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General presentation of the topic. The internship is about computability the-

ory over the real numbers (and not algorithmic geometry). More specifically, it is
about computability of simple geometrical figures of the plane. A subset of the
plane is semi-computable if there is a program that semi-decides membership of a
point to the set. Equivalently a set is semi-computable if there is a program that
at each scale progressively fills the set on the screen (but we never know when
the coloration is finished). For instance some sets appearing in complex analysis
(Julia sets) are semi-computable but not computable. The goal is to understand
what it means for a simple geometrical figure, such as a filled triangle, to be semi-
computable.

Objective of the internship. The stronger notion of a computable subset of
the plane is better understood. A set is computable if there is a program that draws
a pixelized version of it at any scale on a screen. A filled polygon is then com-
putable if and only if its coordinates are computable real numbers. However such
a characterization is lacking in the case of semi-computable geometrical figures.
Many questions arise and will be studied during the internship:

• How is the semi-computability of a triangle reflected in its coordinates?

• Is it possible to have a parametrization of triangles in such a way that the
semi-computable triangles are exactly the triangles with semi-computable
parameters (a real number x is semi-computable from below if there is a
program semi-deciding q < x for rational numbers q)?

• If it is possible, what is the minimal number of parameters?
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• What about other geometrical figures, such as disks?

Concepts from advanced computability theory will naturally come in when
studying this problem.

Bibliographic references. The article [2] is an introduction to computability
on the real numbers and in analysis. The article [1] studies several notions of
computability of real numbers, including semi-computability. The historical article
[3] is at the foundation of computer science and defines for the first time what
“computable” means. The articles can be provided on demand.

Expected ability of the student. The student should show interest in com-
putability theory, notions of decidable and semi-decidable set, and applications to
analysis. The student should be motivated in learning some topics in advanced
computability theory. The topic of the internship is not algorithmic geometry: we
work with exact real numbers rather than truncated ones, and we are not concerned
with complexity of the underlying algorithms.
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