Technical documentation of the WW-M-SVM

December 18, 2023



Contents
1 Introduction
2 Theoretical framework

3 Training the machine
3.1 Analytical expression of the primal . . . . ... ... .....
3.2 Analytical expression of the dual . . . . . ... ... .....

4 Assessment of the machine
4.1 Computation of the primal variables . . . . ... ... .. ..
4.2  Computation of the objective functions . . . . . ... .. ..

5 Solving the dual problem
5.1 The Frank-Wolfe algorithm . . . ... ... ... ... ....
5.2 Application to the WW-M-SVM . . . . ... ... ... ...
5.3 Applying a decomposition method to the algorithm . . . . . .



1 Introduction

This technical documentation describes the implementation of the multi-
class SVM (M-SVM) introduced by Weston and Watkins (WW-M-SVM)
[9]. This machine can be seen as an instance of the generic model described
in [6].

2 Theoretical framework

Let us consider a @-category pattern classification problem, with ¢ > 3.
We make the hypothesis that the covariates x live in a domain X. The set
of categories ) is identified with the set of indexes of the categories, i.e.,
[1,Q] (no structure is assumed on Y). Let d,,, = {(xs,y:) : 1 < i< m} be
a set of m labelled examples (d,, € (X x V)™). Let k be a real-valued posi-
tive type function/kernel [1] on X2 and let (H,, (., >HH) be its reproducing
kernel Hilbert space (RKHS). The architecture considered to perform the
discriminant analysis, i.e., the function class H on which function selection
is performed based on d,, is the set of functions h = (hg);<j<q from X into
R€ given by:

Ve e X, h(z) = ((hi, Ka)y, +b’f)1gng’
where (hy), o € HY and (by); e € RY.

We denote R?™ (d,,,) the subset of R®™ made up of the vectors v =
(vt)1<t<Qm satisfying: (U(i—l)Q‘*‘yi)lgigm = 0,,. For the sake of simplicity,
the components of the vectors of R¥™ (d,,,) are written with two indices,
i.e., v in place of v(;_1)g4x, for i in [1,m] and k in [1,Q]. For n in N*,
let M, ,, (R) be the algebra of n x n matrices over R. Let Mg om (dm)
be the subset of Mgm om (R) made up of the symmetric matrices M =
(mtu)ngQm satisfying: Vj € [1,m], (mt’(jil)Q+yj)1<t<Qm = 0gm.- Once
more for the sake of simplicity, the components of the matrices of Mom,om (dm)
are written with four indices, i.e., m j in place of m(;_1)Q4#,(j—1)Q+1> for
(i,7) in [1,m]? and (k,1) in [1, Q]



3 Training the machine

3.1 Analytical expression of the primal

The training set d,, being given, The optimal hyperplanes are solution of
the following quadratic programming (QP) problem:

Problem 1
min h +C i
hEH, EERQ™ (d,y,) { ZH kHHn ;;516}
subject to:
By (w5) — i (5) > 1= Gy — & (1 <i<m), 1<k <Q)
Sik 2 0 (1<i<m), 1<k<Q)”’

where § is the Kronecker symbol and the parameter C' (the soft margin pa-
rameter), specifies the desired trade-off between training performance and
capacity control. Its value, fixed a priori, is taken in (0, +oc]. The objec-
tive function, hereafter denoted J,, can be directly connected to a result of
uniform convergence of the empirical risk (see for instance [5]).

Solving Problem 1 amounts to finding a saddle point of the following
Lagrangian function:

=1 k=1

m Q m Q
- Z Zaik {hy, (i) = hg (23) — 1+ 0y, ke + ik} — Z Zﬁik&k

i=1 k=1 i=1 k=1
where a € Rgm (dm) and B € ]R(jgm (dm,) are the vectors of the Lagrange
multipliers. For technical reasons, among which the fact that the RKHS
can be infinite-dimensional, Problem 1 is solved in the form of its Wolfe
dual.
3.2 Analytical expression of the dual

At the optimum, the gradient of the Lagrangian function with respect to
the primal variables is null. As a consequence:
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and thus:

BZ = Z Za;(l’iﬂﬁi - Z O‘;(k’id?i (1<k<Q). (1)

{iyi=k} I#k {i:yi#£k}
Note that a consequence of Equation (1) is that 22:1 hi = Og,.. Similarly,

O L et a8 =0 A<k <Q)
Oby,

and consequently:
Yoo Dai— Y ak=0(1<k<Q).
{iy;=k} I#k {i:yi#k}
From

0
Ok,

L(h* & a",B")=0 (1<i<m), 1<k<Q), k#y
we get:
a+ B =C, (I<i<m), (1<k<Q), k#yi,
with the consequence that
ay € (0,0) = b; —bp=1- (ﬁ;z — Ez,nm)H . (2)

These equations make it possible to eliminate the primal variables in the
expression of the Lagrangian function at the optimum. This gives us the
expression of the objective function of the dual problem (objective function
to be minimized):
1
Ja(a) = iaTHa —15 a,

where H = (hix ;i)

eral term

L<i j<mA<hI<Q is the matrix of Mg, om (dm) with gen-

hikjt = (Oyi; — Oyet = Oy + Ont) K, ) (3)

and 1g, is the vector of R®P™ (d,,) of general term 1;, = 1 — Oy, k- The
expression of the dual problem is thus the following one:

Problem 2
min  Jy(a)
a€RY™ (dm)
subject to:
{OéaikéC’ (1<i<m), 1<k<Q)
E{i:yizk} El;ﬁk Q4 — Z{zyﬁék} i =0 (1 Sk<@Q-— 1)
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4 Assessment of the machine

The assessment of the machine involves the computation of the values of the
primal variables and the two objective functions (to check that the duality
gap is indeed negligible).

4.1 Computation of the primal variables

The analytical expression of the components of vector h* = (?L’,;)l <h<Q is
provided by Formula (1). The value of the vector b* = (b;), ;o can be
derived from the Karush-Kuhn-Tucker (KKT) conditions (Formula (2)), by
means of the computation of the gradient of the objective function of the dual
problem. The algebraic expression of this gradient is VJy(o) = Ha — 1gm

(so that it belongs to R®™ (d,,)). Its components are given by:

Wb € [Lm] x [1LQL 5o—Ja(e) =

2

ST k(g z)— D agyklagm)— Y > k(@ z)+ Y ek (@, ) +0y, 5~ 1.

{5wi=y:} Fui {57y} {iy=k} l#k {5y, #k}
Combining this formula with Formula (1) produces at the optimum
0

\V/(Z,]C) S [[Lm]] X [[LQ]]? Ja (Oé*) = <B*Z o _Z)I{CEJHN + 5yi,k -1, (4)

80% 4
whose substitution into Formula (2) finally provides the desired expression
of the components of vector b*:

ol € (0.C) = b, — b = _aoi,;’d () (5)

(keeping in mind that without loss of generality, we can enforce the con-

straint Zgzl b; = 0). With the vectors h* and b* at hand, the value of

the vector £* is obtaine once more through a direct application of the KKT
conditions:

o = O = & = (1+ h (z7) — b, (22)) , (6)

4.2 Computation of the objective functions

The quadratic terms of both functions are equal, i.e.,

Q
> Ihil, = o™ Ha'.
k=1



5 Solving the dual problem

To solve the dual problem, one can use the Frank-Wolfe algorithm [4]. The
principle of this linearization method is the following;:

5.1 The Frank-Wolfe algorithm

We are interested in problems with linear constraints of the form:

mtin f(t)
subject to:
At=1b
t>0 -
The method is iterative and generates, starting from a feasible solution ¢(©),
a series of points t© @ ¢ where, for each n, t"tD) is deduced

from t(™ as follows:

(1) solve the linear programming (LP) problem LP(t(™) given by:

ngn{VfumnTu}

Au=1b
u>=0
(2) Let u(™ be an extreme point of the polyhedron which is an optimal

solution of LP(t(). Then t™*V is chosen so as to minimize f on the
interval [t(”),u(")].

subject to:

5.2 Application to the WW-M-SVM

Applying this algorithm to train the WW-M-SVM raises no difficulties. One
can for instance choose a9 = 0Qm- The linear program to be solved is:

Problem 3
rgin {VJd(a(”))TW}
YERE™ (dm)
subject to:
0< i <C (1<i<m), 1<k<Q)
{ Z{i:yi:k} zl;ﬁk Vil — E{i;yﬁék} k=0 (1<k<Q-1)
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with .
VJy(@™) Ty = o Hy = 1,,7.

Let 0™ ¢ [0, 1] be the coefficient of the optimal convex combination between
a™ and 7(”), ie.,

o) = Argmingeg 1)Ja <(1 —0)a'™ + 07(")) .

The analytical expression of #(™ can be obtained as follows:

Ja (1= 0)a™ + 67 =

% {(1 —0)a™ + 97(”)}TH {(1 —0)a™ + 97(")}—1Tm {(1 —0)a™ + 97(")} .

389 Iy ((1 —f)a™ ¢ gv(m) -9 {7(n> _ a(n)}T H {7(n> _ a<n>}+v Ja(a™T {7(") _ a(n)} ,
In the non degenerate case where v #£ (") the derivative considered is an
affine function of  with a positive slope. According to the definition of v,
its intercept is nonpositive. Thus, the single value for which the derivative
is null is nonnegative. However, it can be superior to 1. In that case, the
optimal value of 6 on [0, 1] is simply 1. This finally gives us:

00 — in T (0 o} ]
(v — am}" H {70 — o}’

5.3 Applying a decomposition method to the algorithm

The main difficulty met when one tries to solve the dual problem, let it
be with the Frank-Wolfe algorithm or other standard methods, rests in the
handling of the Hessian matrix H. Equation (3) shows that its components
are simple multiples of the components of the Gram matrix K € M, ,(R),
of general term k;; = k(x;,2;). In the case of real-world problems, this
latter matrix can be huge, to an extent that it can fail to fit in memory.
Furthermore, its computation can be time consuming. A way to bypass
this difficulty consists in applying to the algorithm chosen a decomposition
technique. This approach was already applied in the early works dealing
with SVMs, works exposed in [2]. The chunking method used was the one
described in [8], Addendum I, in the particular case of a linear model. The
main decomposition techniques introduced afterwards are all based on the
solution of the dual problem in the case when the value of some of (most



of actually) the variables are fixed. Hereafter, this case is considered in a
general way.

Without loss of generality, we assume that the optimization is performed
with respect to the dual variables associated with the Np first points in the
training set, the dual variables associated with the Ny = m — Np last points
being fixed. The objective function can then be decomposed as follows:

T
J (Oé) _ 1 ap HBB HBH ap B 1T ap
d 2\ ayg Hyp Hpn of m\ ag )’
This functional can still be rewritten as:

1 1
Jd(a) = 50%1‘]330{3 — (1gNB — ongHB)ozB + QCKI];HHHQH — 15NHC¥H.

We have thus:
VJi(ap) = Hppap + Hpnap — 1oy, = ( Hps Hpr ) o — 1gn,.

It springs from this last equation that the expression of the gradient of the
objective function of the dual problem with respect to the free variables is
unchanged. In practice, in the framework of the implementation of the basic
Frank-Wolfe algorithm, the Hessian matrix H or the Gram matrix K appear
at three different levels:

1. initially, K is computed, which provides us with H;

2. at each iteration, the computation of the gradient makes use of the
computation of Ha (k)

3. at each iteration, the computation of 8%) is based on the computation

of
{7<n) _ a<n>}T I {,Y(m _ a(n)} '

With the implementation of a decomposition method, the computation of
Hpgr, or more precisely Kppr, becomes useless. The aforementioned stages
are replaced with the following ones:

1. after each split of the training set, Kpp and Kpj are computed;

2. for a given split, the Frank-Wolfe algorithm requires one single initial
computation of Hggyay;



3. for a given split, at each iteration of the Frank-Wolfe algorithm, the
computation of the gradient makes use of the computation of Hp Bag) ;
4. for a given split, at each iteration of the Frank-Wolfe algorithm, the
T
computation of 8™ is based on the computation of {7](;) — ag)} Hpp {’yg) — ag) }
One can readily point out the gain in terms of computation and memory
requirements made at each step (update of vector «), gain which is balanced
by the fact that the number of steps increases (it is a priori all the higher
as the number of free variables is lower). A decomposition method is ut-
terly specified by the algorithm computing the working set for the different
iterations. Many such algorithms can be found in literature. The interested
reader will find detailed overviews on the subject in Chapters 10, 11 and 12
of [7], as well as Chapter 7 of [3].

Acknowledgments Thanks are due to W. da Rocha for carefully reading
this documentation.
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