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Abstract. The logic of Bunched implications (BI), and its boolean version (Boolean BI), are logics
that allow us to express properties on resources and to provide logical frameworks for the so-called
separation logics. In this paper we study a new modal separation logic that extends Boolean BI with
two kinds of modalities, in order to deal with resources having dynamic properties (which depend on
the current state of a system) and also to capture some resource evolutions or transformations. We show
how we can model concurrent processes manipulating resources, and we provide a sound and complete
tableau calculus, with a countermodel extraction method, for proving properties expressed in this logic.

1 Introduction

In computer science, the notion of resource is very common having in mind that memory, permissions,
data, messages can be viewed as resources. Modelling and expressing properties on resources (such as
location, consumption of, access to) are central concerns. In this context, different resource logics have
been proposed, like Linear Logic (LL) [9], in which propositional symbols can be considered as resources
with a focus on production and consumption of resources, or like Bunched Implications logic (BI) [15,16],
where propositional symbols can be viewed as resource properties, with a focus on sharing and separation
of resources. BI logic and its boolean variant,called Boolean BI (BBI) [16], can be seen as logical kernels
of separation logics, like for instance BI’s Pointer Logic (PL) [12] that allows us to express properties on
pointers and provides a semantics for programs that manipulate mutable data structures, or like BiLoc [1]
that is based on the notions of location and of resource tree. Of course, a resource is not a static entity,
but a dynamic one that can move, change his state and properties, can be produced or consumed. We can
observe that they are two kinds of dynamics on resources. On the first hand, there are systems that transform
resources (what we call here dynamics of resources), as the producer/consumer problem, and on the other
hand, there are systems that modify resource properties (what we call here dynamic properties of resources),
like for instance cellular automata where the cells (the resources) are not produced or consumed, but only
the values (the properties) of the cells change during the iterations of the system.

Observing that the dynamic properties of resources are not captured by logics like BI or Boolean BI, we
have recently defined a modal extension of BI, called DBI [5], that allows us to capture such properties. A
key point is to consider that a property is not only satisfied by a resource, but by a resource in a given state.
With the DBI modalities ¢ and [] one can express properties on a resource not only on the current state but
also on next states, contrary to BI, and therefore some dynamic properties of resources. For instance, we can
express r,s F Px QQ that means that the resource r in a state s can be decomposed into two sub-resources,
the first one satisfying P and the second one satisfying Q in a next state s’. Unfortunately, DBI is not able
to deal with the dynamics of resources, namely the evolution of resources produced and consumed through
transtions between states. Such an evolution can be captured in LL by proofs and in PL by a calculus a la
Hoare [11], but cannot be captured by their models.

Thus, we aim at defining an extension of the known models in order to express such a dynamics of re-
sources, by introducing actions on resources. In this context we can mention MBI logic [3,4,17,18], that
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deals with processes performing actions on resources. Its models are transition systems, with transitions
described by judgements of the form R, E % R',E’, generated by the operational semantics, meaning that a
process E performs an action a on a resource R in order to obtain a resource R’ and then becomes a process
E'. Then, in the spirit of MBI from the idea of multi-dimensional worlds (and associated transitions) we
aim at studying properties, like the ones on any reachable resource and process, knowing that reachable
means here "after performing any succession of actions”.

In this paper we propose a new modal separation logic, called DMBI (Dynamic Modal BI), that intro-
duces a dynamics of resources through its modalities [a] and (@) and allows us to express properties on any
reachable resource/state through its modalities ¢ and []. After the presentation of the language, we first
define the semantics of DMBIthat is based on so-called dynamic resource monoids. Then we show that the
models of DMBI are able to represent concurrent processes that manipulate resources. From previous works
for BI [7,8] and DBI [5], we define a labelled tableau calculus and prove its soundness and completeness
w.r.t. our semantics. A countermodel extraction method is also provided.

In Section 2 we present the language and the semantics of DMBI. In Section 3 we show how the DMBI
logic can be used to model n concurrent processes and also to express properties on resources produced and
consumed by these processes. Moreover, we illustrate the interest and impact of DMBI through examples
based on concurrent processes. In Section 4, we propose a calculus for DMBI, based on previous works
for BI [7,8] and BBI [13,14], by introducing specific labels and constraints. A key point is the introduction
of rules to deal with modalities and constraints in order to capture the notion of resource transformation
and also transitions. In section 5 we show the soundness and completeness of the calculus w.r.t. the given
semantics and develop proofs based on techniques similar to the ones used in previous works on BI and
BBI tableau calculi [8,13]. A countermodel extraction method is also defined and illustrated.

Further works will be devoted to study modelling of protocols, webservices, multi-agent systems in this
logic, knowing that in these cases we consider agents or processes that exchange messages or informations
that can be seen as resources, which is the central concern of DMBI. We will also study an extension of
DMBI with located resources [1,2].

2 DMBI logic

We aim at introducing the notion of dynamics in the expressiveness of BI logic. Indeed, we can remark
that most of the systems manipulate resources, such that data in memory, messages in a network, tokens
in a Petri net. Globally, we can observe two kinds of dynamics. On the first hand, there are systems that
produce and consume resources (what we call dynamics of resources), as the producer/consumer problem,
and on the other hand there are systems that modify the properties of the resources (what we call dynamic
properties of resources), as cellular automata where the cells (the resources) are not produced or consumed,
but only the values (the properties) of the cells change during the iterations of the system.

Recently, we have defined DBI logic [5] that captures dynamic properties of resources. This logic allows
us to express properties (on the resources) that can change depending on the state of the system, but cannot
capture the dynamics of resources (resource production and consumption), because of its models, and more
specifically because the DBI modalities (¢ and [1) quantify only on the state, not on the resource.

In this paper we define a modal separation logic, called DMBI, adding the notion of action to the mod-
els of DBI, modalities a la Hennessy-Milner [10] ({-) and [-]) to the language of DBI and modifying the
semantics of the modalities ¢ and (. Thereby, it allows us to express properties on resources that are pro-
duced and consumed by a system that performs actions.

Let us present now the language of DMBI and then its Kripke semantics.

Let X4 be a countable set of action symbols. Let Prop be a countable set of propositional symbols. The



language £ of DMBI is defined as follows, where p € Prop and a € X4 :
Xo=p|L|I| X=X |X+X|X—=*X]|{(a)X|0X

We define the other logical connectors as follows: " X=X — 1L, T=-1, XVY=-X =Y, XAY =
(X = 2Y), [@]X = —(a)—X, OX = -0—X.

The modalities of DMBI express properties on the resources that are obtained after performing an action a,
in the case of the Hennessy-Milner modality (a), or a succession of actions, in the case of the modality ¢.
For instance, if a resource r and a state s satisfy (a)¢, then it means: “considering the system in a state s
and the available resource being r, the system can perform the action a on r, reaching a state and obtaining
a resource satisfying ¢”. Moreover if a resource r and a state s satisfy ¢¢, then it means: “being in state s
and having the resource r there exists a sequence of actions allowing to the system, after performing them,
to reach a state and a new available resource that satisfy ¢.”

Then the formula OP * (Q A (b)R) expresses that the available resource can be decomposed into two sub-
resources: a first that, after performing a succession of actions, allows the system to reach a state and a
resource satisfying P, and a second which satisfies Q and also allows the system, after performing the ac-
tion b, to reach a state and a resource satisfying R.

Therefore we have a new modal resource logic that allows us to model a system performing actions on re-
sources and to express properties on the resources that are produced. Let us now define a Kripke semantics
for DMBI, that is based on a resource monoid, an action monoid, a state set, a transition relation |-) and a
function .

Definition 1 (Resource monoid). A (partial) resource monoid is a structure R = (R, e, ¢) such that:

— R is a set of resources

- e€R

— o : R X R — R such that, for any ri,ry,r3 E Rryee | and ry @ e = r| (neutral element), if ry ®ry | then
rper | andryery =ryer; (commutativity) and if ry @ (ryer3) | then (riery)er; Landrie(rer;) =
(r1 @ ry) @ r3 (associativity).

Here, | means ”is defined” and 1 means "is undefined”.
Definition 2 (Action monoid). An action monoid is a structure 4 = (Act,®, 1) such that:

— Act is a set of actions

- 1€Act

— O :Act X Act — Act such that, for any ai,az,az € R, a; ©1 = 1O a; = a; (neutral element) and
a1 ® (a2 ®a3) = (a1 © a2) ® a3 (associativity).

We call e the unit resource, 1 the unit action, e the resource composition and © the action composition. If
aj and a; are actions then a; ® a is the action that consists in performing the action a; and then the action
az. We remark that © is not commutative indeed, for instance, writing a mail and sending it (writeMail ©
sendMail) is not equivalent to sending the mail (in this case sending a blank mail) and then writing the mail
(sendMail © writeMail).

Definition 3 (DRM). A DRM (dynamic resource monoid) is a structure M = (R, 4,8, |-),u), where R =
(R,e,¢) is a resource monoid and 4 = (Act,®,1) is an action monoid, such that:

— Sis a set of states
— |-) €S xAct x S is a relation on states and actions such that, for any s1,s2,s3 € S and any ay,a, € Act:

- [ Y-unit: sy 1) 1



- |-)-composition: if s\ |a1) s2 and s3 |az) s3 then s1 |a1 © az) s3
— u:Act X R— R such that, for any r € R and any ay,a; € Act:
- p-unit: u(l,r) Land u(1,r) =r
- p-composition: if u(ai,r) | and p(az,u(ay,r)) | then u(ay @ az,r) | and u(a; ©az,r) = u(az,u(ai,r))

u(a,r) is the resource that results from performing the action a on the resource r. This is a modification
function as defined in the works on MBI [4,17,18].

We note r,s < /s if and only if u(a,r) |, u(a,r) = v’ and s |a) s’ (equivalently (s,a,s') € |-)). We can
remark that, for any » € R and any s € S, r,s LN r,s holds. We note r,s ~» 7,5’ if and only there are
ap,...,a, € Act, r1,...,r, € R and s1,...,s, € S such that r,s £, st N FusSn 2 /.5’ We also
remark that r, s ~~ r,s holds for any » € R and any s € §, because we have r, s LN 7,s.

Compared to DBI, we notice that an action monoid (A4) is added to the DBI models, transitions on the
states (|-)) are now labelled by actions and a function u is added to deal with resource transformation.

In conclusion, a DRM encodes a process (S, |-)), that performs actions () and transforms/manipulates (1)
resources (R ). We have an implicit interpretation that maps action symbols to actions -]z, , : Zaer — Act.
Moreover, we require [a]s,., = 1 if and only if = 1. Finally, we write a for [a]y,,, and denote (E) the
powerset of the set E, namely the set of sets built from E.

Definition 4 (Model). A model is a 3-uplet X = (M, [-],F x) such that M is a DRM, [-] : Prop — @(R x S)
and =« is a forcing relation on R X S x L defined as follows:

rsEx piff (rns) € [p]

— r,5s Fg L never

-rnskExliffr=e

- nsEx 0= Viffr,sEg ¢ implies r,s Fg

- nSEx Oxyiffdri,rn ER-riern landr=rierandri,sFg ¢ andry,sFq ¥
- nsFEx 0y iff V' €R-(rer L andr s Ex §) impliesrer sEx ¥

- rsEx (@) iff I’ €R-IS €S rs 57, and v s Fy 0

- rnskEx OO iff3r €R-IS €S -rs~r s andr s Fx 0

Let us note that the interpretation of action symbols [-]x,., is a partial function. Moreover our semantics

is well defined. Indeed, r,s F« (a)¢ only if there are ¥/ € R and s’ € S such that r,s % ',s', then only
if u([a]s,,,.r) I, then only if [a]s,, € Act, then only if [a]y,, is defined. In other words, the meaning of
r,s Ex (a)¢ is the following: “a is an action ([a]y,, is defined) and being in state s and performing the
action a on the resource r, the system can reach a state s’ obtaining a resource r (r,s — r,s') that satisfy
o (7,5 E 0)”. In order to emphasize the semantics of the modalities we also explicitly give the following
clauses for the two other modalities, namely,

-rsEg [al0iff V7 € R-Vs' €S -r,s 5 7,5 implies 7/, s" E g O

-rsEq DO Iff VY € R-Vs' € S-r,s~ r/,s” implies ¥/, s" Fx 0.

Definition 5 (Validity). A formula ¢ is valid, denoted F ¢, if and only if r,s Eg 0 for all models X, all
resources r and all states s. The notation ¢ E ¥ means that for all resources r and all states s of any model
K if ;s Fq O then r,s Fg .

Proposition 1. For any ry,r2,r3 € R, any a,a’ € Act and any s1,s3,s3 € S, we have the following property:

. a a a®d
ifri,s1 = ry,82 and ry, 8o — r3,53 then ry, S| —— r3,53.



Proof. By definition, u(a,r1) |, u(a,r1) = r; and 51 |a) s2. Moreover, we have u(a’,r2) |, u(a’,r2) = r3 and
s2|a’) s3. Then u(a’,u(a,r1)) | and u(a’,u(a,r1)) = r3. By u-composition, u(a®d’,r1) L and ula®d’,ry) =

!
u(d' u(a,r1)) = r3. By |-)-composition, s1 [a ® ') s3. Thus ri,s; <% r3,s3.
Proposition 2. For any r,r’ € R and s,s' € S, we have r,s ~ 1,5 iff there is a € Act such that r,s = ¥ 5.

Proof. We suppose that there is a € Act such that r,s < /,s’. Then, by definition, r,s ~» r/,s’. Now we

suppose that 7,s ~ 7/, s’. By definition, there are ay,...,a, € Act, r1,....,7, € R and s1,...,s, € S such that
a’l* 1 . . .. .

rs N r1,S1 a, ol Ty Sn N ¥ ,s'. By induction on n and by Proposition 1, we can obviously show that

ay®a1©...0a,10a, -,
-

X r,s.

3 Examples of modelling with DMBI logic

In this section, we show how DMBI logic can model concurrent processes and express properties on re-
sources produced and consumed by these processes.

3.1 Concurrent processes modelling

The DMBI models encode a system composed of only one process, whose states are the elements of the
set S and transitions are captured by the relation |-). In this section, we show how a DMBI model can
model n concurrent processes and express properties on resources that are produced and consumed by these
processes.

As a first step, we consider a system composed of n concurrent processes (Py, ..., P,), that we denote
6= (Ratom;ACtamm;,upre;,uposh {PI; ---7Pn}), where:

— Ruom 18 a finite set of atomic resources

— Actyom 18 a finite set of atomic actions

— Hpre P Actarom — m(Ralom)

= Upost tActyiom — Srn(Rat()m)

- P =(S;, 4'>Pl.), such that §; is the set of states of the process P; and —p, C §; X Actyrom X S; s the transition
relation of the process P;

Here, the processes produce/consume atomic resources and perform atomic actions. An atomic resource is
a resource that cannot be decomposed into sub-resources and an atomic action is an action that cannot be
decomposed as a succession of simpler actions.

We denote 9 (Ryom) the set of all multisets over Ry, that are functions Ry, — N. We call resource a
multiset of atomic resources. The consumption of atomic resources is defined by the function u,,., where
Upre(a) is the resource that is consumed when a process performs the action a. The function 1, encodes
the production of atomic resources, which means that . () is the resource that is produced after per-
forming the action a. The process P; = (S, 4'>Pl.) is encoded by an automaton, where S; is its set of states
and —p, is its transitions. We highlight that the processes are not supposed to share the same set of states or
the same transition functions.

As a second step, we model the system G using a DMBI model. Concerning the resources, we denote
R ={ry,r;,r} the multiset such that R(r;) =2, R(r2) = 1 and R(r) = 0 for all r € Ryrom \ {r1,m2}. We also
denote e the empty multiset, that is e(r) = 0 for all r € Ry,m. We say that Ry is a sub-resource of R, (denoted
R < Ry)iff Ri(r) < Ry(r) for all r € Ryom. We define the composition of resources by R; + R, = Rz such
that R3(r) = Ri(r) + Ra(r) for all r € Ryom. We also define Rj — Ry = Rj3 such that R3(r) = R (r) — Ra(r)
for all r € Ryom and we remark that Ry — R is defined iff R, < R;. Being the free commutative monoid
over Ruroms R = (M (Rarom), +,€) is a resource monoid.



Concerning the actions, we first define Act® , = {ai#...#a, | aj,...,a, € Actyom}, Which is the set of all
concurrent atomic actions that can be performed by the processes. As example, if n = 2 then the concurrent
atomic action aj#a; represents the process P; performing the action a; and the process P, performing the
action a,. This set Actfmm is of course the n-fold cartesian product of Actyom-

Then we consider the lists of concurrent atomic actions. We denote £(Act?, ) the set of all lists built over
Act? . [ the empty list, @ the concatenation of lists and |L| the size of the list L. For instance, [A1;A3],
where A1,As € Act?, . is the action that consists in performing the concurrent atomic action A; and then
1t oms A= (L(Act? . ),®,][]) is an action

atom>
the concurrent atomic action A;. Being the free monoid over Act},,,,., tom

monoid.

We define a function for production and consumption of resources. Moreover we give the function u* :
Actfmm X M(Ratom) — M(Rarom) that deals with concurrent atomic actions performing on resources.

T if ppre(ar) + ... + tpre(an) £ R

#
a\#..#a,,R) = .
y(ar nR) {Rum(gl)_,_y,,,e(an)erpm.,(al)+...+,u,,m.,(a,,) otherwise

As the available resource for the system is R, we remark that we consider that the processes can perform
the concurrent atomic action a;#...#a, if and only if R contains enough atomic resources to perform the
atomic actions a;, that is ppre(@1) + ... + tpre(an) < R. Moreover, the resource that will be available for the
system after the execution of these atomic actions is R — tpre(a1) — ... — tpre(@n) + tposi (a1) + ...+ tpost (an).
Indeed, the new available resource is the resource R less all atomic resources consumed by the actions a;
(Upre(ai)) plus all atomic resources produced by the actions a; (Upos (ai)).

We define the function wy; as follows: £(Act? ) x M (Rurom) — M(Ratom)-

R ifL=]]
i (LR) = ¢ T if L=[As;...;A,] and u*(A1,R) T
wist ([A2; s AL, u* (A1,R))  where L= [Ay;...;A]

In this definition wy([],R) = R because if the system performs no concurrent atomic action on R then
R is not modified. For instance, we observe that py; ([A1;A2],R) is equal to the resource obtained after
performing the concurrent atomic action A on R, and then the concurrent atomic action A, on the obtained
resource.

Proposition 3. The function ;s : £(Act? ) X M(Rarom) — IM(Rarom) satisfies the properties y-unit and
H-composition.

Proof. Proof is given in Appendix A.

As a last step we consider the process transitions. To encode the states of the concurrent processes, we
defined S* = {s1#..#s, | s; € S; for all 1 <i< n}. Asexample, if n = 2 then s;#s; is the state that represents
the process P; in state s; and the process P in state s,. In other words, S* is the n-fold cartesian product of
S.

We define a relation |-)# : $¥ x Act?

o < S* that captures concurrent transitions of processes.

# / / . i / .
sif. sy la#. Han) " s ##s,  iff s —p siforalll<i<n

For instance, s1#s3 |a;#a2) #s’] #s’2 means that when P is in state s; and P, is in state s, then they can perform
the concurrent atomic action a;#a; and finally be respectively in state s} and s5.

We extend the previous definition for lists of concurrent atomic actions as follows:

| tise 2 S* x £(Act? ) x S* such that

S|[A1; .3 A) i ST i3Sy, .., Sy € ST S AN FS AN A1) Sk 1 A F S



In this definition, it is implicit that S|[]) ;s S always holds.

Proposition 4. The function |-) jis; : S* x £(Act?, ) x S* satisfies the properties |-)-unit and |-)-composition.

Proof. Proof is given in Appendix A.

In the model we build the processes that are synchronous, meaning that at each transition, all processes
perform an atomic action. If we want to consider asynchronous processes, it is sufficiant to introduce a new

. . . . . skip
atomic action skip and extend & such that pi,. (skip) = ppos (skip) = e and s5; — p, s; for all processes P;
and all s; € S;. As performing the atomic action skip is equivalent to perform no atomic action, we obtain
asynchronism.

Proposition 5. Let & = (Ratom,ACtatom: Mpre,Mpost, { P15 ..., Pu}), where P; = (S;,—p,), be a system com-
posed of n concurrent processes manipulating resources. The 5-uplet M = (R, A,S*,|-) iist,tiisz ), where
R = (M(Rarom),+,e) and where A = (L£(Act? ), ®,]]), is a DRM.

Proof. By Propositions 3 and 4, knowing that & is a resource monoid et 4 is an action monoid.

We have considered a system & = (Ruzom, ACtatom; Mpres Mpost, P15 ..., Pu}), Where P; = (S;,—p,), composed
of n concurrent processes that manipulate resources and provided a construction that allow us to obtain a
DRM M = (R, A,S*, |} jist,tiist)- The final step consists in defining the DMBI model X = (M, [-],F«)
with Prop = Rauom, [r] = {({r},s) |€ S*}, Zaer = Actly,,, and [A]x,,, = [A].

3.2 A mutual exclusion example

In this subsection, we present an example of two processes that are in mutual exclusion and we show that
DMBI allows us to express some properties.

We consider the system & = (Rutom,ACtatom; Mpre, Mpost, {P1,P>}) composed of two processes that are in
mutual exclusion, such that:

- Ratom = {J}

— Actagtom = {anmac;apvav}

— Upre 18 defined by /Jprg(anc) = ,Upre(ac) = ,upre(av) =eand ,Upre(ap) ={J}

= Upost is defined by Mpost (anc> = Hpost (ac> = Hpost (ap> =eand Mpost (av) = {J}

— Py =(S81,—p,) and P» = (S2,—p,) such that S| = S> = {snc,s.} and for any i € {1,2}, we have

ane ap ac ay
Snc —®P; Snc Snc —>P; Sc Sc —®p; Sc S¢ =P Sne

This system is composed of two processes P; and P, which have two states that are s, (the process in a
non-critical state) and s, (the process in a critical state). We consider only one kind of atomic resources J,
which is a token and four atomic actions: a,. (a non critical action), a. (a critical action), a,, (the action
that consists in taking a token) and a, (the action that consists in releasing a token). We recall that u.(a)
and ppoq (a) respectively capture the resources that are consumed and produced when the atomic action a
is performed. Moreover when a process takes one token then one token is consumed (upr.(a,) = {J}) and
when a process releases one token then one token is produced (05 (av) = {J}).

dap .
Finally, a process holds a token when it enters in critical (sy, JDPI. sc) and releases the token when it goes

ay ., .
back in non critical section (s —>p, S,c). We observe that a process can only perform a critical action (a.)
when and only when it is in critical section (s.). As illustrated in the subsection 3.1 we can build a DMBI
model that captures the behaviour of these concurrent processes.



Considering this DMBI model, we now present properties that can be expressed in DMBI logic on the
concurrent processes.

For instance we can express that if there is only one available token and if the processes are in non-critical
section then it is impossible that they perform together a critical action: {J}, suc#snc E [actac] L.

Because of the Hennessy-Milner modality, the property means that when there is only one token and when
the processes are in non-critical section then it is impossible that they perform together a critical action.
This does not mean that after performing any succession of actions, the processes cannot perform together
a critical action. Then, the ¢ and [J modalities of DMBI allow us to express a more interesting property,
that is {J}, sucttsne Fg Olactac] L.

In this way, we express that if the current resource is only one token and if the processes start in a non-
critical state then, whatever the resources and the concurrent state that the system reaches, the processes
can never perform together a critical action. Now, using the separation connective, DMBI is also able to
express properties on the resources that are produced. For instance we can express that it is impossible to
reach a state/resource such that more than one token is available: {J},s,c#snc Fg 7O % J % T).

3.3 A producer/consumer example

In this last subsection, we present an example based on two processes: a producer and a consumer. Then we
consider the following system & = (Rutom,ACtatom: Mpre, Mpost, { Pp, Pe }) With

- Ruom = {r}
— Actgrom = {apaamaw}
— Upre is defined by upre(ap) = tpre(aw) = e and ppy(ac) = {r}
= Upost is defined by tpos (ac) = tpost (aw) = € and ppoq(a,) = {r}
a w
- P, =(Sp,~»p,) and P. = (S, —p.) such that S, = S. = {s}, the transitions of P, are s —ipp sands ZDPP s
and the transitions of P, are s ﬁpc sand s & P S

This system is composed of a producer P, and a consumer P.. These processes have only one state s.
We only consider one atomic resource r. The producer can perform only two atomic actions: producing a
resource (a,) and waiting (a,,). In the other hand, the consumer can also perform only two atomic actions:
consuming a resource (a.) and also waiting (a,,).

We consider the DMBI model obtained as it is presented in the subsection 3.1. We can express with DMBI
that whatever the initial resources (noted R) and whatever the list of concurrent atomic actions that are
performed (OJ), if there is no resource (I) then the consumer cannot consume a resource while the producer
is waiting: R, s#s E g O(I — [ay#ac]-L). We can also, for instance, express the following property: e, s#s F g
O(r+T) — Olaptay,) T, that means that considering that we have no resource (e), if after performing a list
of concurrent atomic actions one obtains one or more resource (7 * T ), then it means that the producer will
produce a resource while the consumer will be waiting.

4 A proof system for DMBI

In this section, we propose a proof system for DMBI with labels and constraints that is based on previous
works for BI [8] and BBI [13,14]. Specifically, we introduce rules to deal with modalities and constraints
to capture the notion of resource transformation (u) and transitions (|.}).

4.1 Labels for resources, actions and states

Our tableaux calculus for DMBI contains some semantic informations that allows us to extract countermod-
els in case of non-validity. It deals with resource labels, action labels and state labels to capture, respectively,
the resource monoid, the action monoid and the state set of models.



Definition 6 (Resource labels). L, is a set of resource labels built from a constant 1,, an infinite countable
set of constants Y, = {c1,¢2, ...} and a function denoted o:

Xo=1,|ci|XoX
where c; €Y, and 1, &€ y,. Moreover o is a function on L, that is associative, commutative and 1, is its unit.

The resource label xoy is denoted xy. In other words, c1cac4c4 is the resource label ¢ o ¢ o cq4 0 c4. Moreover
we say that x is a resource sublabel of y if and only if there exists z such that xoz = y. The set of resource
sublabels of x is denoted Z,(x). The resource labels can be viewed as words built from v, without letter
order: they are the free commutative monoid over ;.

Definition 7 (Action labels). L, is a set of action labels built from a constant 1,, the action symbol set
Y, an infinite countable set of constants Y, = {d1,da,...} and a function denoted .:

X:::1a|ai|d,-|X.X

where a; € oy \ {1}, di € Yo, 14 & Zact UYa and Lae NY, = 0. Moreover . is a function on L, that is
associative (not commutative) and 1, is its unit.

We denote fg the action label f.g. In other words, ajdad> is the action label a; . d> . d>. Moreover we say
that f is a action sublabel of g if and only if there exist 4 and /' such that h. f.h' = g. The set of action
sublabels of f is denoted Z,(f). The action labels can be viewed as words built from ¥, UX4 \ {1} with
letter order: they are the free monoid over Y, UXa¢ \ {1}.

Definition 8 (State labels). L, is an infinite countable set of state labels (or state constants), denoting
Ly={l1,h,...}.

Our tableaux calculus contains also constraints to capture the equality on resources, the u function and the
transitions (|-)) of the process that manipulates the resources.

Definition 9 (Constraints). A resource constraint is an expression of the form x ~ 'y where x and y are
resource labels. A u-constraint is an expression of the form x — y where x and y are resource labels and f

is an action label. A transition constraint is an expression of the form u — v where u and v are state labels
and f is an action label.

A set of constraints C is a set that contains resource constraints, y-constraints and transition constraints.
. a d d . .
For instance, C = {c] ~ ¢2,¢3 ~ ¢2,¢1 = ¢2,¢3 = c3¢3,1] — D} is a set of constraints. We now define the

domains and the alphabets on such sets.

Definition 10 (Domain). Let C be a constraint set. The resource/action domain of C is the set of all re-
source/action sublabels appearing in C. In particular:

— D(0) = [Uroyec B UE ()] U [u , (vsrwuzr(y))]

x—»yeC

- D,(C) = {U ! Za(f)] Y [Uui»vecza(f)]

x—»yeC

Definition 11 (Alphabet). Let C be a constraint set. The resource/action/state alphabet of C is the set
of resource/action/state constants (and action symbols) appearing in C. In particular we have 4.(C) =

Yr N Dr(C), Aa(C) = (Eact UYa) N Da(C) and A,(C) = UMLWGC{”?V}-



Rules for resource constraints

() X~y Xy ~xy

I~ 1, Jex S Txex W Taar W
~ ~ f f
X~y yk ~ yk () Xy x>z x>y
xk ~ yk T y~z {r) TX~Xx far,)
Rules for y-constraints
~ f g f f
XX gy x>y y—>z Xy x~x x>y y~y
la (ta) (e ) (Kuy)
X—>»X fg ;- f ,
x>z X =y x>y
Rules for transition constraints
; . g
b d bad b d bad
ur—v ) U —v (1) ur—v oW
1, la 18
u—u Vv u—w

Fig. 1. Rules for constraint closure

Definition 12 (Closure of constraints). Let C be a set oji constraints.The closure of C, denoted C, is the
least set closed under the rules of Figure 1 such that C C C.

We remark that there are seven rules ((1,), (sr), (dr), (tr), {¢/), (kr) and {a;,)) that produce resource con-
straints, there are four rules ((1,), (), (k,,) and (k,,)) that produce u-constraints and there are three rules
((14), (1;,) and (#;)) that produce transition constraints.

As we will see (Lemma 4), these rules allow us to capture the properties of the DMBI models. For example,
the rule (#;) encodes the ||-)-composition and the rule (k,) encodes that u is a function (not only a relation).
As opposed to DBI, it is impossible to close separately a resource constraint set and a p-constraint set, be-
cause of the rules (k,), (ar, ), (1), (ky,) and (k, ). For example, to apply the rule (k,) that returns a resource

constraint, we need to choose two u-constraints (x i» yand x i» z) and to apply the rule (1,) that returns a y-
constraint, we need to choose a resource constraint (x ~ x): closure of resource constraints and y-constraints
are interdependent. Let us illustrate these rules as follows: if C = {c1 ~ ¢2,¢c2 ~ ¢3,¢1 2» c2,c4 ~ cs5} then
we have c3 2» ¢s € C because of the proof tree
al c1~e 2 ~e3
c1— c1~c3 k)

aj
€3 = (2

(t)

Proposition 6. The following rules can be derived from the rules of constraint closure:

xk~y x ~ yk

f kf f i
(o0 oy XY xk > y x>y

y~Yy Y~y (ar,) S~ (@ S~y (ar)

Proof. From the following deduction trees

xk~y

r
= ) x~yk - ' /
ey vk ey ™ xhy  xby (k) %W %“"ﬂ
— - — - xk ~ x YK~y
AKX ) v~y ye~y x~ox @) v~y @



Corollary 1. Let C be a set of constraints, x € D,(C) if and only if x ~ x € C.

Proof. We suppose that x € D,(C). By Definition 10, x € U)’NZEE(Er(y) UZE(z)orxel ; _(E(H)U
y—»zGC
,(z)). There are two cases:

— there exists y ~ z € C such that x € E,(y) U E,(z). Then there exists a resource label x' such that
xx' ~z€ Cory~ xx' € C. Thus, by Proposition 6, x ~ x € .

f
— there exists y —» z € C such that x € E,(y) U E(z). Then, there exists a resource label X' such that

f - f — —
xx' = z€ Cory-»xx' € C. Thus, by Proposition 6, x ~ x € C.

If we suppose that x ~ x € C then, by definition, x € D,(C).
Corollary 2. Let C be a set of constraints, u € A;(C) if and only if u o uecC.

— . . f —
Proof. We suppose that u € 4;(C). By Definition 11,u €J ; _{v,w}. There exists v— w € C such that
w—wel

1a — 1q —
u=v oru=w. Thus, by rules (1) and (1,,) of Figure 1, u — u € C. If we suppose that u ~— u € C then,
by definition, u € 4,(C).

Corollary 3. Let C be a set of constraints. If xy € D,(C), x~x' € Candy ~y € C thenxy ~x'y € C.

Proof. By Corollary 1, xy ~ xy € C and we have the following deduction tree

7 <5r>
X ~x Xy ~ Xy
(er)
X'y~x ~
YY) XY ) XX ()
y ~y Xy~xy ) X ~X Xy ~ Xy )
Xy ~xy ' X'y~ xy " '
x/y/ny o "
=F A
xny/y/

Proposition 7. Let C be a set of constraints. We have 4,(C) = A-(C), Au(C) = A4(C) and A;(C) = A;(C).

Proof. As C C C, then we have 4,(C) C 4,(C), A4,(C) C A,(C) and 4,(C) C A,(C). For the converse,
it suffices to observe that rules of Figure 1 do not introduce new resource/action/state constants. Thus

A,(C) € A,(C), Au(C) € A4(C) and A;(C) € A;(C).

Lemma 1 (Compactness). Let C be a (possibly infinite) set of constraints:
1. Ifx~ y € C then there is a finite set Cr such that Cf C C and x ~y € Cy
2. Ifx —» y € C then there is a finite set Cr suchthat Cy C C and x I» yE Cf
3. Ifu 2 v € C then there is a finite set Cy such that Cy C C and u 2 vECr

Proof. Let C be a set of constraints and ¢ € C be a constraint. If ¢ € C because ¢ €  then, as Cr={c}, we
have Cy C C and ¢ € Cy. In the other cases, the constraint ¢ is obtained by rules of Figure 1. We prove the
Lemma by induction on the size n of the deduction tree of c.



— Base case (n = 0): Case rule (1,): the deduction tree is of the form:

In this case, c is the constraint 1, ~ 1,. If Cy = 0 then we have Cy C Cand c € ?f
— Inductive step: we suppose that properties 1., 2. and 3. hold for deduction trees whose size is less than
or equal to n (IH). Let us prove the lemma for deduction trees of size equal to n+ 1.
- Case (k;,): the deduction tree is of the form:

y~z
In this case, c is the constraint y ~ z. This deduction tree is finite, and the deduction trees of x — y
f .
and x — z have a size less than or equal to n. Then, by (IH), there are Cy, C C and Cg, C C such that

xiéyEC_flandezEC_fz. Let Cr = Cr, U Cy,. ThenxiéyE?fandezE?f. Thus, using the
rule (k,),y~z€ ?f Moreover, (Cy is finite as an union of two finite sets and Cy C C as an union
of two sets included in C.

- Other cases are treated similarly.

4.2 A tableaux calculus for DMBI

In this subsection we propose a tableau calculus for DMBI in the spirit of previous works for BI [8],
BBI[13,14] and DBI [5].

1, ifa=1

Definition 13. The function ||.|| : Zacr — Lq is defined as follows: ||a|| = {a otherwise

Definition 14. A labelled formula is a 4-uplet (S,¢,x,u) € {T,F} x L x L, X Ly written SO : (x,u).
A constrained set of statements (CSS) is a pair (F,C), where F is a set of labelled formulae and C is a set
of constraints, satisfying the following property:

ifSo: (x,u) € Tthenxwxé?cmduguez (Prss)

A CSS (F,C) is finite if F and C are finite.
The relation < is defined by (F ,C) < (F',C') iff F C F' and C C C'. We denote (F5,Cr) <f (F,C) when
(Fr, Cr) < (F,C) holds and (F¢, Cy) is finite.

Proposition 8. Forany CSS (Fr, C) where ¥y is finite, there exists Cy C C such that Cy is finite and ( F¢, Cr)
is a CSS (satisfies the property (Pess)).

Proof. By induction on the number of labelled formula that belongs to ¥ and using the Lemma 1.

Figure 2 presents the rules of the tableaux calculus for DMBI. We remark that ”c; and c¢; are new label
constants” means ¢; # ¢; € ¥, \ 4(C), 7d; is a new label constants” means d; € Y, \ 4,(C) and ”l; is a
new label constants” means /; € L; \ A;(C). We note @ the concatenation of lists. For example [e1;e2;e4] ®
[eases3] = [e1;ea;eqs €45 3],

Definition 15 (Tableau). Let (¥, () be a finite CSS. A tableau for this CSS is a list of CSS, which are
called branches, built inductively according the following rules:



TI: (x,u) € F -
@,{1, ~x})
To—y: (x,u) € F T Fo—wy: (xu)eF F)
{Fo: (xu)},0) | ({Ty: (x,u)},0) ({To: (x,u),Fy: (x,u)},0)
Toxy: (x,u) € F () Fo*y: (x,u) € F andyz~x€ C )
{To: (cisu), Ty : (cjsu)}, {cicj ~x}) {Fo: (vuw)},0) | {Fy: (z,u)},0)
To—~+w: (x,u) € F andxy ~xy € C (T4 Fo—y: (x,u) € F (Fx)
{F0: 0u)}10) | Ty (. u)},0) ({70 (ci,), By (ver, )}, fxci ~ xci})
Tife: (X7‘|Ilf)‘| €7 T (T(=)y  F(f)¢:(x,u) € F and x wl y€ Candu HLU vecC Flo)
<{T¢Z(()[,l,‘)},{x4>>C,‘,M>->l[}> <F¢(y7v)0>
'JI‘(}({):(x,uc)[ef 7 (TO) F()(]):(x,u)e}'andxiyefanduiwef (Fo)
({T: (i, 1)} {x = ciyu = 1i}) {Fo: (v,v)},0)
Note: ¢;, ¢;j, d; and I; are new label constants and ||a|| = {:la gtlcller:wlise

Fig. 2. Rules of tableaux calculus for DMBI

1. The one branch list [{Fo, Co)] is a tableau for {Fo, o)
2. Ifthe list T, ® [(F, C)] ® T, is a tableau for {Fo, Co) and

cond{F,C)
(F1,C1) | oo | {Fis Ge)

is an instance of a rule of Figure 2 for which cond(F , C) is fulfilled, then the list

Tn&[(FUR,CUG); s (FUF CUG) & Ty

is a tableau for { Fo, Co)-

lq
A tableau for the formula ¢ is a tableau for ({Fd: (c1,01)},{c1 ~c1,l1 — 11 }).

It is possible to show that a new CSS obtained by applying a rule of Figure 2 respects the property (Prs) of
Definition 14 (using Corollary 1 and Corollary 2). By observing the rule (T(—)) we notice that the role of
the function ||.|| consists in introducing the action label 1, rather the action 1.

Definition 16 (Closure condition). A CSS (¥, C) is closed if one of the following conditions holds:
1. To: (x,u) € F, Fo: (yu) € F andx~y€ C
2. Fl:(xu) e Fandl, ~xeC
3. TL:(x,u)e F

A CSS is open if it is not closed. A tableau is closed if all its branches are closed.

Definition 17 (Tableau-proof). A tableau-proof for a formula ¢ is a closed tableau for 0.



(7] [
V1 F((P = (a)(b)Q) * P) — 0Q: (c1,11) ci~er L=
|
Vo T(P—(a)(b)Q)*P: (c1,l1)
Ve FOQ: (c1,11)
|

V3 TP~ (a)(b)Q : (c2,11) c63 ~ ¢l
TP : (C3,l])
= ~
FP: (c3,h) Va4 T{@)(D)Q : (c2¢3,11)
| ' a a
x Vs T(b)Q: (ca,12) cc3—>es lh—h
I [
TQI (6‘5713) C4—b»C5 lzih
|
FQ: (cs,13)
[
X

Fig. 3. Tableau for the formula ¢ = ((P — (a)(b)Q) *P) — 0Q

4.3 A proof example

We consider the formula ¢ = ((P — (a) (b)Q) * P) — OQ and give a tableau-proof for it. By Definition 15,

la . . .
the tableau [({F¢ : (c1,01)}, {1 ~ 1,1} — [1})] is a tableau for ¢. We give another representation for the
tableaux, which is

(7] [
F((P—(a)(b)Q)*P) — 0Q: (c1,h) ci~er Lh—1

We observe that there are two columns, one for the labelled formula sets of the CSS of the tableau (denoted
[F]) and one for the constraint sets of the CSS of the tableau (denoted [C]). By applying some rules, we
obtain the tableau of Figure 3.

We decorate a labelled formula with /; to show that we apply a rule on this formula at step i. We remark
that columns [#] and [(C] are trees that contain two branches. There are two branches because there are two
CSS in the tableau. The branches on the left (resp. right) contain the elements of the first (resp. second) CSS.
We also remark that all CSS are closed (denoted x). The CSS of the left is closed because TP : (c3,l1) € F,
FP: (c3,01) € F and ¢3 ~ ¢3 € C (by rule (p;)).

Let us give more details concerning steps 5 and 6. At step 5, when the rule (T(—)) is applied on the labelled

formula T(b)Q : (c4,l2), we have to choose a new resource label (¢s) and a new state label (/3). Then the
. lIll .. . lIl] .

labelled formula TQ : (cs,/3), the y-constraint ¢4 — ¢5 and the transition constraint /, ~— /3 are introduced

. ol . b el . .

in the branch. As b # 1,4, we have ||b|| = b and so ¢4 — cs is equivalent to ¢4 — ¢5 and I, — I3 is equivalent

b
to [ — I3. At step 6, to apply the rule (FO) on the labelled formula FOQ : (ci,/1), we have to choose a
. f — f —
resource label y, an action label f and a state label v such thatc;y »y € Cand 1 —v € C. As [ 2 > and
b b — b
I, — I3 belong to C we have [ it I3 € C, by rule the (f;). As cac3 5% ¢4, €4 — c5 and cac3 ~ ¢ belong to

ab —
C,wehavec|y - c5 € C:



a b
C2C3 —» C4 C4 — C5

ab
€203 —» C5 €203 ~ C

ab
Cl1 —> Cs

(K )

Thus, choosing y = ¢s, f = ab and v = I3, we can apply the rule that introduces the labelled formula
FQ: (cs,13) in the branch. Finally, as this tableau is closed then it is a tableau-proof for the formula ((P —

(@)(b)Q)  P) = OQ.

S Soundness and completeness properties for DMBI

We now present the proofs of soundness and completeness for our calculus. The soundness proof is based
on techniques similar to the ones used for the BI labelled tableaux calculus [8] and the completeness proof
is based on techniques similar to the ones used for the BBI tableaux calculus [13].

5.1 Soundness

A key notion to prove soundness is the realizability of a CSS (¥, C), that means there exist a model X
and embeddings from resource labels to the resource set (|.],), action labels to the action set (].],) and
state labels to the state set (|.],) such that if T¢ : (x,u) € F then |x|,, |u|s Fx ¢ and if Fo : (x,u) € F
then |x|,, [u]; F« ¢. In order to obtain such an embedding, we consider three functions |.|, : 4.(C) — R,
|.]a s Au(C) — Act and|.]; : 4;(C) — S. We remark, by Proposition 7, that |.]; is defined on 4,(C).
Moreover, the functions |.], are implicitly extended to D.(C) — R, that is for all ¢;, o...o¢;, € D,(C),
lciyo...0ci,|r=|ci|r®...0[ci,]rand |1,], =e.

We notice that | x|, can be undefined, because resource composition is partial. Finally, the functions | .|, are
implicitly extended to D,(C) — Act, thatis forall a;, ... . ai, € Da(C), |Giyn- s ai,la=1ai,]a®...©ai,]a
and [1,]|, = 1. In fact | f], is always defined, because action composition is a total function.

Definition 18 (Realization). Let (T, C) be a CSS. A realization of (F, C) is a 4-uplet R= (K, | |r, |- ]a; |-]5)
such that K = (M, [-],Fx) is a model, where M = (R,4,S,|-),u) is a DRM and R = (R,e,e) is a
resource monoid and A = (Act,®,1) is an action monoid, |.|; : D:(C) = R, |.]a : Du(C) — Act and
|.]s: As(C) — S, such that:

- r=e

- I_]aJa—l

|.]» is total, that is Vx € D, (C) -
I € S N A(C) then | f =
IfTo: (x,u) € F then | x|, |uls
IfFO: (x,u) € F then |x|,, |u]s
IfXNyG C then | x|, = |y]-

Ifx—f»y € C then p(| fla, |x];) L and p(| fla, |x]7) = ]+
Ifur—»ve Cthen |uls||fla) [v]s

x|

I
f
Eg
'7‘

We say that a CSS is realizable is there exists a realization of this CSS. We say that a tableau is realizable
if at least one of its branches is realizable.

Proposition 9. Let (F,C) be a CSS and R = (K, |1, |-]a, |-]s5) be a realization of (¥ ,C). Then R is a
realization of (F, C) and we have



1. Forall x E_@r(C), |x] - is defined
2. Ifx~y€ Cthen |x|, = |y],

3. 1fx Ly € then ([l 1x),) L and (|l 1x],) = Ly
4. 1w v € C then [ul, |71} L)

Proof. The functions |.], and |.], are implicitly extended to D (C) — R and D,(C) — Act. Letc € Cbea
constraint. If ¢ € C because ¢ € (C then there are three cases:

— cis a constraint of the form x ~ y. In this case, x € D,(C),y € D,(C) andx ~y € C. Then |x], and |y],
are defined, and we have |x|, = |y],, by definition of realization.

. . f . f
— ¢ is a constraint of the form x = y. In this case, x € D,(C), y € D,(C) and x - y € C. Then |x], and
|y] are defined, and we have u(| f|q4, |x]-) 4 and u(|f |4, |x]+) = |v]r. by definition of realization.

. . f . .
— c is a constraint of the form u ~— v. Then we have |u]s ||| f]|4) [v]s, by definition of realization.

Else, this constraint is obtained by rules of Figure 1 and we consider mutual induction on the size n of the
constraint deduction tree.

— Base case (n = 0):
Case rule (1,): the deduction tree is of the form

Then c is the constraint 1, ~ 1, and then |1,], = [1,],.
— Inductive step:
We suppose that the lemma holds for constraints having a deduction tree with size less than or equal n
(IH). We prove the proposition for the constraints having a deduction tree of size equal to n+ 1.
- Case (c,): the deduction tree is of the form

X~ y vk ~ yk
xk ~ yk
By (IH), | x],, |v], and | yk|, are defined. Moreover, by (IH), | x|, = |y|,. By definition of realiza-
tion we have |y|, e |k|, | and |y]|, e |k|, = |yk],. Thus |x]|, e |k|, ] and |x]|, e k|, = |y]| ® k],
Therefore we have |xk|, = |x]|, e |k], = |y] o k]|, = | Vk]/.
- Case (k,): the deduction tree is of the form

(cr)

Y~z
By (IH), | x|, |y, and |z, are defined. Moreover, again by (IH), u(| f]4, |x]-) 4, u(|f]a, [X]7) =

|v|rand u(|f]a, [x]r) = 2] Then |y|, = |z], because u is a function.
- Case (1,): the deduction tree is of the form

X~X

(1)

lq
X —»X

By (IH), | x|, is defined. By g-unitand as |1,|, = 1, u(| la]a, |x]+) $ and pu(|14]4, |x] ) = [x] -
- Case (,): the deduction tree is of the form
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X—=>Yy y—=>z
xiiz ()
By (IH), |x],, |y, and |z], are defined. Moreover, by (IH), u(|f]a, [x]/) 4, u(|f]a; [x]r) = [v]r
u(glas [v]r) L and u(|g]as [v]r) = 2], Then we have u([f]q, [x],) | and u((g]a,u([f]as [X]F)) {-
Thus, by p-composition, u(| f]a® |g]a, |x]+) 4 and u(| f ] ® LgJa,LxJ ) =u(lglau(Lfas [x]r) =
2] By definition of |. |4, [f+&)a = [f]a © | &]a- Therefore u(|fga, [x],) | and u(| f8a, [x]7) =

\_ZJ re

- Other cases are treated similarly.

Corollary 4. Let (T C)beaCSSand R = (K, |.|r,|.|a;|.]s) a realization of {F,C).

Ifx—»yeCandque C then |x|, Lujs& [y ]rs V]

Proof. By Proposition 9, u(|f|a, [x]r) 4. u([fla; |x]r) = |y]r and |u]s||f]a) [v]s- Thus, by definition,
3]s Luds 2% 1), L)

Lemma 2. The rules of tableaux calculus for DMBI preserve realizability.

Proof. Let T a realizable tableau. By definition, 7 contains a realizable branch B = (¥ ,(C). Let R =
(K, -], [-]as |-]s) be a realization of the branch B, where X = (M, [-],Fx), M = (R, A4,S,|-),u), R =
(R,e,¢) and 4 = (Act,®,1). If we apply a rule on a labelled formula of another branch than B then this
CSS will not be modified, then 7 remains realizable. Else, we show the result for the considered formula

TI: (x,u) € F:
We have |x|,, |u]|s F« L Thus | x|, = e, by definition of the forcing relation. As |1, |, = e then we have
| 1] = |x]-and R is a realization of the new branch (F,CU {1, ~ x}).
To—y: (x,u) € F:
We have x|, |u]s Fx ¢ — . Thus, by definition, if |x],, |u]s Fx ¢ then |x],, [u]s Fx V.
- Case x|, |u]s Fx ¢: we have |x|,, |u]s Fg yand 2R is a realization of the new branch (F U {Ty :
(1)}, C)-
- Case | x|, |u]s Fx ¢: we have R is a realization of the new branch (F U{F¢ : (x,u)}, C).
Fo—wy: (x,u) € F:
We have |x],, |u|s Fg 0 — . Thus |x|,, |u|sFx ¢ and |x],, [u]s F y. Then R is a realization of the
new branch (F U{T¢: (x,u),Fy: (x,u)},C).
To*wy: (x,u) € F:
We have |x|,, [u]s Fx ¢+ y. Then, by definition, there exist 7, € Rsuch that rier, |, [x|, =r e,
ri,luls Fx ¢ and o, |uls Ex W. As ¢; and ¢; are new resource label constants, |¢;], and |c;], are
not defined. Moreover as ¢; # c¢;j, we can extend R by setting |¢;|, = 1 and |cj], = r». Remarking
that |c;|, e |cj], | and, by implicit extension, |cic;|, = |ci|,® |cj| = |x],, we obtain a realization of
(F,CU{cicj ~x}) that is a realization of the new branch (F U{T¢: (¢;,u), Ty : (cj,u)}, CU{cicj ~
x}).
- Foxwy: (x,u) € F:
We have [x],, |u]s Fx ¢+ y. By definition, for all r{,r, € R such that r; ®r, | and x|, =r; er, we
have r, |u|s F ¢ or o, |u]s F% w. The branch is expanded into two branches (¥ U{F¢ : (y,u)},C)
and (F U{Fy: (z,u)},C) where yz ~ x € C. By Proposition 9, |x|, = |y, e |z, Thus |y, [u]s Fx ¢
or |zl |u|s Fg . Therefore R is a realization of at least one of the two new branches (F U {F¢ :
()}, C) or (F U{FV: (z,u)}, C).



- Tq)ﬁk\lj ( X, u
We have [x],, L J |=g( ¢ —+y. By definition, for all » € R such that |x|,er | and r, |u]s Fx ¢, we have
|x|,er [u|s Fx w. The branch is expanded into two branches (F U{F¢ : (y,u)},C) and (F U{Ty :
(xy,u )} C) where xy ~ xy € C. By Proposition 9 and by definition of realization, |x|, e |y], | and
lx|r o [y]r=[xy]r
- Case |y], |u]s Fx ¢: R is a realization of the first new branch (¥ U{F¢: (y,u)}, C)
- Case |y|r, u]s Fx 0: Thus |x|, e |y, |u]s Fx W and |xy|,, |u]s Ex W. R is a realization of the
second new branch (F U{Ty : (xy,u)},C).
- Fo—=vy: (xu)c F:
We have |x|,, [u]|s Fa ¢ = y. Then there is » € R such that |x|,er | and r, |u|; Fx ¢ and |x|, e
r,|u]s Fg . As ¢; is a new resource label constant, then |¢; |, is not defined. We can extend 2R such
that | ¢;|, = r. Remarking that |x|, e |c;|, |, we obtain a realization of (F,CU{xc; ~ xc;}) that is a
realization of the new branch (F U{T¢ : (ci,u),Fy: (xci,u)}, CU{xc; ~ xci}).
- TR0 (v,u) € F
We have |x],, |u]s F« (f)¢. By definition, there are r € R and s € S such that [x],, |u]s ER r,s and
r,s Eq ¢. Then u(f, [x],) |, u(f,|x],) = rand |u]s|f)s. As ¢; and [; are new label constants, then
|ci]r and |l; |5 are undefined. We can extend DR such that |¢;|, = r and |[;|; = s. Moreover the rule
introduces the resource label || f]].
- If f =1then ||f|| = 1, and we have ||| f]|]s = [lala=1=f.
- If f# 1and f € A,(C) then || ]| = f and we have [[|f|[]a = [f]a =f.
- If f# 1 and f € 4,(C) then we can extend the realization by ||| f|||. =

I£1 I£1
Thus, in all cases, we obtain a realization of (F,CU{x = ¢;} U{u — [;}), which is a realization of the

new branch (F U{T¢ : (¢c;,;)}, CU{x Hﬁl c,,u@ ).

- F(f)o: (xu) € F:
We have [x], |u]s Fx (f)¢. Then, by definition, for all » € R and s € S such that x|, |u]s ER rS,

we have r,s Fx ¢. By the rule condition, x Hﬁl y€ C and u |>|£|>| v € C. By Corollary 4, |x]|,, u]s HLL
v ]rs V]

- If f =1then ||f|| = 1, and we have ||| f]||o = [lala=1=f.

- If f # 1 then || f|| = f and we have H\fllJa =fla= 1.
Thus we have |||f|||o = f and |x],, |u|s = Lyj, |v]s. Therefore |y|,, [v]s F« ¢ and we conclude that
R is a realization of the new branch (¥ U{F¢: (y,v)},C).

- TOO: (x,u) € F:
We have | x|, |u]s Eg O¢. Then, there are » € R and s € S such that |x],, |u|s ~> r,s and r,s F« ¢. By
Proposition 2, there is @ € Act such that | x|, |u|s < r,s. By definition u(a, |x],) |, u(a, |x],) = r, and
|u|s|a) s. As ci, d; and [; are new resource labels, we can extend R such that |¢;|, =7, |di], = a and
d,‘ di . . . .
lli]s = s. Then, we obtain a realization of (F,CU{x — ¢;} U{u — [;}), which is a realisation of the

d; d;
new branch (F U{To: (c;,;)}, CU{x — ci,u — [;}).
- FOo: (x,u) € F:
By realization, we have x|, |u]s F« O0¢. Then, by definition, for all € R and s € S such that | x|, |u];~~

r,s, we have r,s i« 0. By rule condition, x N yeCandu L v € C. Thus, by Corollary 4, | x|, |u]s —= U
|v]r, [v]s. By definition, |x],, [#]s ~> [y]r, |v]s holds. Therefore |y|,, |v]s #x ¢, and we conclude that
R is a realization of the new branch (F U{F¢: (y,v)},C).

Lemma 3. Closed branches are not realizable.

Proof. Let {F,C) be a closed branch. We suppose that it is realizable. Let R = (X, |-, [-]a,|-]s) be a
realization of it. There are three cases:



u) € F,Fo: (y,u) € F andx~y € C: by definition of realization and Proposition 9, | x|, || F
o, [v]r |u)s Fx ¢ and |x]- = |y|,. This case is absurd.

u) € F and 1, ~ x € C: by definition of realization and Proposition 9, |x|,,|u]s F I and
e=|x|,. As |x], = ethen |x|,, |u]|s Fg I, which is absurd.

- TL: (x,u) € F: by definition of realization, | x|, |u|s F« L which is absurd.

1
=]
—

=

As all cases are absurd, we can conclude that (¥, C) is not realizable.
Theorem 1 (Soundness). If there exists a tableau-proof for a formula ¢ then ¢ is valid.
Proof. We suppose that there exists a tableau-proof for ¢. Then there is a closed tableau 7y for the CSS

C={Fo: (c1,h)},{c1 ~c1,li to I1}). Let us suppose that ¢ is not valid. Then there is a countermodel
K= (M,[],Ex), aresource r € R and a state s € S such that r,s Fx ¢. Let R = (K, .|+, |-]a; [-]5s) such
that |ci |, = r and [/; |, = 5. We remark that R is a realization of €. By Lemma 2, T is realizable. By
Lemma 3, 7, cannot be closed. But, this is absurd because 7, is a tableau-proof (so is closed). Thus ¢ is
valid.

If we come back to the example developed in Subsection 4.3 we can conclude, by Theorem 1, that the
formula ((P — (a)(b)Q) * P) — OQ is valid.

5.2 Countermodel extraction

Before to study completeness we present a countermodel extraction method for DMBI. The main idea
consists in transforming resource, action and transition constraints into a DRM, from a branch (¥, C)
which is not closed. In order to obtain a countermodel, this branch has to verify two properties, that are if
To: (x,u) € F thenx,u g ¢ and if Fd : (x,u) € F then x,u 4 ¢. First we define what is a Hintikka CSS.

Definition 19 (Hintikka CSS). A CSS (¥, C) is a Hintikka CSS if for any formula ¢,y € L, any action
f € Xuer and any label x € L, and u € Lg:

1 To: (x,u) € F orFo: (y,u) € F orx~y ZC

2. Fl:(x,u) g Forl,~x&C

3. TL:(xu)gF _

4. If TL: (x,u) € F then 1, ~x€ C

5. IfTo—=vy: (x,u) € F thenFo: (x,u) € F orTy: (x,u) € F

6. IfFd =y : (x,u) € F then T : (x,u) € F and Py : (x,u) € F

7. IfToxy: (x,u) € F thenIy,z €L, yz~x€ Cand T : (y,u) € F and Ty : (z,u) € F

8. IfFoxy: (x,u) € F thenVy,z €L, yz~x€ C=F¢:(yu) € F orFy:(z,u) € F

9. If To —wy: (x,u) € F then ¥y € L, xy € D,(C) = Fo: (y,u) € F or Ty : (xy,u) € F

10. If FO -y : (x,u) € F then Iy € Ly, xy € D:(C) and T : (y,u) € F and Fy : (xy,u) € F

11. If T(f)0 : (x,u) € F then Iy € L,, HveLs,x‘@yefanduwvefandﬂfq):(y,v)ef
f — f —

12. IfF(f)¢ : (x,u) € F thenVy € L,, Vv € L, (xu‘yGC"anduU—Uve C)=Fo:(yv)eF

13. If TOO : (x,u) € F then Iy € L, Af € L, EIvGLs,xgyefandui»vefand’ﬂ“q):(y,v)GT

14. IfFOO : (x,u) € F thenVy € L, Vf € Ly, Vv € L, (x—f»yEZ‘anduLvef):Fq):(y,v)ET

The conditions 1., 2. and 3. of Definition 19 certify that a Hintikka CSS is not closed. The other conditions,
from 4. to 14., define labelled formulae that are called fulfilled formulae.

We now define a function Q that allows us to extract a countermodel from a Hintikka CSS. We denote
K={yeL |x~yecCyand D,(C)/ ~ = {[x] | x € D.(C)}. We remark that the relation ~ from a closure
of constraints (C) is reflexive (by Corollary 1), symmetric (by rule (s,)) and transitive (by rule (z.)). Then
it is an equivalence relation and [x] is an equivalence class.



Definition 20 (Function Q). Let (F,C) be a Hintikka CSS. The function Q associates to {F ,C) a triplet
QUF,C)) = (M,[],Ex), where M = (R, A4,S,|-),u), R = (R,e,¢e) and A = (Act,®, 1), such that:

- r(_)/N
- D,(C)U{a} (where o. € Dy(C) UZacr)
- eé= [1r]

|
=3
°

]_{T l:fxOyQQ)r(E)

[xoy] otherwise

T if{v|x>yeCt=0
{y|x~a»y€?} otherwise

Forany a € Act and [x] € R, u(a,[x]) = {

. f —
si|f)s2iffsi—s2€C B
Forall ay,a; € Act, ay ©®ay = ai.ay ifa -ag € D,(C)
(o4 otherwise

([x],s) € [P] iff Ty € [x] such that TP : (y,s) € F

Let us note that © must be a total function. We introduce an new actlon o, because if aj »a> & D,(C) then

we want a; @ a; to be still define. For the construction of , if {y | x R y € C} =0 then u(f, [x]) is undefined.
f f

Moreover, we will show that if {y | x =y € C} # 0 then {y | x = y € C} is an equivalence class, meaning

that{y|x—»yeC}eD( C)/ ~.

For all a € L4 such that ||a|| € D,(C), we consider that [a]s,,, = ||a||. Moreover, we consider that for
all a € L4 such that ||a]| € D,(C), we have [a]y,,, is not defined. We remark that our consideration is well
formed in case of 1 € Ls. Indeed, as we have ||1]| = 1, and 1, € D,(C) by the rules (1,) and (1,,), then
we have [1]z,, = |1 =1, = 1.

Lemma 4. Let € = (F,C) be a Hintikka CSS and Q(&) = (M, [-],Ex) where M = (R, A4,S,|-),un), R =
(R,e,¢) and A = (Act,®,1). We have, (M ,[-],E«) is a model.

Proof. We have to show that & is an resource monoid, 4 is an action monoid, M is a DRM and [] :
Prop — @(R x S).

— R is aresource monoid:
- 1, € D,(C) byrule (1,). Ase =[1,] and R = D,(C)/ ~, then e € R.
- We show that e : R Xx R — R is well-defined, associative, commutative and e is its unit:
* We suppose that there are x,y,x’,y’ € D,(C) such that [x] = [x'] and [y] = [y']. Thenx ~x’ € C
and y ~y' € C. There are two cases:
- xy € D,(C): in this case, [xy] € R and [x] ® [y] = [xy]. By Corollary 3, xy ~ x'y' € D,(C).
Thus, we have [x] o [y] = [xy] = [¥'y] = [¥]e [y'].
- xy € D,(C): in this case [x] @ [y] 1. By Corollary 3, X'y’ & D,(C). Thus we have [x']  [y'] 1
In conclusion [x] e [y] = [x'] ¢ [y'], so e is well-defined.
% Let r € R. Then there is x € D,(C) such that r = [x]. As 1, is the unit of o, then xo 1, = x1, €
D,(C) Then ree |. Thus, by definition of Q, ree = [x]e[1,] = [x1,] = [x] = .
* Let r,r2 € R. Then there are x,y € D,(C) such that r; = [x] and r» = [y]. We suppose that
riery |. Thenxy € D, (E) As o is commutative then xy = yx. In conclusion, we have ri er, =
] o [y] = byl = ] = Y] e [x] = ry 1.
* The proof of associativity is similar (o is associative).



Therefore, R is an action monoid.
— A is an action monoid: |
- 14 € D4(C) because 1, — 1, € C by the rules (1,) and (1,). As | = 1, and Act = D,(C) U {a}
then 1 € Act.
- We show that ® : Act x Act — Act is associative and 1 is its unit:
x Letac Act. Ifac D,(C) thena®1=a.l,=a=1,.a=1®a, because 1, is the unit of ..
If a ¢ D,(C) then, as a € Act\ D,(C) then a = . By definition of Q, we have 1, ® o, =
a® 1, = a. Then we conclude that, for any a € Act,a®1=10a=a.
* Letay,az,a3 € Act.
If (a1 ®az) ® az # o we have (a1 .a2).a3 € D,(C) and (a1 ©ap) © az = (aj »az) «az. As . is
associative, then (aj .a2).a3 = aj«(az.a3) and ay « (az .a3) € D,(C). Thus (a1 ©az) ®az =
(al .az) A3 =dq . (az .a3) =a1® (az ®a3).
If (@) ®az) ® a3 = o then we suppose that a; ® (a2 ® az) # . By arguments similar to the
previous case, a; ® (a2 ®az) = (a; ® az) © as, but this is absurd. Thus a; ® (a2 ®a3) = o and
we can conclude that (a] ©a2) ©®az = a; © (a2 ® a3).
Therefore, A4 is an action monoid.
— M is a DRM:
- We show that |-) satisfies the properties |-)-unit and ||-)-composition:
% |-)-unit: let s € S. Then s € 4,(C) and there are a state label u and an action label f such that

f f 1g _
s—u€ Coru—sée C.Then, by rules (1,,) and (1;,), s — s € C. Therefore s|1) s.
* ||-)-composition: let s1, 52,53 € S and a1,as € Act such that s |a;) s2 and s3 |a2) s3. By defini-

a — a — apsa J— p—
tion of Q, s -t 52 € C and s, A s3 € C. By rule (), s e 53 € C. Asay.ax € Dy(C) we
have a; ® a; = ay +az, and we conclude that 5| |a; ©® az) 53, by definition of Q.
- We show that i1 : Act x R — R is well-defined and satisfies properties y-unit and y-composition:

* We show that if u(a, [x]) :{y|x—a»yef} and {y|x—a»yef}7é0then {y|x—a»y€?} is
an equivalence class, such that {y | x Sye CYeD(C)) ~ Letze{y|x Sye C}. Then
x5 z€C. Weshow [g] = {y|x>yeC}

Let 2 € 2] we have z~ 2’ € C and by rule (k,,), x —» 2 € C. Thus 2/ € {y | x—»y € C} and we
have 1] C {y| x>y € C}.

Let7 € {z|x Sye C} we have x 5 7 € C and by rule (ky),z~7 € C. Thus 7' € [] and we
have 2] 2 {y| x>y € C}.

We conclude that {y | x — y € C} is an equivalence class and {y | x S yeClen(C)) ~.
We show that for any x ~ x' € C and any a € Act, p(a, [x]) 1 iff u(a,[¥']) 1 and if u(a, [x]) |

then u(a, [x]) = p(a, [x']). If u(a,[x]) 1 then there is no resource label y such that x Syel.
Then by rule (k,,) there is no resource label y such that x’ 5 y € C (else we should have
x5 y € C). Thus u(a, [x']) is also undefined. If u(f, [x]) | then there is a resource label y such
thatx >y € C. By rule (ky, ), X’ % yeC. Tehn by definition of Q, u(a, [x]) = [y] = u(a, [¥]).

* Let r € R. There is x € D,(C) such that r = [x]. By Corollary 1, x ~x € C and by rule (1,),

lu = o,
x = x € C. Then, by definition of Q, u(1,r) | and u(1,r) = [x] =r.
x Let r € R and aj,ap € Act such that u(ay,r) | and u(az,u(ai,r)) 4. As r € R then there is

x € D:(C) such that r = [x]. As u(ay,r) | then there is a resource label y such that x 5 yeC.
Then we have u(ay,r) = [y] and u(az, [y]) J and there is a resource label z such that y Z:eC
Thus u(as,[y]) = [z] and u(az,u(ar,r)) = [z]. By rule (1), x L 2 €. Then, by definition of
Q, u(a) ®az, [x]) | and u(a; @ az, [x]) = [z]. In conclusion p(a; ® az,r) | and u(a; @ az,r) =
plaz,pu(ar,r)).



We have obviously [-] : Prop — (R x S).

Lemma 5. Let €= (F,C) be a Hintikka CSS and Q(€) = (M, [-],F«) where M = (R, A,S,|-),u), R =
a

(R,e,¢) and A = (Act,®,1). For any formula ¢, any x € D,(

nd any u € 4;(C), we have the following

properties:

1. IfF: (x,u) € F then [x],uFx ¢
2. If To: (x,u) € F then [x],uEx 0

Proof. Properties 1. and 2. are simultaneous proved by induction on ¢.

— Base cases

Case Fp : (x,u) € F such that p € Prop:

We suppose that [x],u Fg p. Thus ([x],u) € [p]. By definition Q, there is a resource label y such
thaty € [x] and TP : (y,u) € F. Thenx~y € Cand Tp: (y,u) € F. Thus € is not a Hintikka CSS,
by condition 1. of Definition 19. But this is absurd, so [x],u Fx p.

Case Tp: (x,u) € F such that p € Prop:

As x € [x] then, by definition of Q, ([x],u) € [p]. Then [x],u F« p.

Case FL: (x,u) € F:

We have [x],u 4 L, by definition.

Case TL: (x,u) € F:

As € is a Hintikka CSS then, by condition 3. of Definition 19, this case is absurd.

Case FIL: (x,u) € F:

We suppose that [x],u F & I. Then [x] = e and, by definition of Q, we have [x] = [1,]. Thusx~ 1, € C.
Therefore € is not a Hintikka CSS, by condition 2. of Definition 19. Being absurd, we can conclude
that [x],u Fg L

Case TT: (x,u) € F:

By condition 4. of Definition 19, 1, ~ x € C. Then, by definition of Q, [x] = [1,] = e and [x],uF« 1.

— Inductive step: we suppose that properties 1. and 2. hold for formulae ¢ and y (IH)
- Case Fo — v : (x,u) € F:

By condition 6. of Definition 19, T¢ : (x,u) € F and Fy : (x,u) € ¥. Then, by (IH), [x],u F« ¢
and [x],u # & y. Thus [x],u g 0 — .

Case TO — y: (x,u) € F:

By condition 5. of Definition 19, F¢ : (x,u) € F or Ty : (x,u) € F. Then, by (IH), [x],u # ¢ or
[x],u Eg w. Thus [x],uFgx ¢ — .

Case Fo*y: (x,u) € F:

Let [y], [z] € R such that [y] e [z] | and [x] = [y] ® [z]. By definition of Q, [x] = [yz]. Thenx ~yz € C
and, by condition 8. of Definition 19, F¢ : (y,u) € F or Fy : (z,u) € F. Thus, by (IH), [y],u Zx ¢
or [z],u ¥« . Therefore [x],u 4 ¢+ y.

Case To* W : (x,u) € F:

By condition 7. of Definition 19, there are two resource labels y and z such that yz ~x € C, T :
(v,u) € F and Ty : (z,u) € F. By definition of Q and by (IH), we have [x] = [yz] = [y] o [2],
[v],u Ex ¢ and [z],u Fx y. Therefore [x],u Eg ¢ *y.

Case Fo - : (x,u) € F:

By condition 10. of Definition 19, there is a resource label y such that xy € D,(C), To : (y,u) € F
and Fy : (xy,u) € F. By Corollary 1 and rule (d,), we have y € D,(C). Then, by (IH) and by
definition of Q, there is a resource [y] such that [y],u E« ¢ and [x] @ [y],u Z« Y. Therefore [x],u
O — .

Case To —~y: (x,u) € F:

Let [y] € R such that [x] e [y] | and [y],u =% ¢. We show that [x] e [y],u F y. By definition of Q, we
have [x] e [y] = [xy] and xy € D,(C). Thus, by condition 9. of Definition 19, F¢ : (y,u) € F or Ty :
(xy,u) € F. Then, by (IH) and by definition of Q, [y],u ¥« ¢ (which is absurd) or [x] e [y],u F .
Therefore [x],u Eg 0 - .



- Case F{a): (x,u) € F:
Let [y] € R and v € S such that [x],u < [y],v. By definition, u(a, [x]) |, u(a, [x]) = [y] and u |a) v. We
recall that, we are supposing that u([a]x,.,, [X]) J. u([a]z,,, . [X]) = V] et u|[a]s,,, ) v. We also remark
that a € 4. Moreover, as u([a]s,,, , [x]) is defined, then [a]y,, is also defined. Then [a]s,,, = |||

flall = [lal

and, by definition of Q, x = y € C and u — v € C. Then, by condition 12. of Definition 19,
Fo: (y,v) € F and, by (IH), [y],v F« 0. Therefore [x],u F« (a)¢.
- Case T(a)0 : (x,u) € F:
llall —
By condition 11. of Definition 19, there are a resource label y and a state label v such that x i yeC,
[lall

u—veCandTo: (y,v) € F. As ||a|| € D,(C) then [a]x,,, = ||l By definition of Q et by (IH),

we have u([a]s,,,, [x]) = ], u|[a]s,, ) v and [y],v E« ¢. Thus [x],u %) ],v and [y],v E« ¢.
Therefore [x],u F« (a)9.

- Case FOO : (x,u) € F:
Let [y] € R and v € S such that [x],u ~ [y],v. By Proposition 2, there is an action a € Act such
that [x],u < [y],v. Then, by definition, u(a,[x]) |, u(a,[x]) = [y] and u |a) v. By definition of Q,

x y e C and u 2y € C. Thus, by condition 14. of Definition 19, we have F¢ : (y,v) € F.
Therefore, by (IH), [y],v % ¢. In conclusion, we have [x],u Fg O0.

- Case TOO : (x,u) € F:
By condition 13. of Definition 19, there are a resource label y, an action label f and a state label v

such that x N y€ Candu g ve Cand To: (y,v) € F. By definition of Q and by (TH), u(f, [x]) |,
u(f,[x]) =[], u|f) v and [y],v Ex ¢. Then, by definition, [x],u ~ [y],v and [y],v Eg ¢. Thus
[x],u Eg OO.

Lemma 6. Let (F,C) be a Hintikka CSS such that F : (x,u) € F. Q({F,C)) is a countermodel of ¢.

Proof. Let 'Q‘(<-.7:a C>) = (Mv [[ﬂa':i’() where M = (Ra/qua ||>>,[,l), K = (Rv.ve_) and 4 = (ACt_a®7 1) By
Lemma 4, (M, [-],Fx) is a model. By (Pe), as F¢ : (x,u) € F then x € D,(C) and u € A;(C). We re-
mind that 4,(C) = A,(C) (Proposition 7). By Lemma 5, [x],u #« ¢ in this model. Thus Q((¥,C)) is a

countermodel of ¢ and then ¢ is not valid.

Let us illustrate the countermodel extraction by taking as an example the formula ({(a)P * (b)P) — O(P* P).
By applying the rules of the tableaux calculus, we obtain the tableau of Figure 4.

We highlight that at step 6 and 7 the rule (Fx) is applied on the labelled formula FP*P: (cy,1; ), considering
the constraint cyc3 ~ ¢ for the step 6 and the constraint ¢11, ~ ¢ 1, for the step 7 (the resource label ¢ is
equal to the resource label ¢ 1,).

We obtain a branch ‘B which is a Hintikka CSS. Then, the function Q allows us to extract a countermodel,
thatis Q(B) = (M, [-],F«), where M = (R, A4,S,|-),u). R = (R,e,e) and A = (Act,®, 1), such that:

R= {6‘, [Cl]v [CZ]v [63]7 [64]7 [65]}’ where [Cl] = [6263] and e = [1”]

Act = {1,a,b,a}, where 1 = 14, [d]x,,, = |la|| = a, [b]x,, = ||b|| = b. We remind that we write a for
[a]s,,, and b for [b]y,.,-

S={l,b,}

The resource composition e, the function u and the action composition ©:



[F] [C] |
Vi1 F((a)P* (b)P) = O(P*P): (c1,1) ci~er L=
|
Va T{@)P*(b)P: (c1,h)
Vs FO(P+P): (c1,hh)

|
V3 T{@)P: (e2,1) €203 ~ ¢
\/4 T(b)P: (c3,l1)

|

TP (cs,bn) ey ISl

|
TP: (cs,13) b, |

|

Ve V7 FP«P: (c1,1})

~ ~
FP: (cz,L) FP: (c3,l1)
~ ~ |
FPZ(C[,I[) Fpl(lr,ll)

| |

B

Fig. 4. Tableau for the formula ((a)P  (b)P) — O(P P)

e [ e [lea] [ feal | [e3] | [ea] | [es] |

e e [ledlea] [Tes] [Teal [fes] | [ellelle] [lea] [les] [[ea] [[es]]  [©][1]a]b]a]
clfflecddf + (T 1 e|le1]][e2] | [e3] ] [ca] | [cs] 1|1]|a|b|la
allle]] T [t ||t |1 all[t] T [l T 7111 allalaloala
allffes]] Tl T T[T A REEERICIEEE bl b]a]ala
calflea]] T T LS A ojjojojofa
osliffes]] [ T T[T | T

— The relation |-):

=0
ERO=
1
— The interpretation: [P] = {([c4],12), ([¢5],13)}
Now, we can verify that we have a countermodel that does not satisfy ((a)P * (b)P) — Q(P* P):

1. We have ([c1],1) € [P] and ([c2],41) & [P]. Then [c1],1; Fx P and [c2], 11 F« P.

2. rer =|[c|]iff r =eand ¥ = [c1]) or (r = [c;] and ¥ =€) or (r = [c3] and ¥ = [c3]) or (r = [c3] and
¥ = [ca)).

3. By 1. and 2. we have [c1],]; g P*P.

4. As ([ca],2) € [P] and ([es],13) € [P] then [ca],l» F« P and [es], 13 Fx P.



. [ea], 11 % [c4], 1> holds because u(a, [c2]) = [c4] and [; |a) L.

. [e3].l1 & [es], 15 holds because u(b, [c3]) = [cs] and [ |b) I5.

By 4. and 5. we have [c2],]1 F ()P and by 4. and 6. we have [c3],/; F (b)P.
. As [c2] ®[c3] = [c1] and by 7. we have [c1],[; Fx (a)P* (b)P.

We have r,s 25 [c1], 11 iff r = [c1], s = 1 and f = 1.

. By 3. and 9. we deduce that [¢{],/; Fx O(P*P)

. By 8. and 10. we conclude that [c1],l; F« ((a)P * (D)P) — O(P*P)

— O\ 00O W

—_

5.3 Completeness

In this section, we show the completeness of the tableaux calculus for DMBI. This proof is an extension of
the proof of completeness of tableaux for BBI [13]. In this completeness proof, we consider a formula ¢ for
which there exists no tableau-proof and we present a method that build a (possibly infinite) Hintikka CSS,
that leads to the conclusion that ¢ is not valid.

Definition 21 (Fair strategy). A fair strategy is a labelled formulae sequence (SiX; : (xi,u;))ien in {T,F} x
L X Ly x L such that any labelled formula occurs infinitely many times in this sequence, that is {i € N |
SiXi : (xi,u;) = SX : (x,u)} is infinite for any SX. : (x,u) € {T,F} x LX L, x L.

Proposition 10. There exists a fair strategy.

Proof. Let X = {F,T} x L x L, X L; be the set of all labelled formulae. As Prop and X4 are countable
then L is countable. Moreover, L, and L are countable (remember that 7, is countable). Therefore, X is
countable. Then N x X is countable and there exists a surjective function ¢ : N — N x X.

Let p: Nx X — X defined by p(i,x) =x and u = p o 9. We show that u is a fair strategy by showing that
for any x € X, u~!({x}) is infinite. Let x € X. u~'({x}) = 0~ ' (p~ ' ({x})). But p~({x}) = {(i,x)|i € N}
so p~!(x) is infinite. As @ is surjective ' (p~'({x})) is also infinite.

Definition 22. Let P a set of CSS,

1. Pis g-closed if (F,C) € P holds whenever (F,C) < (F',C') and (F',C") € P holds.
2. P is of finite character if (F,C) € P holds whenever (F7,Cy) € P holds for every (F¢,Cr) < (F,C).
3. P is saturated if for any (F ,C) € P and any instance

cond(F,C)
(F,C1) | oo | (P, G

of a rule of Figure 2, if cond(F, C) is fulfilled then (F U F;, CUG,) € P for at least one i € {1,....k}.

Definition 23 (Oracle). An oracle is a set of non closed CSS which is <-closed, of finite character and
saturated.

Lemma 7. There exists an oracle which contains every finite CSS for which there exists no closed tableau.

Proof. The proof is given in Appendix B. It is an adaptation of the completeness proof for BBI tableaux
calculus [13] which is also an adaptation of the completeness proof of tableaux for first-order logic [6].

We first start the proof of completeness by assuming that there exists no tableau-proof for the formula @.
By showing that @ is not valid, we deduce that our labelled tableaux calculus for DMBI is complete.

Let 7y be an initial tableau for ¢.



la
L To=[({Fe: (c1,l1)}. {c1 ~c1,li — L })]
2. There is no closed tableau for 7,

By Lemma 7, there exists an oracle which contains every finite CSS for which there exists a no closed

la
tableau. Let P be such an oracle. By hypothesis ({F¢ : (c1,l1)},{c1 ~ c1,li — I1}) € P. By Proposition
10, there exists a fair strategy .S. We denote S;X; : (x;,u;) the i formula of S.
Now, we built a sequence (F;, G;)ox; as follows:

la
- (F0,C0) = ({Fo: (c1,11)}, {1 ~c1,lh — 1Ii})
- If <f]:,U {S,'X,' : (xi,ui)}, G) ¢ P then we have <?}+|,Cj+]> = <?~,, C,)
- If (FU{SX;: (xi,u;)},G) € P then we have (Fii1,Cr1) = (FU{SX; : (xi,ui)} U Fe, G U C.) such
that ¥, and C, are determined by:

S £ ] T | G |
T 1 0 {1, ~xi}

T (I)*\lf {Tq) (Cl,l/li),T\lf: (b,bﬁ)} {Clb in}
Flo—y [[{To: (a,u;),Fy: (xia,u;)}| {xia~xa}
T
T

()0 To:(00)  |[{n > au o)

C c
) {To: (a,0)} {x; > a,u; — 0}
Otherwise 0 0
with a = ¢i42, b= c2i43, c =dj2 and 0 = [; 1.

Proposition 11. For any i € N, the following properties hold:

F([)I (61711)6%, ci~ci €Gandly >]—a>l] eqG
Fi € Fiv1and G C Gy

(Fi,Gogi € P

A.(G) € {cr,¢25-y02i41}

A,(G) CH{d,dz,...,dix1} UXsae

A(G) C{li,l,....lis1}

AR~

Proof. - Property 1. holds for i = 0. As (Fi+1,C+1) is obtained by extension (U) of (¥, G) then this
property holds for all i > 0.
- Property 2. holds because (i1, Ci+1) is obtained by extension (U) of (F;, G).
- Properties 3., 4., 5., and 6. are proved simultaneously by induction on i.

- The base case (i = 0) obviously holds: as (¥, () = ({Fo: (c1,h)},{c1 ~ 1,01 t I1}) then we
remark that properties 4., 5., and 6. hold and property 3. holds by hypothesis.
- Now we consider the inductive case. We assume that the properties 3., 4., 5. and 6. hold for i = n
(induction hypothesis (IH) and show that they hold fori =n+ 1:
= I (FnU{SuXn : (Xn,un)}, Co) € P then (Fni1, Cov1) = {Fn, Gi)- Then the properties 3., 4., 5. and
6. hold by (IH).
= If (FoU{SpXn : (xn,un)}, Go) € P thenitis a CSS (the elements of P are CSS, by definition). Then,

by (Pegs), Xp ~ X € G, and uy, >1—a> u, € G,. Thus, we have v, N E,(x,) € 4-(C,) and u, € 4,(G,).
Therefore, by Proposition 7, v, N E,(x,) € A,(G,) and u, € 4;(C,) (1). There are six cases:
-IfS,=Tand X, =1:
In this case, (Fnt1, Cot1) = (Fa U{SuXu : (xn,un)}, G U {1, ~ xn}). As P is saturated and
applying the rule (T7), we have (F,11, Got1) € P. By (1), we remark that Z,.(Cy+1) = A (Go)s
A,(Cos1) = Ay(Gr) and A (Cot1) = A5(Gy)- In conclusion, by (IH), the properties 3., 4., 5.
and 6. hold.



- Case S, =Tand X, = 0*xy:
In this case (Fnt1, Gitr1) = (FaU{SuXn : (xn, 1t) FU{TO: (c2n+2,un) and T : (c2n43,1n) }, G U
{cant2¢am+3 ~ xn}). By AIH), cont2 € A(G,) and c2,+3 € A,(G,), then they are new resource
label constants. Moreover, as (F, U {SyXy, : (xn,un)},Gi) € P, as P is saturated, applying
the rule (Tx) and using labels ¢z,172 and cz,+43 then we have (%11, Git1) € P. Thus prop-
erty 3. holds. Moreover, by (1), Z-(Gi+1) = A-(Gi) U{can+2,¢an+3}> Aa(Cot1) = A(G,) and
A;(Cut1) = A5(Gy)- Therefore, the properties 4., 5. and 6. hold by (TH).

- Case S, =Fand X, = ¢ —y:
In this case (Fu+1, Cor1) = (FaU{SnXn : (xn, ) FU{T: (c2ns2,un) and B : (xycont2, 1)}, G U
{xncant2 ~ xpcont2}). By (IH), cont2 & A-(C), then it is a new resource label constant. As
(Fa U{SuXn : (xXn,un)},Cr) € P, as P is saturated, applying the rule (F—) and using label
cant2 then we have (F,11,Gi+1) € P. Thus property 3. holds. Moreover, by (1), we have
A (Cot1) = A(G) U{canta}s Aa(Crs1) = Au(Cy) and A(Cot1) = As(G,). Therefore, the
properties 4., 5. and 6. hold by (IH).

- Case S, =T and X,, = (f)0:

171 K

In this case <Tn+1 , Cn+l> = <_‘}—,,U{S,,X,, : (x,,,u,,)} U{Tq) : (C2n+2,ln+2)}, GU {xn — Copt2,Up —
In+2}). By (IH), coni2 & A(Gy) and 10 € A5(G,), then they are a new resource label con-
stant and a new state label constant. As (F, U {S, X, : (xn,us)},G) € P, as P is saturated,
applying the rule (T(—)) and using labels c3,12 and I,1, then we have (F41,Ci11) € P.
Therefore property 3. holds. Moreover, by (1), 4,(Ci+1) = A-(Gy) U{cont2} and A(Co11) =
A (Cr) U{lps2}.If f = 1 then || f|| = 14, and recalling that 1, &y, we have A, (Cot1) = Aa(Cy)-
Else we have 4,(C,+1) = A,(G,) U{||f||}- Therefore, the properties 4., 5. and 6. hold by (TH).
- Case S, =T and X, = O0:
dn+2 dn+2

In this case (Fnt1, Git1) = (FaU{SnXn : (uy 1) FU{TO: (c2n42,ln+2) }, CiU{xn = conto,un —
Inso}). By (IH), conta & A (Ca)s dnso & Aa(Cy) and Lo & As(C,), then they are a new re-
source label constant, a new action label constant and a new state label constant. As (F, U
{SnXy : (Xuyun)}, Gi) € P, as P is saturated, applying the rule (T) and using labels 2,42,
dy12 and 1,1 then we have (%11, Git1) € P. Therefore property 3. holds. Moreover, by (1),
ﬂr(Cth]) = /qr(Cn) ) {C2n+2}7 -qa(Cthl) = ﬂa(cn) ) {dn+2} and /qs(cth) = ﬂs(cn) ) {ln+2}'
Therefore, the properties 4., 5. and 6. hold by (IH).

- Inthelastcase, (Fit1, G+1) = (FU{SiX;: (xi,u;)}, G). By hypothesis, { F; U{S;X; : (xi,u;)},C;) €
‘P, then property 3. holds. Properties 4., 5. and 6. hold by (IH).

Proposition 12. Let the limit CSS (¥, C.o) of the sequence (Fi, C;)o<i be defined by:

Fo=J % and Co=1JG

i>0 i>0
We have the following properties:

1. (Feo, C) EP
2. For all labelled formulae SO : (x,u), if (Fo U{SO: (x,u)}, Cx) € P then S¢ : (x,u) € Foo

Proof. We first prove that (., Cw) is a CSS (satisfies properties (Pys;)). Let SO @ (x,u) € Foo. We show
— la — .. .
that x ~ x € G and u — u € Cw. By definition of %, there is i such that S¢ : (x,u) € ¥;. By property 3
_ lg _
of Proposition 11, (%, ) € P. Then (¥, ) is a CSS and, by (P.), x ~ x € C; and u — u € . Thus, by

- lll — . .o .
definition of limit CSS, x ~ x € (. and u — u € C... We now prove the properties of the proposition:



1.

Let (%7, Cr) <1 (Fe, Co). As Fy and Cy are finite and as the sequence (%, G)og; is increasing by prop-
erty 2 of Proposition 11, then there is j € N such that (¥, Cr) < (F;, Cj). By property 3 of Proposition
11, (F;,Cj) € P. As P is <-closed then we have (Fr, Cr) € P. Thus for all (F7,Cr) <f (Feo, Coo), We
have (%7, Cr) € ©P. Therefore (¥e, Co) € P, because P is of finite character.

— 1a —
. Let S¢ : (x,u) such that (Foo U{S¢ : (x,u)}, Cx) € P. By property (Pegs) X ~ X € Coo and u — u € Ci.

By compactness (Lemma 1), there are Cr; € C» and Cy, € Cw such that Cr; and (y, are finite and

J— la — . . .

x~x € Cry and u — u € Cr,. As the sequence is increasing, there are ji, j» € N such that Cr, C Cj,
and Cy, C Cj,. Let j = max(ji, j2). As the sequence is increasing, we have Cy, C C; and Cr, C C;.
As S¢ : (x,u) occurs infinitely many times in our fair strategy, there is k > j such that SgFy : (xg, uy) =

S¢ : (x,u). Moreover Cj C G. Then x ~ x € G and u 2 € G Thus (FU{SO: (x,u)},G) is a
CSS (satisfies the property (Pess)) and (FU{S0 : (x,u)}, Gi) < (FoU{SO : (x,u)}, C), by definition
of limit CSS. As 2 is <-closed then (% U {S¢ : (x,u)}, G) € P. By construction of (Fii1, Cit1)s
St : (x,u) € Fir1. Therefore S¢ : (x,u) € Feo.

Lemma 8. The limit CSS is a Hintikka CSS.

Proof. By property 1 of Proposition 12, { %, C) € P. We verify that all conditions of Definition 19 hold.

1.

e

10.
11.

We suppose that T¢ : (x,u) € Foo and FO : (y,u) € Foo and x ~ y € Coo. Then (Fuo, C) is closed. Thus,
by definition of oracle, (%, Cwo) & P. This is absurd, and condition 1. of Definition 19 holds.

. Similar to condition 1.

Similar to condition 1.

. We suppose that TI : (x,u) € F.. Then there is j € N such that TI : (x,u) € F;. Moreover there exists

k > j such that the k" formula of our fair strategy is TT: (x,u). As the sequence (%, Gi)o<; is increasing
(property 2 of Proposition 11), then TL: (x,u) € . By property 3 of Proposition 11, (%, ;) € P. Then
(Fir1, Ger1) = (F, GeU {1, ~x}). Thus 1, ~ x € C.. Then condition 4. of Definition 19 holds.

We suppose that To — ¢ : (x,u) € Fw. As P is saturated then we have (Foo U{F0 : (x,u)}, Co) € P
or (Foo U{Ty : (x,u)}, Cs) € P, by rule (F —). By property 2 of Proposition 12, F¢ : (x,u) € Fe. or
Ty : (x,u) € Fe. Then condition 5. of Definition 19 holds.

We suppose that Fo — v : (x,u) € Fe. As P is saturated then (Feo U{Td : (x,u),Fy: (x,u)}, Cs) € P
by rule (T —). As P is <-closed then (Feo U{T¢ : (x,u)}, Cw) € P and (Foo U{FY : (x,u)}, C) € P.
By property 2 of Proposition 12, T¢ : (x,u) € Fe and Fy : (x,u) € F... Then condition 6 of Definition
19 holds.

. We suppose that To+y : (x,u) € Fe. Using an argument similar to the one of condition 4., there is k € N

such that the k™ formula of our fair strategy is To* : (x,u), TO+y : (x,u) € F and (F, Ci) € P. Then,
by construction of the limit CSS, (%11, Get1) = (F U{Td : (a,u), Ty : (b,u)}, G:U{ab ~ x}), where
a = coprn and b = cpy3. Then ab ~ x € Co, TO : (a,u) € Foo and Ty : (b,u) € Fo. Then condition 7.
of Definition 19 holds.

. We suppose that Fo«y: (x,u) € Fe. Letc,d € L, such thatcd ~x € Co. As P is saturated then we have

(Foo U{Fd: (c,u)},Co) € Por {FouU{Fy: (d,u)}, Cx) € P, by rule (Fx). By property 2 of Proposition
12,F¢: (c,u) € F or Fy : (d,u) € Foo. Then condition 8. of Definition 19 holds.

Similar to condition 8.

Similar to condition 7.

We suppose that T{f)¢ : (x,u) € Fw. Using an argument similar to the one of condition 4., there is
k € N such that the k™ formula of our fair strategy is T(f)® : (x,u), T(f): (x,u) € F and (F, Gi) € P.

f f
Then, by construction of the limit CSS, (Fxt1, Ger1) = (FU{Td: (a,9)}, GU{x u‘ a,u |>|—|>| 0}), where

71 — 7l — .
a=cyspand d = lyy. Then x = a € Co, u — 0 € Cw and T : (a,0) € Feo. Then condition 11. of

Definition 19 holds.



I — (7
12. We suppose that F(f)¢ : (x,u) € Fe. Let c € L, and I € Ly such that x LJ c€Coandu —» [ € Co. As

P is saturated then we have (o U{F¢: (c,l)}, C) € P, by rule (F(—)). By property 2 of Proposition
12, Fd: (¢,l) € Foo. Then condition 12. of Definition 19 holds.

13. We suppose that TOO : (x,u) € Fw. Using an argument similar to the one of condition 4., there is
k € N such that the <™ formula of our fair strategy is TO® : (x,u), TOO : (x,u) € F and (Fi, ) € P.

Then, by construction of the limit CSS, (Fi+1, Get1) = (FU{To: (a,0)}, G U{x S aurs 0}), where

0= a2, ¢ = dypand ® = lyn. Then x —» a € (oo, tt ~> 0 € Coo and T : (1,0) € Fo. Then condition
13. of Definition 19 holds.

14. We suppose that FO : (x,u) € Fo. Letc € Ly, d € L, and I € L, such that x i c€ Coandu i l€Co.
As P is saturated then (%o U{F0: (¢,l)},Cs) € P, by rule (FO). By property 2 of Proposition 12,
Fo: (c,l) € . Then condition 14. of Definition 19 holds.

Theorem 2 (Completeness). Let ¢ be a formula. If ¢ is valid then there is a tableau-proof for @.

Proof. We suppose that there is no tableau-proof for the formula ¢ and show that ¢ is not valid. The method,
that we present here, allows us to build a limit CSS (7., C.) that is a Hintikka CSS, by Lemma 8. By
property 1 of Proposition 11, F@: (c1,/;) € % for any i > 0. By definition of limit CSS, F¢ : (¢1,/;) € Fe.
By Lemma 6, ¢ is not valid.

6 Conclusion

We have defined and studied a modal separation logic, called DMBI, that allows us to capture resource
transformations and to express properties on any reachable resources. We showed that DMBI models can
capture synchronous or asynchronous concurrent processes that perform actions on resources. Moreover we
have defined a tableaux calculus for this logic and proved soundness and completeness and also provided a
countermodel extraction method.

Further works will be devoted to study modelling of protocols, webservices, multi agent systems in such
logics, knowing that in these cases, we consider agents or processes that exchange messages or informations
that can be viewed as resources, which is the central concern of DMBI. We will also study a located resource
extension of DMBI [1,2].
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A Proofs of Section 3

Proposition 3. The function g : £(Act?,,,) X M(Rarom) — M(Ruom) satisfies the properties u-unit and
H-composition.

Proof. Obviously, u-unit holds because py;s ([],R) = R, by definition. Let us consider Ly,L, € £(Act¥,,.)
and R € M(Ryom). We suppose that we have i (L1,R) | and pyis (L2, prise (L1,R)) |. We show that u-
composition holds by induction on the size [ of L; (I = |L;|):

— Base case (I = 0):
We have L; =[] and then L) ® Ly = L, and i (L1,R) = R. Thus, we have gy (Lo, uyise (L1,R)) =
Urist (Lo, R) = wyise (L1 @ Ly, R) and pyi (L1 @ Lo, R) is then defined.

— Inductive step:
We suppose that u-composition holds for any lists L; and L, such that |L;| </ (IH) and show the
property for lists L; and L, such that [Lj| =1+ 1. We denote L; = [Aj;...;A141]- AS wyig(L1,R) |
then, by definition, we have ,Ll#(Al,R) 4 ,Lllm([Az;...;AH,]],/J#(AI,R)) } and ,Ulist(LZ;,Ulist(Ll;R)) =
tiist (Lo tiise ([A1s .3 Ai1 ], R)) = tiise (Lo piist ([A2: -3 Ar1], 14 (A1, R)) ). Then, by (IH), pise ([A25 ... A1) D
szy#(A17R>> Jand .ulist([AZQ---;AHl] @LGu#(AlvR» = .ulist(LGuliSt([Az;"';Al+l]7:u#(A1aR)))' As we
have 1*(A1,R) | and pyig ([A2;...;A101] © Lo, (A1, R)) | then pyi ([A2s .. A1) ® Lo, 1 (A1, R)) = pyise (
[A1;..;A1401] @ Loy R) = wyie (L1 @ Lo, R). Wze deduce that pyi (L) @ Lo, R) | and pyi (L1 & Lo, R) =
st (L2, it (L1, R)).

Proposition 4. The function |-) s, : S* x £(Act? ) x S* satisfies the properties | -)-unit and | -)-composition.

Proof. The |-)-unit property obviously holds, by definition. Let us consider S1,5,,53 € $* and L;,L, €
f,(ACl‘gmm) such that Sy |L1) jir S2 and Sz |L2) i S3. If Ly =[] then 1 = S2 and Sy |Ly) jisr S3. Thus Sy |Ly ® La) jisr
S3. The case L, = [] is similar. The last case is L; and L, are not equal to the empty list. Then there
are Ay,...,Ap,Al,...,A] € Act? such that L; = [A;...;A¢] and L = [A];...;A)]. By definition, there are
U,....Ug-1,V1,.., Vi1 € S* such that S} |A1>#U1 |A2>#... |Ak,|>#Uk,| |Ak>#52 and S, |A/l>#V1 |A/2># ’A;71>#
Vi1 |A])#S3. Thus Si |A1) * UL [A2)* . |Akc1 ) * Uiy [Ak) * S2 |AY) # Vi JAS) A ) # Vi1 |A]) * S3. There-
fore, we have S| |L; ® L) jisr S3-



B Proof of Lemma 7

In this section, we prove that there exists an oracle which contains every finite CSS for which there is
no closed tableau. That is an extension and adaptation of the completeness proof of tableaux calculus for
BBI [13] which is an adaptation of the completeness proof of tableaux calculus for first-order logic [6]. We
keep the terminology used in these two works.

Definition 24 (Consistency). A consistency property set is a set ‘P of CSS satisfying the following condi-
tions for any CSS (F,C) € P, for any o,y € L, for any f € Xay, for any x,y € L, and any u € Ly:

To: (x,u) ¢ F orFo: (yu) ¢ Forx~y¢gC
FI: (x,u) ¢ Forl,~x¢C
TL:(xu)gF

IfTL: (x,u) € F then (F,CU{1l,~x}) €
IfTO = y: (x,u) € F then (F U{F: (x,u)},C) € Por (F U{Ty: (x,u)},C) € P
IfFFO =y : (x,u) € F then (FU{To: (x,u),Fy: (x,u)},C) € P

IfToOxy: (x,u) € F then Eci,CjEYr\ﬂr( ), ci #cjand (FU{To: (ci,u),Ty: (cj,u)}, CU{cicj ~
x}yer

IfFO+y: (x,u) € F thenVy,z €Ly, yz~x€ C= (FU{Fd: (y,u)},C) € Por (F U{Fy: (z,u)},C) €
U

P
u)
u)

N RN LN~

S

9. IfTo—*: (x,u) € F then¥y €Ly, xy~xy € C= (FU{Fo: (y,u)},C) € Por (FU{Ty: (xy,u)},C) €
U

10. IfFo -y : (x,u) € F then Ic € -\ A (C), (F U{To: (c,u),Fy: (xc,u)}, CU{xc ~xc}) € P

11. If T{f)0: (x,u) € F then 3c €Y, \ A,(C), 3 € Ly \ A(C), (F U{To: (c,1)}, CU{xH—ch u”iul}>

12. IfF{f)¢: (x,u) € F thenVy € L., Vv € L, (xu‘yEZ‘andu”iquC = (FU{Fo: (y,v)},C)eP
13. IFTO0 : (x,u) € F then 3c € ¥\ A,(C), 3d € Ya\ Aa(C), 3 € L\ A,(C), (F U{To: (,1)}, CU {x >
d
cu—l1})yeP

14. IfFOO: (x,u) € F thenVy € L, Vf € Ly, Vv € L, (xiyefandmivef) = (FU{Fo: (y,v)},C) €
U

Definition 25 (Alternate consistency). An alternate consistency property set is a set ‘P of CSS satisfying the
conditions of consistency property set, except conditions 7, 10, 11 and 13, which are respectively replaced
by7’,10°, 11’ and 13’.

7. I To*y: (x,u) € F thenVc; # c; € v, \ A(C), (F U{To: (cl, w), Ty : (cj,u)}, CU{cic; ~x}) € P
10°. IfFo -y : (x,u) € F thenVc €Y, \ A(C), (F U{To: (c,u),Fy: (xc,u)}, CU{xc ~xc}) € P

11 IfT(f)0: (x,u) € F thenVc € ¥\ A(C), VI € L\ A;(C), (F U{To: (c,])},CU{x H_f)l\cumlm
137 IfTOO : (x,u) € F then Ve €y, \ A(C), Vd € Ya\ Aua(C), VI € L\ A;(C), <7U{T¢Z(C,1)},CU{)€%

d
cu—l1})yeP

Conditions 1., 2. and 3. ensure that the CSS are not closed. Other conditions ensure that if we apply a rule
of Figure 2, one of the new CSS belongs to . In other words, a set of CSS which are open and saturated
is an “alternate consistency property set”. We can remark that all new CSS satisfy the condition (Pcg) of
Definition 14.

Proposition 13. The set of every finite CSS for which there exists no closed tableau is a consistency property
set.



Proof. Let P be the set of finite CSS for which there exists no closed tableau. We show that P is a consis-
tency property set. Let (F,C) € P.

1.

2.
3.

10.
11.

12.

13.

14.

. FO — v (x,u) € F. We suppose that (F U {T¢ :

If To : (x,u) € F and Fo : (y,u) € F and x ~y € C then (F,C) is closed. But this is contradictory,

because (F,C) € P.

Similar to case 1.

Similar to case 1.

If TI: (x,u) € F. We suppose that (F,CU {1, ~x}) & P (there exists a closed tableau for this CSS).

By rule (TT), [(F,CU{1, ~ x})] is a tableau for (¥, C). Thus (¥, C) has a closed tableau, which is

contradictory. Hence (F,CU{1, ~x}) € P.

If To — y: (x,u) € F. We suppose that (F U{Fd: (x,u)},C) ¢ P and (F U{Ty: (x,u)},C) & P. By

rule (T =), [(FU{Fo: (x,u)},C); (F U{Ty : (x, )} C)] is a tableau of (¥, C). Then (F,C) has a

closed tableau, which is contradictory. Hence (F U{F¢: (x,u)}, C> €Por (FU{Ty: (x,u)},C) € P.
(x,u) D (xu)},C) € P. By rule (F —),

(FU{Té: (x,u),Fy: (x,u)},C)] is a tableau of (F,C). Thus (T,C> has a closed tableau, which

is contradictory. Hence (F U{To : (x,u),Fy: (x,u)},C) € P.

If To+y: (x,u) € F. We choose ¢; # ¢j € ¥, \ A-(C) (remember that ¥, is infinite and 4,(C) is finite

because C is finite, by hypothesis). We suppose that ( F U{Td : (c;,u), Ty : (cj,u)}, CU{cicj ~x}) & P.

By rule (T), [(F U{Td: (c;,u), Ty : (cj,u)}, CU{cicj ~ x})] is a tableau of (¥, C). Thus (¥, C) has

a closed tableau, which is contradictory. Hence (F U{T¢ : (c;j,u), Ty : (cj,u)}, CU{cic; ~x}) € P.

. HFo«y: (x,u) € F.Lety,z € L, such that yz ~x € C. We suppose that (F U{F¢: (y,u)},C) ¢ P and

(FU{Fy: (z,u)},C) & P. By rule (Fx), [(F U{Fo: (y,u)},C);{(F U{Fy: (z,u)},C)] is a tableau of
(F,C). Then (F,C) has a closed tableau, which is contradictory. Hence (F U{F¢ : (y,u)},C) € P or
(FU{Fy: (z,u)},C) € P.

Similar to case 8.

Similar to case 7.

If T(f)¢ : (x,u) € F. We choose ¢ € ¥\ 4-(C) and [ € Ly \ A;(C) (remember that v, and L, are
infinite and 4, (C) and 4;(C) are finite because ( is finite, by hypothesis). We suppose that {(F U{T¢ :

Il 1Al

(¢,D)},CU{x = c,u—1}) & P.Byrule (T(f)), (F U{Td: (c,])}, CU{x = c,u — [})] is a tableau

of (F,C). Thus <T, C) has a closed tableau, which is contradictory. Hence (F U{T¢: (c,!)}, CU{x ”ﬁl
L1

c,u—1}) e

1 A1
IfF(f)o: (x,u) € F.Lety € L, and v € L suchthatx—»yeCa dqueC We suppose that

(FU{F¢: (y,v)},C) & P. By rule (F(f)), [(F U{Fo: (y,v)},C)] is a tableau of (F,C). Then (F,C)
has a closed tableau, which is contradictory. Hence (F U{F¢: (y,v)},C) € P.

If TOO : (x,u) € F. We choose ¢ € Y\ 4-(C), d € Ya\ Aua(C) and | € L\ 4,(C) (remember that v,,
Y. and Ly are infinite and 4,(C), 4,(C) and A;(C) are finite because C is finite, by hypothesis). We
suppose that (F U{T0 : (¢,1)}, CU{x > c,u 5 1)) & 2. By rule (TO), [(F U{To: (c,])}, CU{x >
c,u . [})] is a tableau of (¥, C). Thus (¥, C) has a closed tableau, which is contradictory. Hence
(FULTO: (¢,])},CULx 5 curs 1)) € P,

IfFOY: (x,u) € F.Lety € Ly, f € L, and v € Lg such thatxj»y €Candu g v € C. We suppose that
(FU{F: (y,v)},C) & P. By rule (FO), (F U{Fd: (y,v)},C)] is a tableau of (F,C). Then {F,C)
has a closed tableau, which is contradictory. Hence (F U{Fo: (y,v)},C) € P.

In conclusion, P is a consistency property set.

Proposition 14. Any consistency property set can be extended into a <-closed consistency property set.



Proof. Let P be a consistency property set. Let P~ its <-closure defined by:

(F,C) e PYiff (F,C) < (F',C') for some (F',C') € P

We have P C P~ (because < is reflexive) and is <-closed (because < is transitive). We show now that P=
is a consistency property set. Let (F, C) € P=. Then there exists (F', ') € P such that (F,C) < (F', ).

1.

W

10.
11.

12.

13.
14.

We suppose that T¢ : (x,u) € F and Fo : (y,u) € F and x ~y € C. Then T¢ : (x,u) € F' and F¢ :
(v,u) € F" and x ~y € (' because (F,C) < (F',C'). But this is contradictory because (¥',C’) € P
and P satisfies condition 1. of Definition 24.

Similar to case 1.

. Similar to case 1.

We suppose that TIL: (x,u) € F.As (F,C) < (F',C’) then TL: (x,u) € F'. Thus (F',C'U{l, ~x}) €
P.AsF CF,CU{l,~x} CC'U{l,~x}then (F,CU{l,~x}) € P~.

We suppose that T — y: (x,u) € F. As (F,C) < (F',C’) then To¢ — y: (x,u) € F'. Thus (F'U{F¢:
(x,u)}, Y € Por (F'U{Ty: (x,u)},C’) € P. But (F U{Fo: (x,u)},C) < (F'U{Fo: (x,u)},C")
and (F U{Tw: (x,u)},C) < (F'U{Tw: (x,u)},C’). Hence (F U{Fo: (x,u)},C) € P~ or (F U{Ty:
(x,u)},C) € P=.

We suppose that Fo — v : (x,u) € F. As (F,C) < (F',C') thenFo — y: (x,u) € F'. Thus (F'U{T¢:
(x,u),Fy: (x,u)},C") € P.But (FU{To: (x,u),Fy: (x,u)},C) K (F'U{Td: (x,u),Fy: (x,u)},C).
Hence (F U{T¢: (x,u),Fy: (x,u)},C) € P=~.

We suppose that Toxy : (x,u) € F. As (F,C) < (F',C’) then To+y : (x,u) € F'. Thus there exist
ci,cj €Y\ A-(C') such that ¢; # cj, (F'U{TO: (c;,u), Ty : (cj,u)},C' U{cicj~x}) e P.As CC C
then 4,(C) C 4,(C’). Thus v, \ 4(C) C ¥\ 4-(C). Moreover, (F U{T¢ : (c;,u),Ty : (cj,u)},CU
{cicj ~x}) K (F'U{TO : (ci,u), Ty : (cj,u)}, " U{cicj ~ x}). Hence, we have c;,c; € .\ 4-(C),
ci#cjand (FU{T: (c;,u), Ty : (cj,u)}, CU{cicj ~x}) € P=.

. We suppose that Fo+y: (x,u) € F.Lety,z € L, suchthatyz~x€ C. As (F,C) < (F',C") then Fo*y :
(

(x,u) € F and yz ~x € C'. Thus (F'U{Fo: (y,u)},C’) € P or (F'U{Fy: (z,u)}, ') € P. Moreover
(FU{F: (yuw)}, C) < (F'U{F: (yu)}, C') or (F ULFY: (z,u)}, C) < (F'U{Ty: (z,u)},C").
Hence (F U{Fo: (y,u)},C) € P~ or (F U{Fy: (z,u)},C) € P~.

. Similar to case 8.

Similar to case 7.
We suppose that T(f)¢ : (x,u) € F. As (F,C) < (F',C’) then T(f)¢ : (x,u) € F'. Thus there are

c eV \A(C), 1 € Ly\ A,(C') such that (F'U{T¢ : (c,])},C' U{x Hﬂ c,u Uﬂ‘ I}YeP. AsCC(C

then 4,(C) C 4,(C’') and 4,(C) C A,(C"). Then vy, \ 4-(C") Cv-\ 4-(C) and L, \ 4,(C') C L\ A(C).

Hence ¢ € ¥\ 4,(C) and ] € L\ 4,(C). Moreover (F U{To: (c,])}, CU{x Hﬂ c,u Uﬂ‘ < (F'U{To:

(e,D)},C'U{x V) c,u V) 1}). Hence (F U{To: (c,1)},CU{x V) c,u Ml I}) € P=.

A1 (£
We suppose that F(f)¢ : (x,u) € F.Lety € L, and v € Ly such that x » y € Cand u — v € C. As

(F,C) x{(F',C') then F{f): (x,u) ef’,x”—fllye?andu@veﬁ.Thus (F'U{Fo: (y,v)},C) €

. Moreover (F U{FQ: (y.v)},C) < (F/U{FQ" (y,)},C'). Hence (F U{FO: (y1)},C) € P~
Similar to case 11.
Similar to case 12.

Definition 26 (Substitution). A substitution is a function 6 : v, U{1,} UXs UV, U{l,} UL —> v, U{1,}U
Yac UYa U{1,} UL, such that:

Vei € ¥r-0(ci) €Y
Vd; € Ya-0(d;) € Ya



- Vi ELS-G(II') eL

Ve Sa-o(f) = f
-o(l,) =1,
- 0o(ly) =1,

We extend this definition to resource labels and action labels as follows:

- If¢j,...,ci, €y theno(cj o...oc;) =0(ciy)o...00(ci,)
= If fi, ... fiy € Zace UYa then o(fiy v...s fip) = 0(fi)) + ... S(fir)

We extend it to labelled formulae and constraints as follows:

) =56 : (o(x),0(u))
x) ~o(y)

o(y)

. . f f o(f)
— For any transition constraint u »— v, 6(u — v) = 6(u) — o(v)

For any labelled formula S¢ : (x,u), 6(S¢ : (x,
For any resource constraint x ~ y, 6(x ~ y) =
[¢]

Q=
N N

S

. f f
For any p-constraint x = y, 6(x = y) = 6(x)

We extend it to labelled formulae sets and constraint sets as follows:

— For any set of labelled formulae ¥, 6(F) = {S¢ : (6(x),0(«)) | S¢ : (x,u) € F}
— For any set of constraints C, 6(C) = {o(x) ~o(y) | x ~y € C}U{o(x) Gg) o(y) | x N y€ECtu

(o) 2 o) |ulve o}

Lemma 9. Let G be a substitution and let C be a set of constraints.We have 6(C) C 6(C)
Proof. Let C' be defined by:

- x~ye Cliff 6(x) ~o(y) €5(C)

f [

- xié y € CTiff o(x) GL) 6(y) €o(0)
f . a(f) —
- uveCliff o(u) = o(v) €o(C)

We show that E cchf Letce E a constraint. We show that c € CT. If c € E because ¢ € CT and the
property obviously holds. If ¢ is obtained by rules of Figure 1. We prove that ¢ € C' by induction on the
size n of the deduction tree of c.

— Base case (n =0):
In this case, the deduction tree is of the form W () and c is the constraint 1, ~1,.Byrule (1,),
1, ~1, € 6(C). As 6(1,) = 1, then 6(1,) ~ 6(1,) € 6(C). By definition of C', 1, ~ 1, € C'. Then
ceCh.

— Inductive step:
We suppose that any constraint of Ct having a deduction tree of size less than or equal to n (IH) belongs
to C'. We show this for any constraint of Cct having a deduction tree of size n+ 1.

- Case (t,):

The deduction tree is of the form

X~z
have x ~y € C" and y ~ z € C'. By definition, 6(x) ~ 6(y) € 6(C) and 6(y) ~ 6(z) € 6(C). By
rule (t,), 6(x) ~ 6(z) € 6(C). Hence x ~ z € C".

y~z vy and c is the constraint x ~ z. By (IH), we



Case (c):

The deduction tree is of the form *~Y vk ~ yk (¢,y and c is the constraint xk ~ yk. By (IH),

xk ~ yk
we have x ~y € CT and yk ~ yk € C'. By definition, 6(x) ~ 6(y) € 6(C) and 6(yk) ~ 6(yk) € 6(C).
By definition of substitution, 6(x) ~ 6(y) € 6(C) and 6(y) o 6(k) ~ 6(y) o 6(k) € 6(C). By rule

{cr), 6(x)oo(k) ~ o(y) oo (k) € 6(C). Thus 6(xk) ~ 6(yk) € 6(C). Hence xk ~ yk € CT.
Case (k):

The deduction tree is of the form x i» y x i» z o) and c is the constraint y ~ z. By (IH), we
ke
y~z

have x -» y € C"and x LA € C". By definition, 6(x) o) o(y) € 6(C) and 6(x) o o(z) € 5(0).

By rule (k), 6(y) ~ 6(z) €o6(C). Hence y ~ z € C.
Cases for (s,), (d) and (a,,) are similar.

Case (1,):
X~X la

The deduction tree is of the form 1, () and ¢ is the constraint x — x. By (IH), we have
X—>X

__ i -

x~x € C'. By definition, 6(x) ~ 6(x) € 6(C). By rule (1,,), 6(x) = 6(x) € 6(C). As 6(1,) = 1,

G(lﬂ) — la
then 6(x) — o(x) € 6(C). Hence x - x € C".
Case (t,):

- g

. . . . fg
The deduction tree is of the form _* Y y—z (t,) and c is the constraint x — z. By (IH), we

fg
x>z
! ; g ; » o(f) — ) —
have x »y € C" and y = z € C". By definition, 6(x) — o(y) € 6(C) and 6(y) — 6(z) € 6(C).
o(f)-o(g) — o(fg) — fg
By rule (t,), 6(x) > o(z) €6(C). Thus 6(x) — o(z) € 6(C). Hence x =z € C.

Case (ky,):

f /
x>y X~ X

,
X =y

f
The deduction tree is of the form () and c is the constraint x' — y. By (IH),

we have x X y€ C"and x ~ ¥ € CT. By definition, 6(x) o) o(y) € o(C) and 6(x) ~ 6(x') € 6(C).

o) I +
By rule (k,,), 6(x') — o(y) € 6(C). Hence x' - y € C".
Case for (ky, ) is similar.
Case (1, ):

f 1o
The deduction tree is of the form _“4—V (1) and c is the constraint u — u. By (IH), we have
la
ur—u
o(f) — la —

u 2 v € C'. By definition, 6(u) ~ o(v) € 6(C). By rule (1), o(u) — o(u) € 6(C). As 6(1,) =

o(l, la
1, then 6(u) >(—>) o(u) €6(C). Hence u — u c C.
Case for (1;,) is similar.
Case (t;):

f g fg
The deduction tree is of the form ¥’ —V V=W yandcisthe constraint u — w. By (IH), we

fg
Ur—w




haveu-ss ve ¢t and v we ¢, By definition, 6(u) o) 6(v) € 5(C) and 6(v) ~ 6(w) € 5(C).

o(f)o(g) — o(fg) — fe +

By rule (), 6(u) — " o(w) €o(C). Thuso(u) — o(w) €o(C). Henceu —w e C'.
Hence CT C C'. By definition, 6(C) C 6(C). Let ¢ € C. We have 6(c) € 6(C). Then o(c) € 6(C) and
c € CT. Therefore C C C' and we have also C C CT. Thus C C ct.

Let ¢’ € 6(C). There are three cases:

- d=x~yeo(C): B
There are m ~ n € C such that x = 6(m) and y = 6(n). As C C C' then m ~ n € C'. Thus 6(m) ~
o(n) € 6(C) and we have ¢’ € 6(C).

f
- d=x>»yeo(C):
There are m —» n € C such that x = 6(m), f = 6(0) and y = 6(n). As C C C' then m —» n € C'. Thus

o(m) "ﬁi’ o(n) € o(C) and we have ¢’ € 6(C).

f
-d=u>veo(C):
There are m - n € C such that u = o(m), f = (o) and v =c(n). As C C C' then m ~sne C'. Thus

o(m) G(;? o(n) € 6(C) and we have ¢’ € 6(C).

Therefore 6(C) C 6(C).

Corollary 5. Let 6 be a substitution and C be a set of constraints. If ¢ € C then 6(c) € 6(C).

Proof. Let ¢ € C. By definition, 6(c) € 6(C). By Lemma 9, we have 6(C) C 6(C). Thus 6(c) € 6(C).
Proposition 15. Let G be a substitution. The following properties hold:

1. If (F,C) is a CSS then (6(F),o(C)) is a CSS
2. If (¥¢,Cy) is a finite CSS then (6(Fy),0(Cr)) is a finite CSS.
3. If(F,C) < (F',C) then (o(F),0(C)) < (0(F'),06(C"))-

Proof. Let ¢ be a substitution.

1. We suppose that (F, C) is a CSS and show that (6(F),c(C)) satisfies the property (P,y) of Definition
14. Let S¢ : (x,u) € 6(F). By definition, there exists S¢ : (x',u’) € F such that x = o(x') and u = o(«).

_ Iy —
As (F,C) is a CSS then, by (Pey), X' ~x € Candu' — u’ € C. By Corollary 5, 6(x') ~ 6(x') €

6(C) and 6(u') G&:) o(u') € 6(C). Thus x ~ x € 6(C) and u 2 € 6(C). Therefore (P.g) holds and
(6(F),0(C)) isaCSS.

2. Let (¥, Cy) beafinite CSS. By previous property, (6(Fr),0(Cr)) is a CSS. We show that (6(Fy),6(Cr))
is finite. Let f : Fr — o(Fy) defined by f(S¢ : (x,u)) =S¢ : (5(x),c(u)). f is obviously surjective.
As ¥y is finite and as there is a surjective function f : ¥y — o(Fy) then 6(Fy) is finite. The proof for
6(Cy) is similar. Thus (6(¥),0(Cr)) is a finite CSS.

3. Let (F,C) and (F',C’) be two finite CSS such that (F,C) < (F',C’). Let S0 : (x,u) € 6(F). Thus
there are m € L, and n € L such that x = o(m), u = o(n) and S¢ : (m,n) € F. As (F,C) < (F',C")
then S¢ : (m,n) € F'. Then S¢ : (x,u) € 6(F'). Hence 6(F) C o(F'). The proof for 6(C) C o((C’) is
similar. We can conclude that ((F),0(C)) < (6(F'),0(C)).

Proposition 16. Let 6 be a substitution, the following properties hold:

= o(F)U{So: (o(x),0(u))} = o(F U{S0: (x,u)})
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- o(C)u{o(x) (f?(y)} =o(cu {XNy})

- 6(0)U{ot) ™ o)} = s(cufx ™ y}

- o(0)Ufo(w) W s = s(cufu ™ W)

Q

Q

Proof. This proof is left to the reader.
Proposition 17. For any a € L4 and any substitution 6 we have ¢(||a||) = |a]|.

Proof. If a = 1 then, by definition, 6(1,) = 1, and ||1]| = 1. Then o(||1]]) = o(l,) = 1, = ||1||. fa # 1
then, by definition, 6(a) = a because a € X4 and ||a|| = a because a # 1. Then 6(||a||) = 6(a) =a = ||a]|.

Proposition 18. Any <-closed consistency property set can be extended into a <-closed alternate consis-
tency property set.

Proof. Let P be a <-closed consistency property set. Let P defined by:
(F.C) € PTiff (o(F),0(C)) € P

for a substitution 6 : ¥, U{1,} UXar UV, U{1,} ULy — ¥, U{1,} UZp U, U{1,} UL;.

We remark that P C P (considering the identity substitution).

We show that P+ is <-closed. Let (F,C) € P and (F',C) < (F,C). As (F,C) € P, there is a substitu-
tion & such that (6(F),0(C)) € P. By Proposition 15, (6(F'), 6(C")) < (6(F),0(C)). As P is <-closed
then (6(#'), o(C')) € P. Thus (', C') € P™.

We now show that P is an alternate consistency property set. Let (F,C) € P*. By definition, there exists
a substitution ¢ such that (6(F),c(C)) € P.

1. We suppose that T¢ : (x,u) € F and F¢ : (y,u) € F and x ~ y € C. By definition and Corollary 5,
T¢: (o(x),0(u)) € o(F) and Fo : (6(y),0(u)) € 6(F) and o(x) ~ c(y) € 6(C). It is contradictory
because P is a consistency property.

2. Similar to case 1.

. Similar to case 1.

4. We suppose that TT : (x,u) € F. Then TI: (o(x),0(u)) € o(F). As P is a consistency property set
then (o(F),0(C)U{l, ~o(x)}) € P. As 6(1,) = 1, then (c(F),0(C)U{c(1,) ~o(x)}) € P. By
Proposition 16, (6(F),6(CU{l, ~x})) € P. Hence (F,CU{1, ~x}) € P*.

5. We suppose that T¢ — y: (x,u) € F. Then Td — y: (6(x),6(u)) € 6(F). As P is a consistency
property set then (6(F)U{F¢ : (o(x),06(u))},0(C)) € P or (c(F)U{Ty: (c(x),06(u))},0(C)) €
. By Proposition 16, (¢(F U{F¢ : (x,u)}),06(C)) € P or (6(F U{Ty: (x,u)}),06(C)) € P. Hence
(FU{F¢: (x,u)},C) € Pt or (FU{Ty: (x,u)},C) € P".

6. We suppose that F¢ — v : (x,u) € F. Then Fo — \u (o(x),0(u)) € 6(F). As P is a consistency
property set then (6(F)U{T¢: (c(x),0(u)),Fy: (c(x),0(u))},0(C)) € P. By Proposition 16, (c(F U
{T¢: (x,u), Fy: (x,u)}),0(C)) € P. Hence (F U{To: (x,u),Fy: (x,u)},C) € P*.

7’. We suppose that Ty : (x,u) € F. Then To*y : (6(x),0 (u)) 6(F). Let ¢ci,cj € Y-\ A-(C), such
thatc; # cj. As Pisa cons1stency property set then there exist ¢;,c’; € ¥, \ A,(5(C)) such that ¢; # ¢,
(0(F)U{To: (ci,o(w)), Ty : (c},0(u))},0(C) U{cic| ~o(x)}) € P. Let &' = Gci — ciycj = )]
Moreover, by Proposition 7, ¢; ¢ ﬂr(Z‘) and ¢; € 4,(C). Then, by property (P.s;s), ¢; and ¢; do not occur
in . Thus o(F) = 6'(F), 6(x) = 6'(x) and 6(u) = 6'(u). Then (¢'(F)U{To : (6'(ci),0' (u)), Ty :
(6'(cj),0' (u))},0'(C) U{c'(ci)o'(cj) ~ &'(x)}) € P. By Proposition 16, (¢'(F U{T¢ : (¢;,u), Ty :
(cj,u)}),0’ (CU{cicj ~x})) € P. Hence (F U{Td: (c;,u),Ty: (cju)}, CU{cicj ~x}) € P*.

w



8. We suppose that Fo =y : (x,u) € F. Then Fo+y: (6(x),0(u)) € 6(F). Let y,z € L, such that yz ~
x € C. By Corollary 5, 6(yz ~ x) € 6(C). By definition of substitutions, 6(y)c(z) ~ 6(x) € 6(C).
Moreover as P is a consistency property then (6(F)U{F¢: (c(y),0(u))},0(C)) € P or (c(F)U{Fy:
(0(z),0(u))}, 0(C)) € P. By Proposition 16, we have (o(F U{Fo: (y,u)}),0(C)) € Tor( (FU{Fy:
(2.)}),0(C)) € P. Hence (F U{F0: (v.u)},C) € P* or (F U{Fy : (zu)}, C) €

9. Similar to case 8.

10’. Similar to case 7°.
11°. We suppose that T{f)¢ : (x,u) € F. Then T{f)o : (G(x),c(u)) €o(F). Letcey\4(C) and ] €
L\ 4;(C). As P is a consistency property set then there exist ¢’ € ¥, \ 4,(6(C)) and I’ € L\ A;(5(C))

such that (c(F)U{T¢ : (¢',I)},0(C) U{c(x) Hﬁl c',o(u) Uﬂ‘ I'}y e P.Leto’ =ofc— I —1']. As

¢ ¢ A.(C) and [ ¢ 4,(C) then 6(C) = ¢’(C). Moreover, by Proposition 7, ¢ € 4,(C) and | € 4,(C).
Then, by property (Pe;s), ¢ and I do not occur in F. Thus 6(F) = ¢'(F), 6(x) = ¢'(x) and o(u) =

'(u). By Proposition 17, &/(|1)) = ]l Then (c/(#) U{Tg : (&/(¢),0'(1))},0'(C) U {0 () "’(l{”’
o'(c),0'(u) ° @\) o'(1)}) € P. By Proposition 16, (G’(TU{']I‘q); (c,)}),0'(CU{x H_f,l‘ cu MJ 1)) e
T

Hence (F U{T¢: (¢,])},CU{x —» c,u — 1}) €
12. We suppose that F(f)¢ : (x,u) € F. Then F(f)0 : (G( ),0(u)) € 6(F).Lety € L, and v € L, such that

(R4 [ £ 11 — £
x —» y€ Candu>—ve C. By Corollary 5, 6(x — y) € 6(C) and 6(u — v) € 6(C). By definition
f 11 —
of substitutions and by Proposition 17, ¢(x) u a(y) ) and 6(u) — o(v) € 6(C). Moreover

€o(C)
as P is a consistency property set then (6(F)U{F¢: (c(y),c(v ))} 6(C)) € P. By Proposition 16,
(0(F U{F¢: (y,v)}),0(C)) € P. Hence (F U{F9: (y,v)},C) €

13°. Similar to case 11°.
14. Similar to case 12.

Proposition 19. Any <-closed alternate consistency property set can be extended into a <-closed alternate
consistency property of finite character set.

Proof. Let P be a <-closed alternate consistency property set. Let /¢ defined by:
(F,C) € PICiff (F7,Cr) € P forall (F,Cr) <5 (F,C)

We show that P C P/¢. Let (F,C) € P. As P is <-closed then P is < s-closed and for any (Fr,Cr) <
(F,C), wehave (¥, Cr) € P. Then (F,C) € ?fc by definition. '
We show that P/¢ is <-closed. Let (F,C) € P/¢. Let (F', ") < (F,C). Let us show that (', (') € P/°.
Let <?]{"C,f>.<f (#',C"). Then (F;,Cy) <y (F,C). Thus, we have (F/,C}) € P, by definition. Hence
(F',C') € PI¢ by definition.

We show that P/¢ is of finite character. Let (F, C) be a CSS. We suppose that for all (%7, Cr) < (F,C),
(Fr, Cr) € P/€ holds. By definition, for any (F7,Cp) <r (Fr. Cr), (F},Cp) € P. Inparticular, as (Fr, Cr) < ¢
(F¢, Cr), thus (F¢, Cr) € P for any (Fr, Cr) <f (F, C), for which we have (F, C) € P/ by definition. We
now show that /¢ is an alternate consistency property set. Let (F,C) € P/¢.

o —
1. We suppose that To : (x,u) € F and Fo: (y,u) € F andx~y € C. By (Pess), u— u € C. By compactness

(Lemma 1), there exist Cr; € C and Cr, € C such that C¢; and (¢, are finite, x ~ y € ?1 and u >l—a>
u € Cry. Then ({T¢ : (x,u),F¢: (v,u)},Cr, U Cr,) is a CSS (that satisfies the property (Pey,) and we
remark that we have ({T¢ : (x,u),F¢ : (y,u)},Cr, U Cr,) <r (F,C). By definition ({T¢ : (x,u),F¢ :
(»u)},Cr; UCr,) € P. But this is contradictory because % is an alternate consistency property set.

2. Similar to case 1.

3. Similar to case 1.
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4. We suppose that TI: (x,u) € F. As (F,C) isa CSS then x ~x € C and u — u € C. By compactness

— e —
(Lemma 1), there exist C; C C and ; C C such that (} and (& are finite, x~x € ) andu—u € C;. We
show that (F,CU{1, ~x}) € P/¢. Let (7, Cr) <5 (F,CU{l, ~x}). As (F,C)isaCSSand Fr C F
then (¥, C) is a CSS. By Proposition 8, there exists (3 C € such that (3 is finite and ( Fy, (3) is a CSS.
Let /= FrU{TI: (x,ﬂ}, Cr = Cr\{l, ~x}UCGUGUG. Then (¥4, (}) is a finite CSS (by rule
(1;) we have 1, ~ 1, € Cp) and (F/, C;) < (F,C). By definition, (¥, C;) € P. As P is an alternate
consistency property set and as TI: (x,u) € F/ then (F/, C;U{1, ~x}) € P. As P is <-closed and as
(Fr.Cr) < (Ff. CpU{L, ~x}> then (F¢,Cr) € P. As it holds for any (F7,Cr) <r (F,CU{l, ~x}),
then (F,CU{l, ~x}) € PIc.

We suppose that T¢ — y: (x,u) € F. By contradiction, we suppose that (F U{F¢ : (x,u)},C) ¢ Ppre
and (F U{Ty : (x,u)},C) & P/°. Then, by definition of P/, there exist (F/,Cf) < (F U{F¢:
(X,M)},C> and <-.7:fBaCf> <f <—(]: U {TW (X,M)},C> SllCh that <—(]:fA7CfA> g T ani<—(]:vacf> g T By
compactness (Lemma 1) and by (P,ss) there exists a finite C; C C such thatx ~ x € (] and a finite G C C

la —

such that u — u € . Let F{ = TfA \{Fo: (x,u)} UTfB\{T\V: (x,u) }U{To — y: (x,u)}. Let C; =
C}UCPUCGUG. Then (F/,Cy) is a finite CSS and (F/,Cf) <y (F,C). Thus, by definition of #/¢,
(F7,Cp) € P. AsTO — y: (x,u) € F; and as P is an alternate consistency property set then (/U {F¢:
(x,u)},Cr) € P or (FfU{Ty: (x,u)},C}) € P. We remark that <TfA,Cjﬁ\> S(FFULFO: (x,u)}, C)
and <7f3, C;'-?> < (F;U{Ty: (x,u)},C}) hold. As P is <-closeq then (Tf‘-“, C?} € Por (TfB, Cf} € P.
But, this is contradictory. Therefore, (F U{F¢ : (x,u)},C) € P/ or (F U{Ty: (x,u)},C) € P/°.

_ la —
. We suppose that F¢ — vy : (x,u) € F. As (F,C) is a CSS then, by (Pe), x~x€ Candu — u € C.

By compactness (Lemma 1), there exist C; C C and & C C such that ; and & are finite, x ~ x € G
and u % u € C>. We show that (F U{T¢ : (x,u),Fy: (x,u)},C) € P'. Let (F7,Cr) <5 (FU{T):
(x,u),Fy: (x,u)}, C). Let Fr = Fp\{To: (x,u), Fy: (x,u) }U{Fo —y: (x,u)} and C; = GrUG U G
Then (F/,Cy) is a finite CSS and (F/, Cy) < (F, C). By definition, (#;,C};) € P. As P is an alternate
consistency property set and as F¢ — y: (x,u) € F then (F/U{T¢: (x,u),Fy: (x,u)},C}) € P. As
P is <-closed and as (Fy, Cy) < (FfU{To: (x,u),Fy: (x,u)}, C}) then (Fy,Cy) € P. As it holds for
any (F7,Cr) <r (F U{To: (x,u),Fy: (x,u)},C), then (F U{To: (x,u),Fy: (x,u)},C) € P/

. We suppose that Ty : (x,u) € F. Let ¢;,cj € ¥, \ A-(C) such that ¢; # ¢;. We show that (F U{T¢ :

(cisu), Ty (cjyu)}, CU{cicj ~x}) € PP Let (Fy, Cr) < p (F U{TO: (ciyu), Ty : (cj,u)}, CU{eic; ~
x}). Let Ff = Fp\{To: (ci,u), Ty : (cj,u) } U{To*y: (x,u)}. As (F,C) isa CSS and F/{ C F then
<7f'», C) is a CSS. By Proposition 8, there exists (1 C € such that (} is finite and (Tf'-, (1) is a CSS.
Let C; = Cr \ {cicj ~x}U Ci. Then (F/,Cp) is a finite CSS and (F/, ;) < (F,C). By definition,
(Tf’, CJQ> € P. Also, as CJQ C (C then ﬂ,(CJQ) C 4,(C). As P is an alternate consistency property set, as
To+y: (x,u) € 7, as ci,cj € ¥, \ A(Cy) and as ¢; # ¢ then (FfU{To: (c;,u), Ty : (cj,u)}, CpU
{cicj ~x}) € P. As Pis x-closed and as (Fr, Cr) < (FfU{TO: (ciyu), Ty : (cju)}, CpU{cicj ~x})
then (¥, Cr) € P. Asitholds forany (¥, Cr) < ¢ (F U{TO: (ci,u), Ty : (cj,u)}, CU{cicj ~x}), then
(FU{TY: (ci,u), Ty : (cju)}, CU{cic; ~ x}) € PIe. B
We suppose that F¢ «y : (x,u) € F. Let y,z € L, such that yz ~ x € C. We suppose that (F U {F¢ :
(»u)},C) & P/¢ and (F U{Fy: (z,u)},C) & P/*. Thus, by definition of P/, there exist (¥, C}) <y
(F U{FO: (vu)}, €) and (5, CB) < (F ULRY : (z,u)},C) such that (57, C1) ¢ © and (FF,CP) ¢
_ la
P. Blcompactness there exists a finite ; C C such that yz ~ x € (; and a finite & C C such that u —
u€ G.Let Ff = Tf-‘ \{F¢: (y,u)}UTfB\{F\V: (zu)}U{Foxy: (x,u)}. Let Cp = Cﬁ U CfBU GUG.
Then (¥}, C}) is a finite CSS EEd (F4,Cp) < (F,C). Thus, by definition of ple, (F4,Cp) € P. As
Foxwy: (x,u) € Tf’-, yz~x € C; and as 2 is an alternate consistency property set then (Tf’ U{F¢ :



10°.
11°.

12.

13°.
14.

(u)}, Cp) € P or (FfU{Fy : (z,u)},C}) € P. We remark that (F/, CF) < (FfU{Fo: (y,u)}, C})
and (F7,CF) < (FfU{Fy: (z,u)}, ;) hold. As P is <-closed then (F/,C}') € P or (FF,CF) € P.
But, this is contradictory. Therefore (F U{F¢: (y,u)},C) € P/ or (F U{Fy: (z,u)},C) € P/°.
Similar to case 8.

Similar to case 7°.

We suppose that T(f)¢ : (x,u) € F. Letc €y, \ A-(C) and | € L, \ A4,(C). We show that (F U{T¢ :

(e,)},cU{x H—fl‘ c,u w 1Y)y € e Let (F7,Cr) < (FU{To: (c,])},CU{x H—];H c,u w 1}). Let F; =

Fr\AT: (e, )FU{T(f): (x,u)}. As (F,C) isaCSS and F; C F then (F/, C) is a CSS. By Proposi-

WAL N
tion 8, there exists C; C C such that (; is finite and (¥, 1) isaCSS. Let Cp = Cr\ {x u c,u J—J ua.

Then (F/,C}) is a finite CSS and (#/, ;) < (¥, C). By definition, (#/,C}) € . Also, as C; C C
then 4,(Cy) C A,(C) and Ay(C}) € A(C). As 2 is an alternate consistency property set, as T(f)¢ :

(x,u) € Ff,asc €Y\ A(Cy) and as [ € Ly \ A,(C}) then (FU{To: (¢, 1)}, CrU{x ”ﬁl c,u Uﬂ‘ 1})e.

As P is <-closed and as (¥, Cr) < (FfU{To: (c,])}, CU{x Hﬁl c,u Uﬂ‘ I}) then (Fr,Cr) € P. As it

holds for any (%7, Cs) <7 (F ULTo: (e,1)}, CU fx " e, ™00 13), then (F U{To : (c,1)}, CU{x =

£l '
c,u— 1}) € Ple.

! - I =
We suppose that F(f)0 : (x,u) € F. Lety € L, and v € L, such that x u‘ yeCandu—ve(C We

suppose that { F U{F¢: (y,v)}, C) & P/. Thus, by definition of P/, there exists (Fr, Cr) < (F U{Fo:
l —
(y,v)}, C) such that (7, Cr) ¢ P. By compactness there exist a finite C; C C such that x ”—)ll y€(Canda
f —
finite ¢, C C such that u o ve G.Let F{ = Fr\{F¢: (»v)}U{F(f)¢: (x,u)}. Let C; = CGrUCIU G
Then (F/, ;) is a finite CSS and (¥4, ;) <7 (F,C). Thus, by definition of ple, (F4,Cp) € P. As

A1 [Fd —
F(f)¢: (x,u) € Ff.x » y € C; and u >‘—>‘ v € C; and as P is an alternate consistency property set

then (F/U{F¢: (y,v)},C}) € P. We can remark that (¥, Cr) < (F7U{Fo: (y,v)}, ;) holds. As P is
<-closed then (Fy, Cy) € P. But, this is contradictory. Therefore (F U{F¢: (y,v)},C) € P/°.

Similar to case 11°.

Similar to case 12.

Lemma 7. There exists an oracle which contains every finite CSS for which there exists no closed tableau.

Proof. We consider the set of the finite CSS for which there is no closed tableau. By Proposition 13, this set
is a consistency property set. By Proposition 14, we can extend it into a <-close consistency property set.
By Proposition 18, we can extend it into a <-close alternate consistency property set. Finally, by Proposition
19, we can extend it into a <-close alternate consistency property of finite character set. By conditions 4. to
14. of the alternate consistency property, this set is saturated. And by conditions 1. to 3. this is a set of non
closed CSS. Then this set is an oracle. As this set is an extension of every finite CSS for which there is no
closed tableau, we can conclude that there exists an oracle which contains every finite CSS for which there
is no closed tableau.



