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Abstract

In this paper, we show that the worst-case combinatorial complexity of the set of maximal
non-occluded line segments among n unit balls is ©(n?). This improves on the trivial Q(n?)
and O(n*) bounds and also on the (n?) lower bound for the restricted setting of arbitrary-size
balls [Devillers and Ramos, 2001].

We also prove an 2(n3) lower bound on the complexity of the set of non-occluded lines
among n balls of arbitrary radii, improving on the trivial Q(n?) bound. This new bound is
however not known to be tight as the only known upper bound is the trivial O(n*) bound.
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1 Introduction

Given a set of objects in R3, a line in R3 is said to be free if it does not intersect the interior of any
object (we assume here that all objects have a non-empty interior). A mazimal free line segment is
a (possibly infinite) segment that does not intersect the interior of any object and is not contained
in any other segment satisfying the same property. We are interested here in the combinatorial
complexity of the space of free lines and the set of maximal free line segments, which is, roughly
speaking the number of such lines or line segments tangent to four objects in the scene.

For scenes where the objects are n triangles, the worst-case complexity of the space of free lines
(or lines, for short) or maximal free line segments (or segments, for short) can easily be seen to
be ©(n*) [4]. When the triangles form a terrain the same bound of ©(n*) holds for segments [5]
and a near-cubic lower bound was proved for lines by Halperin and Sharir [13] and Pellegrini [14].
When the triangles are organized into k polytopes (i.e., convex polyhedra) better bounds can be
obtained. De Berg et al. [6] showed a (n?) lower bound and an almost matching upper bound of
O(n2)\4(n))ﬂ on the complexity of the set of free lines among k disjoint homothetic polytopes of
constant complexity. For the case of k disjoint polytopes, of total complexity n and in algebraic
general position, Efrat et al. [I2] proved a worst-case bound of O(n%k?) on the number of free
segments. For the case of k arbitrary and possibly intersecting polytopes of total complexity n,
Bronnimann et al. [3] proved a worst-case bound of ©(n?k?) on the number of isolated maximal free
line segments tangent to 4 objects. Note that this directly yields the same bound on the complexity
of the space of maximal free line segments when the objects are in generic position. For free lines
among k polytopes of total complexity n, the same upper bound of O(n?k?) trivially holds and the
best known lower bound is Q(n? + nk®) ] An expected upper bound of O(k?) was also proved by
Devillers et al. [9] for (i) k& polytopes of constant complexity enclosed between two balls of fixed
radii whose centers are uniformly distributed and similarly for (ii) & polygons of constant complexity
enclosed between two coplanar concentric circles of fixed radii and whose centers and normals are
uniformly distributed in R3 and S2.

Much less is known for curved objects. For n unit balls, Agarwal et al. proved an upper bound
of O(n3%€) for all € > 0 on the complexity of the space of free lines [I]. Devillers et al. [9] showed a
simple bound of Q(n?) on the number of vertices of this free space}| With unit balls whose centers
are uniformly distributed, Devillers et al. [9] also proved a ©(n) bound on the complexity of the
space of free segments.

For n balls of arbitrary radii, Devillers and Ramos (personal communication 2001, see also [9])
showed a Q(n?) lower bound on the complexity of the set of free line segments and the trivial
upper bound of O(n?) holds. Also if the ball centers are uniformly distributed and if the radii are
bounded from above and below (by positive constants), the complexity of the space of free segments
is O(n?) [9].

Our first contribution here is a worst-case lower bound of ©(n?) on the complexity of the space

'Recall that \s(n) is an almost linear function equal to the maximum length of an (n,q)-Davenport-Schinzel
sequence.

2The lower bound of Q(n?) follows from the lower bound of Q(n?k?) on maximal free line segments for k = 4. The
lower bound of Q(nk®) can be obtained, in the spirit of the lower bounds described in [§], by considering a polygon
of size n that intersects n times the conic defined as the intersection of the set of transversals to three pairwise skew
lines. Then considering k perturbed copies of each of the three lines yields a lower bound of Q(nk?®).

*Note that a trivial Q(n?) bound on the complexity of the whole space is obtained by considering sparsely dis-
tributed balls on two parallel planes.
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Table 1: Known bounds on the combinatorial complexity of sets of free lines and maximal free
line segments. (The bounds without reference are trivial; note that lower bounds on maximal free
line segments yield the same lower bounds on free line segments and conversely for upper bounds.
Expected complexities are given for the uniform distribution of the balls centers.)

of free lines among balls (of arbitrary radii) improving over the trivial (n?) bound. Second we
prove a tight worst-case bound of ©(n*) on the space of maximal free line segments among unit
balls. This bound improves on the trivial bound of (n?) for unit balls and also on the £(n3) lower
bound for balls of arbitrary radii. These complexities are summarized in Table [I}

These results are related to several topics in computational and combinatorial geometry. Lines
and maximal free line segments play a central role in 3D visibility problems, such as determining
the occlusion between two objects in a three-dimensional scene. In many applications, visibility
computations are well-known to account for a significant portion of the total computation cost.
Consequently a large body of research is devoted to speeding up visibility computations through
the use of data structures (see [L0] for a survey). One such structure, the visibility complex [111 [15],
encodes visibility relations by, roughly speaking, partitioning the set of maximal free line segments
into connected components of segments tangent to the same set of objects. The number of faces
(of dimension zero to four) of this structure is exactly the combinatorial complexity of the space of
free line segments.

As noted by Agarwal et al. [1], the space of free lines in presence of obstacles is closely related to
motion planning of a line among balls, or equivalently of a (infinite) cylinder moving among points
or congruent balls. This is also related to computing largest empty cylinders among points in three
dimensions, ray shooting, and other problems in geometric optimization.

The paper is organized as follows. We prove in Sectionthe Q(n?) lower bound on the complexity
of the space of free lines among n balls. In Section [3| we prove the bound of ©(n*) on the space of

4This bound applies to balls whose radii are bounded between two positive constants.

® The upper bound of O(n?k?) on the number of maximal free line segments tangent to four among k polytopes
was first proved by Efrat et al. [I2] for disjoint polytopes in generic position. Independently, the bound of ©(n?k?)
was obtained for possibly intersecting polytopes in arbitrary configuration by Brénnimann et al. [3].

5This bound applies to polytopes of constant complexity enclosed between two balls of fixed radii whose centers are
uniformly distributed and, similarly, for polygons of constant complexity enclosed between two coplanar concentric
circles of fixed radii and whose centers and normals are uniformly distributed in R® and S2.
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Figure 1: Tllustration of our construction for Theorem [I]

maximal free line segments among n unit balls.

We will describe our lower-bound constructions using a Cartesian coordinate system (z,y, z).
In this coordinate system, we denote by M,, M, and M, the coordinates of a point M (or also the
coordinates of the center of a ball M).

2  Q(n®) free lines tangent to balls

We prove here the following result.

Theorem 1. The combinatorial complezity of the space of free lines among n balls is Q(n3) in the
worst case.

We prove Theorem [lf with a lower-bound construction. For convenience, our construction in-
volves 3n + 3 balls instead of just n, which does not affect the asymptotic complexities.

Refer to Figure[ll We define a set S of disjoint balls that consists of the three following subsets
of n+ 1 balls. We consider first a set of unit balls B = {By ... B,} whose centers are aligned along
the z-axis with coordinates (3(i —n/2),0,0). We then consider two sets of balls, A~ = {A; ... A, }
and AT = {AJ ... A}, of sufficiently small radius e and whose centers are aligned on two lines
parallel to the y-axis in the plane z = 1. (As we will see in Lemma {4, we consider ¢ < m.)
The center of A; has coordinates (—3n, 3(i —n/2)e, 1), and A} is its symmetric with respect to the
yz-plane.

We prove Theorem [I] by proving the following bound.



Proposition 2. There are Q(n?) isolatecﬂ free lines tangent to any four of the balls of S.

The idea of the proof is as follows. Consider only two consecutive balls B; and B;11. We study
the lines that are tangent to them close to their north poles (i.e., their points with maximum z-
coordinate). These lines are almost in the horizontal plane z = 1. Now, in this plane, the balls
in A~ and A" form two sets of gates which decompose the set of free lines in Q(n?) connected
components defined by the gates the line goes through. On the boundary of each such component,
there are lines tangent to one ball of A~ and one of AT. There are thus Q(n?) free lines tangent
to one ball of A~, one of AT, and two consecutive balls of B. Since this can be done for any two
consecutive balls of B, there are (n?) free lines tangent to four balls. Moreover, since the centers
of these balls are not aligned, these tangents are isolated [2].

We now give a formal proof of Proposition [2} The first step of the proof is to prove the following
technical lemma which formalizes the fact that the considered tangent lines to two consecutive balls
in B lie almost in the horizontal plane through their north pole.

Let By and B be two unit balls centered at (0,0, 0) and (3, 0,0) and let L be a line tangent to By
and Bj respectively at My = (20,90, 20) and My = (21,91, 21) in their northern hemispheres (that
is, such that zg and z; are positive). Lemma states, roughly speaking, that, as the y-coordinates
of My and M; go to 0, the z-coordinates and their difference converge quadratically to 1 and 0,
respectively.

Lemma 3. If |yo| and |y1| are smaller than some constant m < 1/25 and |y1 — yo| is smaller than
some constant o, then zy and z1 are larger than 1 — 100m? and |21 — 2zo| is smaller than 110m a.

Proof. We first argue that the result is intuitively clear by showing that the result is straightforward
if, instead of balls, we had disks parallel to the yz-plane. Writing that M; is on B; gives z3+y3+23 =
1 and (z1 — 3)? + y? + 22 = 1. Considering disks instead of balls (that is 79 = 0 and 21 = 3) gives

lzi) = /1 —y? > V1—m?> 1—m? > 1-100m?. Furthermore, the difference of the two equations

gives |21 —zo| = |ylﬁgﬂzzry0| < 2(21’1‘;;2) which is less that 2m a because m < 1sincem < 1/25.

Since the balls are not disks, we need a few more steps. Consider the vertical plane II that
contains L and refer to Figure [2] Plane II cuts the two spheres in two circles of centers Ny and Ny
and radii Ry and R;. Let d; denote the signed distance from the center of B; to II (that is to ;)
such that d; has the same sign as N;,.

First, we prove that |Ny,| and |Nyy| are smaller than or equal to 5m. In projection on the
zy-plane, since My and M; are on L, the absolute value of the slope of the projection of L is
I%:Zg'\ < 2m since |y1 — yo| < 2m and |z1 — 20| = 1. Now N; is in II so its projection on the
xy-plane is on the projection of L. Since |Nj, — x;| < 2 (M; and Nj; are in the same unit ball),
|Niy — yi| <2-2m and thus |N;y| < |yi| + 4m < 5m.

Second, we prove that |d;] < 10m and |dy — dp| < 10«. Notice that because the two angles

shown on Figure 2| are equal, they have the same cosine, that is

Niy/di = (z1 — 20)/v/ (21 — 20)% + (Y1 — v0)2-

TA line tangent to a set of balls is said to be isolated if it cannot be moved continuously while remaining tangent
to these balls.




Figure 3: For the proof of Lemma [3} intersection of balls By with plane II.

Since x1 — xp > 0 and m < 1/25, the right-hand expression can be rewritten as

1 1 1
> iz 2
2
Jie ()t

We thus have d; = xN;y, where 0 < x < 2. This implies that |d;| < 2|Nyy| < 10m and |di — do| =
X|N1y — Noy| < 2|N1y — Noy|. Once again, the projections of My, My, Ny and N; on the xy-plane
are aligned, so the slope of the projection of L is (N1, — Noy)/(Niz — Noz) = (y1 — yo)/(z1 — z0)-
Since M; and N; lie in ball B;, |N1z — Noz| < 5 and |21 — 20| > 1 and, since |y1 — yo| < a, we have
|N1y — Noy| < 5a. Hence |di — dg| < 10

Third, we prove that R; > /1 — (10m)? and |R; — Ro| < 110 m «. The radii of the intersection
circles satisfy d? + R? = 1. This implies that R; > /1 — (10m)2. Also, (R; — Ro)(R1 + Ry) =

—(d1 — do)(dl + do), SO 20
IRy — Ro| < 100———2 < 110ma
2,/1 — (10m)?

because 1/4/1 — (10m)? < 1.1 since m < 1/25.

We now work in the plane II, using a Cartesian coordinate system (w, z) (see Figure [3). Let 6
be the (unsigned) angle between L and the w-axis. We have z; = R;cosf. Therefore, z1 — zg =
(R1 — Ro) cos and |21 — 2| < |R1 — Ro| < 110m «, which is the second inequality of the lemma.
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Figure 4: A line L for Lemma

Consider now the line in II parallel to L through Ny if R < Ry and through Ny otherwise, as
shown on Figure 3] Remember that the distance between Ny and N is at least 1 and note that we
can assume without loss of generality that a < 2m since [y1 —yo| < 2m and when o > 2m, Lemmal[3]
is a trivial consequence of the case a = 2m. We have that sin = |R; — Ro|/||N1— No|| < 110m o <

220m? < 10m. Hence cos® > /1 — (10m)2. We have already proved that R; > /1 — (10m)2.

Therefore z; = R; cos > 1 — 100 m? which concludes the proof. O

We now prove that, roughly speaking, a line tangent to two consecutive balls of B near their
north pole intersects each of the convex hulls of A~ and of AT and thus that the balls of A* play
the role of gates as discussed earlier.

Let L be a line tangent to B; and B;11 (0 <7 < n—1) at some points with positive z-coordinate
and let LT and L~ be the points of intersection of L with the planes x = 3n and = —3n,
respectively (see Figure [4]).

Lemma 4. If |[L}| and |L, | are smaller than 3ne/2 with ¢ <
are smaller than €/2.

m, then |L} — 1| and |L; — 1]

Proof. Let P and @ denote the tangency points of L on B; and B;;1 (refer to Figure . L=, P,
Q and L are aligned in this order on L, and |L;| and |L, | are both smaller than 3ne/2, so |P,|
and |Q,| are smaller than 3ne/2. Furthermore, the slope of the projection of L in the xy-plane

is ig:ﬁg = 81:% and, by hypothesis, |L; — L, | < 3ne, L} — L; = 6n and [Q, — P;| < 5,
so |Qy — Py| < 5e/2. We can now apply Lemma [3| because |P,| and |Q,| are both smaller than
m = 3ne/2 which is smaller than 1/25 since ¢ < 1/5400n? and |Q, — P,| < 5¢/2. We thus get
Q. — P,| < 1103%%5 = 110% ne? and Q, > 1 — 100(%)2. Moreover, since @, < 1, we have
Q. — 1] < 100(222)2.

L=, P, Q and L™ are still aligned on L and we now consider the slope of the projection of L on

.
the xz-plane: éi:gz = 8;:%. By construction, |L} — Q.| < 6n and Q, — P, > 1 so

15
ILF =1 -1Q. - 1| <|LF - Q.| <6n|Q. — P.| <6- 10— n?e?.

Moreover, since |Q.—1| < 1002 n?c? and 100§ +6-11012 = 2700, we have |L} —1| < 2700 n?c? < £/2

since € < g5 . The same holds for L — 1]. O
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Figure 5: For the proof of Proposition [2} lines L intersect planes © = +3n in the shaded region.

We can now prove that there are 2(n?) isolated free lines tangent to any four of the balls of S.

Proof of Proposition [ We prove the proposition by showing that any pair of consecutive balls B;,
Bit1 (0 < i < n) and any two balls A;" and Al (j,k € {0,...,n}) admit at least one common
tangent free line.

Notice first that any line tangent to B; and B;i1 cannot intersect the interior of any ball B;
and thus can only be occluded by a ball in AT.

In the zy-plane, consider the two segments ST and S~ defined by x = £3n and —3ne/2 <y <
3ne/2 (see Figure ; as in Lemma , we assume € < m. Any pair of points, one on each of
these two segments, defines uniquely a line L that lies in the vertical plane containing these two
points and such that L is tangent to B; and B; 1 at points in their northern hemispheres (at points
with positive z coordinates). We parameterize these lines by the y-coordinates, u and v, of the two
points on ST and S, respectively, defining the line. (In the following, u and v are thus restricted
to the interval [—3ne/2, 3ne/2].)

Using this parameterization, we consider the set of lines L(u,v) (or, for simplicity, L) represented
as a square in the (u,v)-parameter space. As in the proof of Lemma [4] let L* denote the point of
intersection of L and plane x = +3n (note that u = L, and v = L) and recall that the y-coordinate
of the center of ball A; is denoted A;y.

We first show that there exists nonempty intervals I; C J; of u such that (see Figure @ the
intervals J; are pairwise disjoint and for all v: (i) for all u € I, L(u, v) intersects ball A, (ii) for all
u € Jj, L(u,v) intersects no ball of A~ except possibly Aj and (iii) for all w in the complement of

the union of the J;, L(u,v) intersects no ball of A~. The same result will also hold by exchanging

the role of v and v and of the Aj_ and A;'.

Refer to Figure By Lemma |L; — 1] <e/2. It follows that |[L, — A} | < @5 implies that
L intersects Aj_ since the square distance between L~ and the center of Aj_ is less than or equal to

(3e)? + (@5)2 = &%, Hence, any line L(u,v) such that u = L, is in I; = [AZ, — ga,Aj_y + @5]

intersects ball A;.
We now show that any line L(u,v) such that u € J; = [4;
A~ except possibly A;. The slope of the projection of line L onto the zy-plane is (in absolute value)

|L;fL;\ 3ne _ € . . . 1 1
L Lo < %5 =5 (see Figure {]) which is less than g since € < gr5os.

points on L vary by at most § in the slab —3n—¢ < < —3n+¢. Hence, if u € J;, the y-coordinate

— 3¢, A+ 2¢] intersects no ball of

Thus, the y-coordinate of
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Figure 6: For the proof of Proposition 2 A line parameterized by a point (u,v) in the dark grey
region intersects a ball in A*. If (u,v) lies in the white region, the line intersects no ball in A*.

of points on L and in this slab is in [Aj_y
with every interval [Aky e,A,;y + €], k # j hence, line L(u,v), u € Jj, intersects no ball of A~

— %5’ As+ %5] This interval has an empty intersection

except possibly Aj .

Similarly, if « is in the complement of the union of the J;, L(u,v) intersects no ball of A~.
Indeed, the y- coordinate of points on L and in the slab lies in the complement of the union of the
intervals [A; — Se+ie, A, Be—1le]= [A;, — &, 45, +¢l

We now partition the set of hnes Lin parameter space (u,v) as follows (see Figure[)): the dark
grey region is the set of (u,v) such that w or v is in some Ij; the white region is the set of (u,v)

such that neither u nor v belongs to |J ; Jj; the light grey region is the complement of the dark grey

and white regions in [=3n€, 32€]2,

Finally, consider a line L(u,v) for (u,v) in a connected component of the white region bounded
by the w-strips J; and Jji; and by the v-strips Ji and Ji41 (the hashed region in Figure @ By
the above properties of intervals /; and Jj, if we decrease u (resp. increase u), the line L(u,v) while
remaining free becomes, at some point in the grey region, tangent to Aj_ (resp. Aj_+1)‘ Similarly,

while L(u,v) remains free and tangent to A, or A, ,, if we decrease (resp. increase) v, L(u,v)

41
becomes, at some point, tangent to A} (resp. Ak+1) In other words, in parameter space (u,v), the
white cell is contained in a connected component of the set of free lines L(u,v) which is bounded
by lines L(u,v) that are tangent to A7 AL, Ak , or Ak+1= moreover, the vertices of the boundary
of the cell correspond to lines L(u,v) that are tangent to A7 or A7\, and to Al or AkJrl

Hence, any two consecutive balls B; and Bj+1 (0 < @ < n) and any two balls A] and Az
(j,k €{0,...,n}) admit at least one common tangent free line. This concludes the proof because

any four balls with nonaligned centers admit finitely many common tangents [2]. O
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Figure 7: Illustration of our construction for Theorem

Remark. Although our construction admit Q(n?) isolated free lines tangent to four balls, many
four-tuples of balls are aligned and thus have infinitely many common tangents. Perturbing all
the ball by a sufficiently small amount would easily ensure that all the four-tuples of balls admit
finitely many common tangents while all the Q(n?) isolated free lines remain free and tangent to
their respective balls.

3 Q(n*) line segments tangent to unit balls

We prove here the following theorem.

Theorem 5. The combinatorial complexity of the space of maximal free line segments among n
disjoint unit balls is ©(n*) in the worst case.

First notice that the O(n*) upper bound is trivial. We prove the lower bound by giving a
construction. Refer to Figure[7] We define a set S of disjoint balls that consists of the four subsets
AE B* of n or n + 1 balls each. We consider first a set of unit balls A~ = {A] ... A-} whose
centers are almost aligned on the z-axis and slightly above it. The center of A, has coordinates
(=M — 3i,i€,0) for some sufficiently large M and some sufficiently but not too small positive

constant ¢; specifically, we consider M = cn? for a sufficiently large constant ¢ and & = ﬁ. The
set B~ = {B; ... B, } consists of unit balls whose centers lie on a helicoid of axis the z-axis; in

particular, the centers project onto the yz-plane on a circle centered at the origin and of radius



slightly smaller than 2. The center of B; has coordinates (=M + 3i, (2 — n) sin(a;), (2 —n) cos(a;))
where a; = « (—% + %), « is a small positive constant and 7 is a sufficiently but not too small
positive constant; we set « = g and n = ﬁ. Finally, the sets A" and B* are the symmetric of
A~ and B7, respectively, with respect to the yz-plane.

We prove Theorem [5] by proving the following bound on the balls of S

Proposition 6. There are ©(n?) isolatecﬂ free line segments tangent to any four of the balls of S.

Sketch of proof. The idea of the lower-bound construction is as follows. Consider the affine transfor-
mation changing z into /M which flattens the spheres into ellipsoids. When M tends to infinity,
the scene changes (as it depends on M) and the transformed scene tends to two flat versions of
Figure on the planes * = +1, facing each other. Joining the ©(n?) intersections on each
side defines ©(n*) free line segments tangent to 4 of the disks. We prove that, for M sufficiently
large, these free line segments tangent to 4 of the ellipsoids still exist. Moreover, each of the free
line segments tangent to four ellipsoids remains free and tangent to four balls by the inverse affine
transformation. Refer to the appendix for a full proof. O

4 Conclusion

We proved a O(n*) bound on the worst-case combinatorial complexity of the space of maximal free
line segments among n balls of unit or arbitrary radii. This closes the problem of bounding the
complexity of this space for balls and it improves on the previously known Q(n3) lower bound for
balls of arbitrary radii and on the trivial Q(n?) bound for unit balls.

We also proved a Q(n?) lower bound on the worst-case combinatorial complexity of the space
of free lines among n balls or arbitrary radii, improving over the trivial Q(n?) bound. Although
this Q(n?) lower bound almost matches the upper-bound of O(n3¢) from [I], the two bounds are
not quite comparable because our lower bound only holds for balls of different radii and the upper
bound of [I] considers balls of equal radius. Hence, the problem of determining tight worst-case
bounds on the complexity of the space of free lines among balls (Problem 61 of The open problems
project [7]) remains open for both unit and arbitrary radii balls: in the presence of unit balls the
complexity is (n?) and O(n3+¢) while for balls of arbitrary radii it is Q(n?) and O(n?).
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Appendix

We prove here Proposition @Which states that the set of balls S, defined in Section [3| admits ©(n*)
isolated free line segments tangent to any four of them.

Lemma 7. If four balls A;,Bj_, B/,j,AlJr admit a (possibly occluded) common tangent line L, then
L contains a free segment tangent to the four balls.

Proof. We parameterize line L by its two points of intersection P* with planes x = M (this is
possible because L does not lie in a vertical plane). Let fl;t and B;E be the two discs obtained by
projecting balls Aii and B]j-E onto plane x = +M.

We first show that any two points on line L and in theslab - M —3n -1 <2< -M +3n+1
(which contains all balls Al_, ..., A, and By, ..., By ) project onto plane = —M in two points that
are distance less than 320 T Con81der any plane parallel to the z-axis and a Cartesian coordinate
system (x,w) in that plane. The slope of the projection of L in that plane is less (in absolute
value) than 2/M because line L goes through a point on A, and a point on A;r and, between these
two points, the maximum variation in w is 2(1 + ne) < 4 (since || < 2 by assumption) and the
minimum variation in x is 2M + 2 > 2M. Thus, the w-coordinate of points on L and in the slab
—M —3n—1<2x<—M+3n+1 varies by at most %(6714— 2) < I?’Wn (for n > 4) which is less than
ﬁ since M = cn® > 13- 32013 for some sufficiently large constant c.

We now prove that line L does not intersect the interior of balls By ,..., B, and A ,... ,A;_l.
Suppose first, for a contradiction, that L intersects the interior of a ball B, at a point Q, fo
some u # j. This point projects onto plane x = —M in a point Q strictly inside disc B . By the

above argument, thls point Q,, is at distance at most 320 =5~ irom discs A and B (smce Qu is at
distance at most 320 = from the projections of the two points of tangency between L and balls A;

and BJ_) We obtain a contradiction by showing that the three discs AZ- , BT p and Bu , each enlarged
by 320%, do not have a common intersection. Note that it is sufficient to consider u = j+ 1 because
the centers of discs B, are ordered on a half-circle of radius larger than 1 (see Figure (a)) and

the intersection of the enlarged versions of Bj_ and B is thus contained in the intersection of the
enlarged versions of BJ_ and Bj_il

Refer to Figure (a) and denote by fli_', Bj and B/ 1 the discs A B and B 1 enlarged by
320%. We prove that they have empty common intersection by showmg that theN rlghtmos:c point
(i.e, with maximum y-coordinate) of intersection, @, of the boundary of discs A;’ and B;' lies
outside B;l This is done by showing that the angle v = A(Céj_ CA;Q) is less than half the angle
0= A(C’B;C~i_ CB;+1) = = where CAZ and CB; denote the centers of the discs A;” and B; Let d
denote the distance between C ;- and CB,_ The triangle inequality on triangle O~ C; ~7C~7 (where
O~ denotes the projection of the origin O on the plane x = —M) gives 2 — n < d + za or also

($)? > (1 - H5E)2 (since 1 = THE =1 — oy — o > 1 — 5 > 0).

V(I 2)° = (5)°

1
T 320n2

V(L + gtm)? — (1 - ey S ptic)?
v o< 2 : </ (14 ) —(1-
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On the other hand, siny =

and, since arcsin z < 2z for z > 0, we have




P:igure 8:~For the proof of Lemma : in the plane x = —M, (a) discs /Nl;', B;’, Bg;ﬁl and (b) discs
A and A .

1 1 1
< 2 <2 .
\/160n2 t 39028 T \/80n2 tnne

We have by assumption that n = W, €= 160”3 and o? = % ~ 0.15 > 10, thus v < 2 4%2 <
2 4n2 = = which concludes the proof that L does not intersect the interior of balls By, ..., B, .
We now show that L does not intersect the interior of balls A ,...,A;" ;. Recall that the

slope of the projection of L onto any plane parallel to the z-axis is at most % Suppose for a
contradiction that L intersects A, , u < i, at a point @, and let @; be the intersection of L with
plane x = —M — 3i containing the center of ball A;". The z-coordinates of @), and @; differ by at
most (=M —3u+1) — (=M —3i —1) = 3(i —u) + 2 < 5(i — u) (since 1 <4 —u). The distance
between the projections, Q. and Q;, of Q, and Q; onto plane z = —M is thus at most —5(1 —u).

We now show that, for n large enough, these two points Q. and Q; lie at distance at least
co(i — u)e for some constant ¢y independent of M. This will give that ¢o(i — u)e < 10(]2\4_“), hence

T clng which yields a contradiction for ¢ large enough.

Refer to Figure (b) First note that, for n large enough, Q, and Q; lie inside the wedge of

angle 7 (or any angle strictly larger than §) centered at C i (and of axis parallel to the z-axis

in plane z = —M). Indeed, similarly as before, Q; lies within distance ﬁ of Q, which lies in

12



Figure 9: For the proof of Proposition [6]

the intersection of the two enlarged discs /Nl;/ and B;’. The center of B;/ lies in a wedge of angle
% centered at O~ (and of axis parallel to the z-axis in plane 2 = —M). The claim follows from
the fact that, when n goes to infinity, the two apexes converge toward each other and the distance

between centers of the two enlarged discs (A;” and B_’ ) converges to 2 (from below). Now, since

Qu and Q; lie inside this wedge and, by definition, Qu lies inside disc A and Q; lies outside disc
A , we get that Q, and Q; are at distance at least ¢o(i — u)e for some constant co.

We have thus proved that line L does not intersect the interior of balls By ,..., B, and
Al,...,A_ ;. We obtain similarly that L does not intersect the interior of balls BS’, ..., B} and
AT, .. ,A,f We thus proved that hne L may only mtersect the interior of balls A;,..., A, and
A;jrl, . ,A+ The slab —M — 3i — 5 < < M+3+3 5 contains none of these balls and contains
all the other balls, hence the part of the line L in that slab is tangent to A, ,Bj , B ,A+ and is
free. O

It remains to show that any four balls A ,B;,B,j,Al+ admit a (possibly occluded) common
tangent line.

Proof of Proposition @ We have proved in the proof of Lemmal, 7, that (with the notation introduced
in this proof) any triple of enlarged discs A and B] +1 have an empty mtersectlon

Denote by A " B " and B 7 the discs A 7 and B 41 shrunk by 320”2 We notice that
these discs 1ntersect pairwise. B " and B ! 4 are obv1ously Close enough that they intersect. For
AZ. " and BF j " (the third pair is snmlar), thls is a simple consequence of the fact that n > 2320n2.

Hence, any three discs A;, B; and B, define a non-empty region R;; (that is, the bounded
component of the intersection of the complement of their enlarged versions) shown in grey in Fig-
ures [8(a) and @ and a bounded region S (that is, the bounded component of the intersection of

the complement of their shrunk versions) shown in light grey in Figure @ that contains R ;
We define similarly regions Rk ;and S, +l in the plane x = M. For any 4, j, k, [, any hne through

13



the two regions R;; and R;l does not intersect A, A;r nor any ball of B¥. Moving the line
continuously, it is impossible to make it escape the set of lines that intersect S; ; and S,‘: ; Without

the line intersecting one of A;", B;", B} B,j ) B,’:_H and A;r. Using an argument similar to the

J+1
one illustrated by Figure @, we start with a line that intersects R; ; and RZJ and move it down until
it is tangent to A, or A we then rotate it around the center of that ball in a vertical plane until
it is tangent to the other one. We can then move it while it remains tangent to A, and Af until is
it tangent to B;" and B,j. O
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