exists ¢ such that x; =u € P then s(x;) € L.
Otherwise we have {x1 =u,...,xq =u} n P = (&. If there exists j such that x; <>u € P then,
because P is closed under the rule

Xj—™u Xj—u

conv(x;,x;)

we have conv(xj,x;) € P and thus h; is defined (see Equivalence (D.2)) and we deduce
h; € L. Otherwise {x1 =u,...,xy =u,x1 = u,...,xg > u} NP = ¢J and in that case 0 € L.

We consider the memory state (s, h) and the location I such that H is the graph of the
heap h and L = {l}. Let us show that the inclusion dom(h) € Q(s,h) u {I} holds. For this
we show that the three following properties hold:

— dom(h) < {s(x;) | i€ [1,q]} U {h; |3 €[1,q] and b; is defined} U {0};
— {s(xi) i€ [Lal} o {bi | € [1,q] and by is defined} < pO(s, h);
— if 0 € dom(h) then I = 0.

The first property is trivial by definition of H. For the second property, we first notice
that {s(x;) | 7 € [1,q]} € pO(s,h). Then if b; is defined then conv(x;,x;) € P and {x; —
X1,...,%; <> Xq} N P = J by characteristic Property P3 of H. Hence we have (s(x;),h;) €
H and we deduce bh; € h(s({x1,...,%xq})). Finally, if 0 € dom(h) then by characteristic
Property P4 of H we have {x; =u,...,x¢ =u,x1 > u,...,xg >u} nP = (¥ and as a
consequence we get 0 € L by definition of L. Hence [ = 0.

From the three previous properties we deduce dom(h) < pO(s, h) U {l} and hence the
inclusion dom(h) < Q(s, h) U {I} holds.

Let us finally show that for any basic formula B € Basic® we have (s, h) =; B iff B e P.
We proceed by case analysis on B:

if B is x; =x;. Then (s,h) &; x5 = x5 iff s(x;) = s(x;) iff x;, = x; € P by Equivalence (D.1);

if B is x; < x;. Let us first assume (s,h) k=; x; — x; and show x; — x; € P. We have
h(s(x;)) = s(x;) hence (s(x;),s(x;)) € H. By the characteristic Property P2 of H, the
only possibility is that there exists k such that s(x;) = s(xx) and x; < x;, € P. Hence
by Equivalence (D.1), we have xj, = x; € P. But P is closed under the rule

X =X Xj X

X > Xj

hence we derive x; — x; € P.
Let us now assume x; <> x; € P. Then (s(x;),s(xj)) € H by definition of H and thus
(s, 1) L xi = x5

if B is conv(x;,x;). Let us first assume (s, h) ; conv(x;, x;) and show conv(x;, x;) € P. We
have h(s(x;)) = h(s(x;)) = v. Hence {(s(x;),v), (s(x;),v)} € H. By the characteristic
Property P2 of H and Property (D.3), we have two cases:

— v = s(x) and v = s(xy) with {x; > xp,x; > x,} S P. We deduce s(xi) = s(x,) and
thus xx = x» € P by Equivalence (D.1). But P is closed under the rules

X =Xpr X; > Xg Xj > Xp Xj 7 Xp

X; <> Xp conv(x;, X;)

hence we get conv(x;,x;) € P;
— v = b; and v = b; with {conv(x;,x;), conv(xj,x;)} S P. From b; = bh;, we deduce
conv(x;j,x;) € P by Equivalence (D.2);
Now let us assume conv(x;,x;) € P and let us show (s, h) k=; conv(x;,x;). We have two
cases:
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— if x; < x;, € P holds for some k € [1, | then as P is closed under the rule

conv(x;,Xj) X; > X

Xj > X

then x; — x;, € P and {(s(x;),%x),(s(x;),xx)} S H by definition of H. Hence
(s, h) &1 conv(xs, x5);

— otherwise {x; — x1,...,%; > x¢} N P = &. From conv(x;,x;) € P we deduce b; =
h; and conv(xj,x;) € P by Equivalence (D.2). Hence by definition of H we have
{(s(x4),h5), (s(x5),b;)} € H and we conclude (s, h) k; conv(x;, x;);

if B is btwn(xs,%;). Let us first assume (s, h) =; btwn(x;, x;) and show btwn(x;,x;) € P. We
have {(s(x;),v), (v,s(x;))} < H for some v. By characteristic Property P2 of H, we have
two cases:

— v = s(x) with x; < %, € P. From (s(xx), s(x;)) € H we deduce (s,h) k; x; < x;
and thus xi < x; € P (from the earlier case B = xj, < x;). Since P is closed under
the rule

X; > X Xp o Xj
btwn(x;, x;)

we deduce btun(x;,x;) € P;

— v = b; with conv(x;,x;) and {x; — x1,...,%x; — xq} n P = . By character-
istic Property P3 of H and Property (D.3), there is only one possible case for
(bi,s(x4)) € H: there must exist k such that s(x;) = s(x;) and btwn(x;,x;) € P. By
Equivalence (D.1), we deduce x; = x; € P. Since P is closed under the rule

X, =x; btwn(x;,xg)

btwn(x;,x;)

we deduce btun(x;,x;) € P;
Now let us assume btwn(x;,x;) € P and let us show (s, h) ; btwn(x;,x;). We have two
cases:
— either x; <> x;, € P holds for some k € [1,¢]. As P is closed under the rule

x; > X} btwn(x;, x;5)

X Xy

we deduce x, <> x; € P and thus we have {(s(x;),s(xx)), (s(xk),s(x;))} S H by
definition of H. As a consequence, we get (s, h) =; btwn(x;,x;);
— or {x; > x1,...,% > xq} N P = . Since P is closed under the rule

btwn(x;, x;)

conv(x;, X;)

we deduce conv(x;,x;) € P and thus {(s(x;), b:), (bi, s(x;))} € H by definition of H.
As a consequence we derive (s, h) = btun(x;, x;);

if B is toloop(x;). Let us first assume (s, h) k=; toloop(x;) and show toloop(x;) € P. We
have {(s(x;),v), (v,v)} € H for some v € N. By characteristic Property P2 of H, we
have two cases for (s(x;),v) € H:

— v = s(x;) with x; < x; € P. From (s(x;),s(x;)) € H we deduce (s,h) | xj < x;
and thus x; < x; € P (from the earlier case B = x; < x;). Since P is closed under
the rule

X > Xj Xj Xy
toloop(x;)

we deduce toloop(x;) € P;
— v = b; with conv(x;,x;) € P and {x; — x1,...,%; < x4} n P = J. By characteristic
Property P3 of H and Property (D.3), from (h;,h;) € H we deduce toloop(x;) € P;
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Now let us assume toloop(x;) € P and let us show (s,h) =; toloop(x;). We have two
cases:

— either x; < x; € P holds for some for some j € [1,¢]. As P is closed under the rule

x; < x; toloop(x;)

Xj X

we deduce xj <—x; € P and thus we have both (s, h) &=; x;<>x; and (s, h) E; xj —x;
(from the earlier cases B = x; < x; and B = x; — x;). Hence we derive (s,h) k;

toloop(x;);
— or {x; > x1,...,%x; > xg} " P = . As P is closed under the rule
toloop(x;) toalloc(x;)
toalloc(x;) conv(x;,X;)

we also get conv(x;,x;) € P and thus {(s(x;), i), (hi,h:)} S H by definition of H.
Hence (s, h) = toloop(x;);

if B is toalloc(x;). Let us first assume (s,h) =; toalloc(x;) and show toalloc(x;) € P.
We have {(s(x;),v), (v,w)} € H for some v, w € N. By characteristic Property P2 of H,
we have two cases for (s(x;),v) € H:

— v = s(x;) with x; — x; € P. From (s(x;),w) € H we deduce (s, h) =; conv(x;,x;)
and thus conv(x;,x;) € P (from the earlier case B = conv(x;,x;)). Since P is closed
under the rule

x; < x; conv(xj,X;)

toalloc(x;)

we deduce toalloc(x;) € P;
— v = b; with conv(x;,x;) € P and {x; — x1,...,%; = x4} n P = J. By characteristic
Property P3 of H, we have three cases for (h;,w) € H.
— w = s(x;) with btwn(x;,x;) € P. But P is closed under the rule

btwn(x;,x;)
toalloc(x;)

hence toalloc(x;) € P;
— w = h; with toloop(x;) € P. But P is closed under the rule

toloop(x;)
toalloc(x;)

hence toalloc(x;) € P;
— w = 0 and in this case toalloc(x;) € P;
Now let us assume toalloc(x;) € P and let us show (s, h) =; toalloc(x;). We have four
cases:

— either x; < x; € P holds for some j € [1,q]. As P is closed under the rule

x; <> x; toalloc(x;)

conv(xj,x;)

we deduce conv(x;,x;) € P and thus we have both (s,h) k; x; — x; and (s, h) =
conv(xj,x;) (from the earlier cases B = x; <> x; and B = conv(x;,x;)). Hence we
derive (s, h) =; toalloc(x;);

— or {x; = X1,...,% > xg} N P = & and btwn(x;,x;) € P for some j € [1,q]. Then
we have (s, h) k; btun(x;,x;) (from the earlier case B = btwn(x;,x;)). We deduce
(s, h) =1 toalloc(x;);

— or {x;>x1,...,%; > Xq,btun(x;,x1), ..., btwn(x;,xq)} "P = J and toloop(x;) € P.
Then we have (s, h) =; toloop(x;) (from the earlier case B = toloop(x;)). We deduce
(s,h) =1 toalloc(x;);
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— or {x; —x1,...,%; —> Xq, btwn(x;,%1), ..., btwn(x;, xq), toloop(x;)} N P = . Since
P is closed under the rule
toalloc(x;)
conv(x;, X;)

we deduce conv(x;,x;) € P and thus {(s(x;),h:), (hi,0)} S H hence we conclude
(s, h) =1 toalloc(x;);
if B is x; =u. Let us first assume (s,h) ; x; = u and show x; =u € P. We have | = s(x;).
According to the definition of L and Property (D.3), we must have | = s(x;) with
x; =u € P. But then we have s(x;) = s(x;) hence x; = x; € P by Equivalence (D.1). As
P is closed under the rule
X =%X; Xj=u
X =u
we get x; =u € P.
Conversely, if we assume x; = u € P then by definition of L we have s(x;) € L and thus
I = s(x;). As a consequence, we have (s, h) E; x; = u;
if B is x; <> u. Let us first assume (s, h) k=; x; <> u and show x; <>u € P. We have (s(x;),1) €
H. By the characteristic Property P2 of H, we have two cases:
— either I = s(x;) with x; — x; € P for some j € [1,q]. We derive (s,h) E; x; — x;
from the earlier case B = x; < x; and thus we get (s, h) &; x; = u. Hence we have
x; =u € P (from the earlier case B = x; = u). As P is closed under the rule

Xj=U X; > Xj

X; —u

we get x; > ueP;
— or | = h;. But in that case, according to the definition of L and Property (D.3), we
must have x; —>u € P;
Now let us assume x; < u € P and let us show (s, h) =; x; < u. We have two cases:
— either x; =u e P for some j € [1,q]. As P is closed under the rules

X;=1u u=Xx; X;—u

'L1=Xj X,L'HX]'

we get x; <> x; € P. Then we have (s, h) =, x; =u and (s, h) ; x; < x; (from the
earlier cases B = x; =u and B = x; < x;). Hence we deduce (s, h) E; x; — u;
— or {x; =u,...,x¢g =u} N P = J and in that case | = h;. But P is closed under the
rule
XU X U

conv(x;, X;)

hence conv(x;,x;) € P and thus (s(x;),h; =) € H by definition of H. We conclude
(s,h) F1 % — w3
if B is u <> x;. Let us first assume (s, h) =; u < x; and show u < x; € P. According to the
definition of L, for [ € L we have three cases:

— either I = s(x;) with x; =u € P for some j € [1,q]. From (s(x;),s(x;)) € H, using
characteristic Property P2 of H and Property (D.3), we deduce x; < x; € P. But P
is closed under the rule

Xj=u Xj X

u— X;

hence we get u <> x; € P;
— orl = b; with xj—u € P for some j € [1, g]. From (b;, s(x;)) € H, using characteristic
Property P3 of H and Property (D.3), we deduce btwn(x;,x;) € P. Since P is closed

under the rule
xj > u btwn(xj,x;)

u— X;

we get u— x; € P;



74 Stéphane Demri et al.

— or [ = 0. From (0, s(x;)) € H, using characteristic Property P4 of H and Prop-
erty (D.3), we deduce s(x;) = s(x;) and u— x; € P. From Equivalence (D.1) we get
x; =x; € P and as P is closed under the rule

Xj =% U—Xj
u— x;

we conclude u < x; € P;

Now let us assume u < x; € P and let us show (s, h) &=; u<> x;. We have three cases for
leL:
— either | = s(x;) with x; =u e P for some j € [1,¢g]. As P is closed under the rules

Xj=u U=X; Uu—X;

u=x; Xj X4

we get x; < x; € P and thus (s, h) =; x; < x; from the earlier case B = x;j < x;.
We deduce (s, h) =;u > x5

— orl="b; withxj —>uePand {x1 =u,...,xg =u} " P = &. As P is closed under
the rules
Xjou u—x Xj o Xp Xjou
btwn(x;, x;) xp=1u
we get btwn(x;,x;) € P and {x; —>x1,...,%x; > x4} n P = J. Hence by definition of

H we get (h;,s(x;)) € H. We deduce (s, h) F; u— x;

—orl=0and {x1 =u,...,xg =u,x1 > u,...,xg >u} " P = Then (0,s(x;)) € H
by definition of H and we deduce (s, h) =; u <> x;

if Bisu<>u. Let us first assume (s,h) ; u <> u and show u <> u € P. According to the
definition of L, for [ € L we have three cases:

— either | = s(x;) with x; =u € P for some ¢ € [1, ¢]. From the earlier case B = x; =u
we deduce (s,h) =; x; = u. Hence we get (s,h) ; x; — x; and as a consequence
x; < x; € P. But P is closed under the rules

X; =U X; > X; Xi=Uu u—X;

u— x; u—u

hence u<> u € P;

—orl ="bh; withx; >uePand {x1 =u,...xg =u} n P = J for some 7 € [1,q].
We deduce (s,h) E=; x; < u from the earlier case B = x; < u. Hence we derive
(s, h) k=1 toloop(x;) and thus toloop(x;) € P from the earlier case B = toloop(x;).
But P is closed under the rule

x; <> u toloop(x;)

u<—u

hence u <> u € P;
— or!l = 0. Then (0,0) € H and by characteristic Property P4 of H and Property (D.3),
we must have u < u € P;
Now let us assume u <> u € P and let us show (s, h) =; u <> u. We have three cases for
l € L we have three cases:
— either | = s(x;) with x; =u € P for some 7 € [1,q]. As P is closed under the rules

X; =1 u=%Xx; u<—u u=%Xx; X;—u

u=x; X; > u X > X

we get x; <> x; € P hence (s, h) = x; <> x; (from the earlier case B = x; <> x;). Since
I = s(x;) we deduce (s,h) E; u— u;
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— or | =b; with x; > u e P. As P is closed under the rule

X; U u—u

toloop(x;)

we get toloop(x;) € P. From the earlier cases B = x; <> u and B = toloop(x;) we
deduce (s, h) =; x; <> u and (s, h) =; toloop(x;) hence (s, h) = u— u;

—orl=0and {x1 =u,...,xg =u,x1 > u,...,xg > u} N P = . Then (0,0) € H by
the definition of H and we deduce (s, h) E; u— u;

if B is alloc(u). Let us first assume (s, h) k=; alloc(u) and show alloc(u) € P. According
to the definition of L, for [ € L we have three cases:

— either I = s(x;) with x;=u € P for some i € [1, ¢]. We deduce s(x;) € dom(h) and thus
(s, h) k= conv(x;,x;). Using the earlier case B = conv(x;,x;), we get conv(x;,x;) € P.
But P is closed under the rule

x; =u conv(x;,x;)

alloc(u)

hence alloc(u) € P;

— or | = bh; with x; > u € P for some 7 € [1, ¢]. Using the earlier case B = x; < u, we
deduce (s, h) E=; x;<>u and then (s, h) ; toalloc(x;). Hence we get toalloc(x;) € P
(from the earlier case B = toalloc(x;)). As P is closed under the rule

toalloc(x;) x; <—u

alloc(u)

we get alloc(u) € P;
— or | = 0. Then (0,v) € H for some v € N. Using characteristic Property P4 we

deduce {x1 =u,...,xg =u,x1 > u,...,xg > u} NP =F and:
— either v = s(x;) and u < x; € P for some i € [1,q]|. As P is closed under the
rule
u— x;
alloc(u)

we get alloc(u) € P;
—orv=0andu—uePand {u>x,...,u—>xs} "P = . As P is closed
under the rule
u—u
alloc(u)

we get alloc(u) € P;
— or v =2g+ 1 and alloc(u) € P and {u > x1,...,u—>xg,u>u} NP = ;
Now let us assume alloc(u) € P and let us show (s, h) =; alloc(u). We have three cases
forle L:
— either | = s(x;) with x; =u € P for some 7 € [1,¢q]. As P is closed under the rules

X =1u u=1x; alloc(u)

u=x; conv(x;,X;)

we get conv(x;,x;) € P and thus (s,h) =; conv(x;,x;) from the earlier case B =
conv(x;,x;). Hence | = s(x;) € dom(h) and we deduce (s, h) =; alloc(u);
— orl=bh; withx; >uePand {x1=u,...,xg =u} n P = &. As P is closed under
the rules
x; —u alloc(u)
toalloc(x;)

we get toalloc(x;) € P. We derive (s, h) = x; <> u (from the earlier case B = x; <>u)
and (s,h) ; toalloc(x;) (from the earlier case B = toalloc(x;)). Hence we get
(s, h) E; alloc(u);
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—orl=0and {x1 =1u,...,x¢g =u,x1 —1,...,xq > u} N P = . We consider three
cases:

— either u <> x; € P holds for some ¢ € [1,¢]. In this case, (0,s(x;)) € H by
definition of H and we get (s, h) k= alloc(u);

—or {u>x1,...,u>xq} " P = J and u > u € P. In this case, (0,0) € H by
definition of H and we get (s, h) =; alloc(u);

— or {u—>x1,...,u—>xg, u—u}nP = . In that case (0,2¢ + 1) € H by definition

of H and we get (s, h) =; alloc(u). o

Proposition D.1 Let ¢ > 1. Let s be a store, h1 and ha be two heaps and I be a location.
We assume that Q(s,h1) v {l} = Q(s,h2) U {l} and that h1 and hy are identical maps on
that subset of locations. Then (s, h1,l) ~} (s, ha,l).

Proof Let us denote D = Q(s,h1) u {l} = O(s, ha) U {l}. We show that (s, h1) =; B implies
(s, h2) =1 B by case analysis on B:

B is x; = x;: if (s, h1) F; x5 = x5 then s(x;) = s(x;) and thus (s, h2) F; x; = x5

B is x; — x;: if (s,h1) F; x; < x; then h1(s(x;)) = s(x;). Hence s(x;) € ref(s,h1) < D and
we deduce ha(s(x;)) = h1(s(x;)) = s(x;). We conclude (s, h2) = x; < x;;

B is conv(x;,x;): if (s,h1) k= conv(xs, x;) then h1(s(x;)) = h1(s(x;)). Hence we have the in-
clusion {s(x;), s(x;)} € D and we deduce ha(s(x;)) = h1(s(x;)) = h1(s(x;)) = ha(s(x;)).
We conclude (s, h2) ; conv(x;, x;);

B is btun(x;, x;): if (s,h1) E; btwn(xs,x;) then hi(hi(s(x;))) = s(x;). Hence we have
{s(x:), h1(s(xi))} € D and we deduce ha(ha(s(x;))) = ha(h1(s(x;))) = h1(h1(s(x;))) =
s(xj). We conclude (s, h2) = btun(x;, x;);

B is toalloc(x;): if (s,h1) E; toalloc(x;) then hi(s(x;)) € dom(h;). Hence we get the
inclusion {s(x;),h1(s(x;))} € D. Then h; and hg have the same value at s(x;) hence
ha(s(xi)) = h1(s(x;)) = u. But h1 and he must also have the same value on v € D, hence
h2(u) must be defined (and equal to hi(u)) and we deduce ha(s(x;)) = u € dom(hz2).
We conclude (s, ha) =; toalloc(x;);

B is toloop(x;): if (s,h1) E; toloop(x;) then hi(hi(s(x;))) = hi(s(x;)). Hence we get
{s(xi), h1(s(xi))} € D. We deduce ha(ha(s(x;))) = ha(hi(s(xi))) = hi(hi(s(xs))) =
h1(s(xi)) = ha(s(x;)). We conclude (s, h2) k= toloop(x;);

Bisu—uw if (s,h1) E; u—u then hi(l) = 1. Asl € D, we deduce ha(l) = h1(l) =1 and
we conclude (s, h2) E; u—u;

B is alloc(u): if (s, h1) = alloc(u) then | € dom(hi). As | € D, we deduce | € dom(hz)
and we conclude (s, h2) =; alloc(u);

Bis x; =u: if (s,h1) = x; =u then s(x;) =1 and we conclude (s, h2) =; x; = u;

Bis x; —>w if (s,h1) E=; x; — u then hi(s(x;)) = I. Then s(x;) € D and we deduce
ha(s(xi)) = h1(s(x;)) = . We conclude (s, h2) E; x; — u;

Bisu<— x;: if (s,h1) E; u <> x; then hi(l) = s(x;). As l € D, we deduce ha(l) = hi1(l) =
s(x;) and we conclude (s, h2) E; u <> x;. ]

Proposition 5.5 Let ¢ > 1. Let s:V — N be a store, h: N — N be a heap and l € N be a
location. Let (p1,...,pq, 1, r) be a cardinality assignment such that:

s(x;) = s(x;) implies p; = p; for all i,5 € [1,q];
card(prede; (s, h, 1)) < p; for any i € [1,q];
card(loopg(s, h)) < I;

card(remg (s, h)) <.

Bt o~

There exists a heap h' such that:

— (8,h,1) =3 (s,1,1);

card(predg (s, h', 1)) = p; for any i€ [1,q];
— card(loopg (s, h')) = I;

— card(remg(s, h')) =r.
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Proof Let us define i = min{j € [1,q] | s(x;) = s(x;)} for every i € [1, q], m = maxval(s, h, 1),
n = max{p1,...,pg,|,r}, pj = p; — card(predeg(s, h,i)) for every i € [1,q], V
card(loopg (s, h)) and r' = r — card(remg (s, h)). We define b’ by the following rules:

— h/(u) = v when u < m and h(u) = v;

— h(u)=vwhenu=m+2+in+d, v=s(x),i€[l,q], 1 <d<p;

— hW(u)=vwhenu=m+2+(¢g+1)n+d,v=uvand 1l <d</;

— Wu)=vwhenu=m+2+(¢+2)n+d,v=m+land1<d<r.
Then it is easy to check that h’ is a heap that satisfies the following properties:

— Q(s,h') = Q(s,h) and thus O(s,h') u {I} = O(s,h) U {l};

— the restrictions of h and ' to O(s, h) U {l} are identical maps;

— predg (s, b/, i) = predeg (s, h, i) w [m +2 +in+ 1,m + 2 +in + p];

— loopg(s,h') = loopg(s,h) w [m+2+ (g +2)n+1,m+2+ (¢+2).n+1];

— remg(s, h') = remg(s,h) w [m+2+ (¢ +2)n+1,m+2+ (¢+2).n+r]

/

Hence the cardinality identities card(preds (s, h',4)) = p; for i € [1, ], card(loopg (s, h')) = |
and card(remg (s, h')) = r are obvious. The basic equivalence (s, h,1) >~} (s', b/, 1) comes from
Proposition D.1 (page 76 in Appendix D). [}

Proposition 5.7 If the conjunction of the formule in BT U =B~ U S is satisfiable then
the triple (BT,B™,S) is n-consistent for any n € {1, 2, 3}.

Proof Let us first prove the result for l-consistency. Let us fix a triple (B*¥,B~,S) and
consider a memory state (s, h) and a location [ such all the formulee in BT U =B~ U S are
satisfied in (s, h,1). Let us show that Conditions C1.1-4 hold:

C1.1 no formula in B~ is satisfied in (s, h,!) and by Proposition 5.1, all the formulae of
cl(BT) are satisfied in (s, h,l). Hence we deduce B~ n cl(Bt) = (;

C1.2 if x; = x; € cl(BY) and {# predg(x;) > a, ~# predg(x;) = b} S S then we deduce
s(x;) = s(x;), card(predg (s, h,i)) = a and card(predg(s, h, j)) < b. But s(x;) = s(x;)
implies predg (s, h,i) = predg(s, h, j) hence a < b;

C1.3 if {# loopg = a, ~# loopg; = b} S S then the relations card(loopg(s,h)) = a and
card(loopg(s, h)) < b hold hence a < b;

Cl.4 if {#rems > a, ~F#remg>=b} S S then the relations card(remg(s,h)) = a and
card(remg (s, h)) < b hold hence a < b.

Let us prove the result for 2-consistency. Let us fix a triple (B™,B™,S). Let us consider
a memory state (s, h) and a location | such all the formulee in B¥ U =B~ U S are satisfied
in (s, h,1). We have already established that (B*,B™,S) is 1-consistent in this case. Let us
show that Conditions C2.1-2 hold.

C2.1if {x;=xj,u>x:} S cl(B") and —# prede;(x;) = 1 € S then we deduce s(x;) = s(x;),
h(l) = s(x;) and card(predg;(s, h, j)) < 1. But then h(l) = s(x;) hence [ € pred(s, h, j).
From predg (s, h, j) = & we derive | € predo (s, h, j) hence I € Q(s, h) < s(V) U h(s(V)).
Hence (s, h, 1) satisfies at least one formula B € Eq, uToy. We deduce that all the formulee
of BT U {B} U =B~ US are satisfied in (s, h,l) hence (B¥ U {B},B~,S) is 1-consistent;

2.2 ifusu € cI(B) and —# loopg; = 1 € S then we have h(l) = I and card(loopg (s, h)) <
1. From loopg (s, h) = & and I € loopg (s, h) we deduce I € V(s, h) < s(V) U h(s(V)).
Hence (s, h, 1) satisfies at least one formula B € Eq, uToy. We deduce that all the formulee
of BT U {B} U =B~ US are satisfied in (s, h,l) hence (B* U {B},B~,S) is 1-consistent;
Let us prove the result for 3-consistency. Let us fix a triple (B*,B~,S) and consider a

memory state (s,h) and a location [ such all the formulse in B* U =B~ U S are satisfied
in (s, h,l). We have already established that (B*,B™,S) is 2-consistent in this case. Let us
show that Condition C3.1 holds: if alloc(u) € cl(P) and —# remg; > 1 € S then | € dom(h)
and remg(s, h) = . Hence by Lemma 2.6, either | € O(s, h) or | € predg (s, h,) for some
i € [1,q] or I € loopw(s,h). As a consequence, (s,h,l) satisfies at least one formula of
B € Eq, U Toy U Fmy U {u<>u}. We deduce that all the formulee of BT U {B} U =B~ US are
satisfied in (s, h,l) hence (BT u {B},B~,S) is 2-consistent. o



78 Stéphane Demri et al.

Proposition 5.8 If the triple (BT,B™,S) is 3-consistent then the conjunction of the for-
mule in BY U =B~ US is satisfiable.

Proof Let us first consider the case where (B*,B~,S) is 1-consistent (which is the weak-
est of the assumptions of 1-, 2- or 3-consistency). We define a cardinality assignment
(P1’~-~7Pq7|,r) by:

pi = max{a | Ik € [1,q], xi =x, € cl(BT) A #preds(xx) =a €S} forie[l,q]
| max{a ! # loopg > a € S}
r= max{a ! #remm >ac€ S}

where we assume max(() = 0. Since (BT,B™,S) is 1-consistent, we check that the following
properties hold for any a € N and all 4,5 € [1,q]:

(PO) if x; =x; € cl(BT) then p; = py;

(P1) if # predg(x;) = a €S then p; > a; (P2) if ~#preds(x;) =a€S then p; < qg;
(P3) if # loopy = a €S then | > a; (P4) if =# loopg = a €S then | < q;

(P5) if # remz >a €S then r > q; (P6) if =#f rems >a €S then r < a.

Property (P0) let us assume x; = x; € cl(B') and let us show p; < p;. Let a € N and
k € [1,q] be such that x; = x; € cl(BT) and # predg(xx) = a € S. Let us show a < pj.
Since cl(B*) is closed under rules

Xl‘:Xj X]‘:Xi X; = Xk

Xj =X Xj = Xk

we deduce x; =xi, € cl(BT). Hence by definition of p; (max), we get a < p;. We conclude
p; < p;. The relation p; < p; is derived directly because x; = x; € cI(BT) holds as well;

Property (P1) if # predg(x;) > a € S then, as cl(BT) is closed under rule

X = X4

we deduce x; = x; € cI(B") and thus a < p; by definition of p;;
Property (P2) let us assume —# predg(x;) > a € S and let us show p; < a. Hence, let
b e Nand k € [1,q] be such that x; = x; € cl(BT) and # prede(xx)>b € S and
let us show b < a. From x; = x3 € cl(Bt) we deduce x; = x; € cl(Bt). As we also
have {# predg(xx) = b, ~# predg(x;) = a} € S, by Property C1.2 (which holds for 1-
consistency) we deduce b < a. We conclude p; < a;

Property (P3) if # loopg = a € S then by definition of | we have a < I;

Property (P4) let us assume —# loops = a € S and let us show | < a. Hence, let b € N be
s.t. # loopy = b € S and let us show b < a. We have {# loopy = b, =# loopy = a} S S
hence by Property C1.3 we deduce b < a. We conclude | < a;

Property (P5) if # rems > a € S then by definition of r we have a <r;

Property (P6) let us assume —# remg > a € S and let us show r < a. Hence, let b € N be such
that # rems > b € S and let us show b < a. We have {# remg > b, ~# rems > a} € S
hence by Property C1.4 we deduce b < a. We conclude r < a.

From Property (P0), we deduce that in the pre-canonical model (s, h,l) of cI(BT), if s(x;) =
s(x;) then p; = p; by Proposition 5.3.

Now we show that the conjunction of the formulz in BT U =B~ U S is satisfiable if one
of following properties hold:

(S1) if (B*,B™,S) is 1-consistent and either alloc(u) ¢ cl(B*) or (Eq, uTou) ncl(B1) 5 &F;
(S2) if (B*,B™,S) is 2-consistent and (Eq, U Tow U Fmy U {u<=>u}) ncl(BT) # &;
(S3) if (B*,B7,S) is 3-consistent.
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Let us show (S1). We assume that (B*,B~,S) is l-consistent and either alloc(u) ¢
cl(BT) or (Eq, U Toy) ncl(B*) # & hold, and we show that BT U —B~ US is satisfiable. We
consider the canonical pre-model (s, h, 1) of cl(B*); see Proposition 5.3. If alloc(u) ¢ cl(B*)
holds then [ ¢ dom(h); and if (Eq, U Tou) ncl(B*) # ¢ holds then I € pQ(s, k). As dom(h) S
Q(s, h) U {l}, under any of the two hypothesis alloc(u) ¢ cl(B*) or (Eq, U Tou) ncl(BT) # &
we have dom(h) € O(s, h). Hence predg (s, h, i) = loopg(s, h) = remg (s, h) = J for any i €
[1, ¢]. Using Proposition 5.5 with Property (P0), there exists a heap h’ such that (s, h,l) ~
(s,h',1) and card(prede (s, h’,4)) = p;, card(loopg(s,h’)) = | and card(remg (s, b)) = r.
By Properties (P1-6), we derive that (s, h’,l) satisfies all the formulae of S. For instance,
if —=# loops; = a € S then by (P4) we have card(loopg(s,h')) = | < a and thus (s, k')
—# loopg > a. From (s, h,1) > (s,h’,1), B~ ncl(BT) = & and Proposition 5.3, we deduce
that (s, h’, 1) satisfies all the formulee of B¥ U —B~. Hence the conjunction of BT U =B~ US
is satisfiable.

Let us show (S2). We assume that (B*,B™,S) is 2-consistent and (Eq, U Toy U Fmy U
{u—u})ncl(BT) # & and We show that BT U—B~ US is satisfiable. We can further assume
that alloc(u) € cI(B™) and (Eq, U Toy) n cl(BT) = & because otherwise, as (B*T,B™,S)
is 1-consistent, by Property (S1) we already have that B* U =B~ U S is satisfiable. Hence
have either Fmy ncl(B*) # & or u=>u e cl(B):

— if ues x; € cI(BT) for some i € [1,¢g]. In the canonical pre-model (s, h,l) of cI(BT), we

have [ € predg (s, h,4). But since dom(h) < (s, h) U {I}, we deduce predg (s, h, j) = {I}

if s(x;) = s(xj), predg(s, h, j) = & if s(x;) # s(x;) and loopg (s, h) = remg(s, h) = .

We consider two sub-cases depending on {—#predg(x;) =1 |x; =x; €cl(BT)} nS:

— if {—#predg(x;) =1 | x; =x; € cI(BY)} n'S = . Then let us define a new
cardinality assignment (p/, ..., p},l,r) by pg. = max(1, p;) if x;=x; € cl(BT), p; =p;
if x; =x; ¢ cl(BT). Let us show that (p},..., p:], I,r) satisfies the requirements of
Proposition 5.5 for the canonical pre-model (s, h,1) of cl(B*): s(x;) = s(x)) implies
xj = x, € cl(B") implies p; = pj implies p;. = pj, for any j,k € [1,q]; if x; =x; €
cl(BT) then card(predg(s, h, 7)) = 1 < max(l,p;) = pj; if x; = x; ¢ cl(B*) then
card(predg (s, h, j)) = 0 < p; card(loopg (s, h)) = 0 < I; card(remg(s, h)) =0 <.
Using the cardinality assignment (p/, ..., pfp I,r), we extend the canonical pre-model
(s, h,1) of cI(BT) using Proposition 5.5 and we get a heap h’ such that (s, h,l) ~
(s,h,1), card(predg (s, b, §)) = max(1,p;) if s(x;) = s(x;), card(predg (s, h', 7)) =
pj if s(xi) # s(x;), card(loopg(s,h')) = | and card(remg (s, h’)) = r. From the
equivalence (s, h,l) ~; (s,h’,1) we deduce that (s,h’,l) satisfies all the formulse of
Bt U —B™. Let us check that (s, h/,1) satisfies the formulee of S:

o if #preds(x;) =a € S then by Property (P1) we have a < p; < p;- =
card(predg (s, b/, 7)), hence (s, h') k) # predg(x;5) = a;

o if =#predg(x;) > a € S then either x; = x; € cI(B*) in which case a > 1 and
thus card(predg (s, h',j)) = max(1,p;) < a by Property (P2), or x; = x; ¢
cl(BT) in which case card(prede (s, k', j)) = p; < a by Property (P2). In any
case we have (s, h') ) —# predg(x;) = a;

e if #loops = a € S then by Property (P3) we get card(loopg(s,h')) = 1= a,
hence (s, h’) ) # loopg = a;

e if =# loopg > a € S then by Property (P4) we get card(loopg(s, k') =1 < a,
hence (s, h’) F; —# loopg = a;

o if #remg >a € S then by Property (P5) we get card(remg(s,h')) = r > a,
hence (s, ') ) # remg = a;

o if —~#rems > a € S then by Property (P6) we get card(remg(s, b)) =r < a,
hence (s, ') ) ~# remg = a;

We deduce that (s, h’,1) satisfies the conjunction of the formulee of Bt U =B~ U S;

— if {—#predg(x;) =1 | x; =x; € cl(BT)} nS # . Then there exists some j € [1, q]
such that —# predeg(x;) > 1 € S and x; = x; € cl(BT). Then by Condition C2.1,
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(BT u {B},B7,S) is 1-consistent for some B € Eq, U Toy. By Property (S1), we
deduce that the conjunction of the formulae of B¥ U {B} U =B~ U S is satisfiable.
Hence the conjunction of the formulz of BT U =B~ U S is satisfiable as well;

— if u > u € cl(B"). In the canonical pre-model of cl(BY), we have predg (s, h,i) =
remg(s, h) = & for any i € [1,¢] and loopg (s, h) = {l}. We consider two sub-cases:

— either —# loops; > 1 ¢ S. As earlier, we extend the canonical pre-model (s, h,1)
under the cardinality assignment (p1,. .., pg, max(1,l),r) using Proposition 5.5 and
we get a heap h' such that (s, h,l) ~ (s,h,1), card(predg (s, h',4)) = p; for any
i € [1,q], card(loopg; (s, h’)) = max(1,l) and card(remg(s, h')) = r. We can then
show that (s, h’,l) satisfies the conjunction of the formulae of BT U =B~ U S;

— or —#loopg =1 € S. Then by Condition C2.2, (B u {B},B™,S) is 1-consistent
for some B € Eq, u Tou. By Property (S1), we deduce that the conjunction of the
formulee of BT U {B} U =B~ US is satisfiable. Hence the conjunction of the formulse
of BT U =B~ U S is satisfiable as well.

Let us finally show (S3). We assume that (B™,B™,S) is 3-consistent and we prove that
the conjunction of the formulse of B* U =B~ U S is satisfiable. We further assume that
alloc(u) € cl(B*) and (Eq, U Toy U Fmy U {u = u}) n cl(B*) = & because otherwise
we can either apply Property (S1) or Property (S2). Hence in the canonical pre-model
(s,h,1) of cI(BY), we have | € remg(s, h). But since dom(h) = (s, h) U {I}, we deduce
predg (s, h,i) = & for any i € [1,q], loopg(s,h) = & and remg (s, h) = {I}. We consider
two cases:

— either —#remz>1 ¢ S. As earlier, we extend the canonical model (s, h,1l) under
the cardinal assignment (p1,...,pq,|, max(1,r)) using Proposition 5.5 and we get a
heap h’ such that (s,h,l) =~ (s,h’,1), card(pred(s,h’;7)) = p; for any i € [1,q],
card(loopg(s, h')) = | and card(remg (s, h')) = max(1,r). We deduce that (s, h’,[) sat-
isfies the conjunction of the formulae of BT U —-B~ U S;

— or —~#remg > 1 € S. Then by Condition C3.1, (BT u{B},B~,S) is 2-consistent for some
B € Eq, U Toy U Fmy U {u < u}. By Property (S2), we deduce that the conjunction of
the formulee of BT U {B} U =B~ US is satisfiable. Hence the conjunction of the formulse
of BT U =B~ U S is satisfiable as well. [}



