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Abstract. Separation Logic (SL) is a logical formalism for reasoning
about programs that use pointers to mutate data structures. SL has
proven itself successful in the field of program verification over the past
fifteen years as an assertion language to state properties about memory
heaps using Hoare triples. Since the full logic is not recursively enumer-
able, most of the proof-systems and verification tools for SL focus on
the decidable but rather restricted symbolic heaps fragment. Moreover,
recent proof-systems that go beyond symbolic heaps allow either the full
set of connectives, or the definition of arbitrary predicates, but not both.
In this work, we present a labelled proof-system called GMsg;, that allows
both the definition of arbitrary inductive predicates and the full set of
SL connectives.

1 Introduction

Separation Logic (SL) is a logic for reasoning about programs that use point-
ers to manipulate and mutate (possibily shared) data structures [10,14]. It was
mainly designed to be used in the field of program verification as an assertion
language to state properties (invariants, pre- and post-conditions) about mem-
ory heaps using Hoare triples. Some problems about pointer management, such
as aliasing, are notoriously difficult to deal with and SL has proven successful
on that matter over the past fifteen years. Building upon the Logic of Bunched
Implications (BI) [13], from which it borrows its spatial connectives * (“star”)
and — (“magic wand”), SL adds the — predicate (“points-to”), with z+—y
meaning that y is the content of the memory cell located at address x. One of
the most interesting feature of SL (and a significant part of its success) is its
built-in ability for local reasoning, which allows program specifications to be kept
tighter as they need not consider (or worry about) memory cells that are outside
the scope of the program.

However, being able to specify tight and concise properties about memory
heaps more easily would remain of a somewhat limited interest if such specifica-
tions could not be verified or proved. It is therefore very important to provide
(preferably efficient) proof-methods and automated verification tools for SL and
much effort has been put on that subject recently. However, the task is not triv-
ial because although the quantifier-free fragment of SL is decidable, full SL is
not [5,6,11]. Full SL is not even recursively enumerable, so that no proof-system
for SL can be finite, sound and complete at the same time. The undedicability of



SL entails that most of the existing proof-systems and verification tools consider
only restricted (but usually decidable) fragments of SL, of which the symbolic
heaps fragment [2] is the most popular. Unfortunately, since the multiplicative
implication —« has been left out, the symbolic heaps fragment cannot express
the properties about heap extension that most of the induction hypotheses used
in the literature for proving properties about pointer manipulating programs
require. Even without considering such formulas, the symbolic heaps fragment
cannot express many useful properties about heaps (such as cross-split or partial
determinism for example) that are used is ASL to distinguish classes of models
and variants of the logic.

In Section 2 we recall the basic notions about the syntax and semantics of SL
and illustrate its use as an assertion language to specify properties about mutable
data structures. In Section 3 we discuss our motivations and related works.
In Section 4 we introduce GMgy,, our labelled proof-system which combines
both Brotherston’s cyclic-proofs [4] with Hou & Gore & Tiu’s labelled proof-
system LSgr, [9]. Like LSgr, and unlike Cyclistgy,, GMgr, supports the full set
of SL connectives. Like Cyclistg;, and unlike LSgy,, it also allows arbitrarily
defined inductive predicates.

2 Separation Logic

Separation Logic (SL) is a concrete model of the boolean variant of BI called
Boolean BI (BBI) [11] in which worlds are pairs of memory heaps and stacks
called states. There are many variants of SL. In this section we follow Reynolds’s
original presentation of SL [14] (which was called “Pointer Logic” back then)
without the machinery of pointer arithmetic.

In Reynolds’s presentation, the set of values Val is the set of integers. Val
contains two disjoint subsets Loc and Atoms. Loc contains an infinite number
of locations (addresses of memory cells), while Atoms denote constants such as
nil (which is always assumed to be present). Besides values, we need an infinite
and countable set Var of program variables.

A stack (or store) s : Var — i, Val is a finite total function that associates
values to program variables and a heap h : Loc — s, Val x Val is a finite partial
function that associates pairs of values to locations'. The heap the domain of
which is empty is called the empty heap and is denoted €. We respectively denote
Heaps and Stacks the sets of all heaps and all stacks. A state is a pair (s, h)
where s is a stack and h is a heap.

We use the notation hi#ho to denote that the heaps h; and hs have disjoint
domains. Heap composition hj - hs is only defined when hi#hs and is then equal
to the union of functions with disjoint domains. Heap composition extends to
states as follows:

(Sl, hl) . (827h2> = (81, hl . hg) iff S1 = 82 and hl#hg.

! For convenience, in this paper, we also work with heaps of the form h : Loc — t;,, Vaal.



An expression e can either be a value v or a program variable z and is
interpreted w.r.t. a stack s so that [z]s = s(z) and [v]s = v.

The language of SL contains equality, two “points-to” predicates s and
(we shall often drop the superscripts to improve readability), the connectives of
BI and the existential quantifier. It is defined as follows:

— Pi=eise | e»i>el7eg | e1 = ez where e, e; and e are expressions,
— F:=P|I|F«F|F—~=F|T|L|FAF|F—F|FVF|3uF

As usual, negation —F can be defined as (F — L). One could also define T as
(L — 1) instead of having it as primitive.

The semantics of the formulas is given by a forcing relation of the form
(s,h) = F that asserts that the formula F is true in the state (s, h), where s is a
stack and h is a heap. It is also required that the free variables of F' are included
in the domain of s.

Definition 1. The semantics of the formulas is defined as follows:

= (5,h) E e1 = ez iff [er]s = [ez]s

s,h) = e er iff dom(h) = {[e]s} and h([e]s) = ([ex]s)

) = e e, ex iff dom(h) = {[e]s} and h([e]s) = ([e]s, [e2]s)
) E T always

) = L never

YE AAB iff (s,h) E A and (s,h) = B

; E AV Bif (s,h) E Aor(s,h) =B
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E A— B if (s,h) = A implies (s,h) E B

Eliff h=c¢

): Ax B ’Lﬁ E'hl,hQ. hl#hg, hl . hg = h, (S, hl) ': A and (S,hg) ': B
E A — B iff Yhy. if hi#h and (s,h1) |= A then (s,h-hi) E B

E Ju.Aif veVal ([s|lu—v],h)E A

»n »n »
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o
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In the previous definition, the notation [ s|u +— v] denotes the stack s’ such that
s'(u) = v and §'(z) = s(z) if v # u.

As usual, an entailment F = G between formulas holds if and only if for all
states (s, h), if (s,h) | F then (s, h) &= G. The formula F' is valid in SL, written
= F,ifand only if T | F, i.e., for all states (s, h), (s,h) E F. By the semantics
of —, we can relate the notions of entailment and validity as follows: F' |= G if
and only if = F — G.

The actual use of SL is as an assertion language to state invariants, pre-
and post-condition in Hoare triples [13]. For example, one can define the com-
mand dispose(e) that deallocates a location (thus creating dangling pointers)
by the axiom {P * Ju.e— u }dispose(e){ P} where u is not free in e. The
ability to state low-level properties about memory states (such as dispose) and
Hoare Logic programming axioms using SL’s assertion language is already very
useful, mainly because SL has built-in facilities for local reasoning that allows a
program specification to do without cumbersome conditions about memory cells



that are outside the program’s footprint [13]. However, SL only achieves its full
potential w.r.t. program verification when moving to high-level properties about
data structures that are mutated by pointer-manipulating programs. Most of
these data structures are inductive and can be expressed using SL’s assertion
language enriched with inductive predicates. For example, one can define an
acyclic singly-linked list segment Is(ej, es) that starts at address e; and ends
with a memory cell containing es as follows:

Is(e,ez) 3 (e1=ex AT) V (e1 #ex A Ju.(e1 = u * ls(u,ez)))

Such a formula states that a memory heap corresponds to an empty list (a list
with identical starting and ending points) if it is empty and corresponds to a
non-empty list segment (with distinct starting and ending points e; and es) if it
can be split into two disjoints heaps, one being the first node of the list segment
located at address e; and pointing to address u, the second one corresponding to
a list segment that starts at address u and ends with a memory cell containing es.

A fairly standard example of a high-level property about list segments is a
property stating that the combination of a heap that represents a list segment
Is(z, z") with a disjoint heap that represents a list segment Is(z’, y) should result
in a heap that represents a list segment ls(x,y). The corresponding entailment
is the following;:

def

(LC) = Is(z,2") x1s(2',y) = Is(x,y)

However, as intuitive and reasonable as it might seem, such a property is not
valid in SL when /s represents acyclic list segments. The invalidity of (LC') comes
from the fact that two acyclic list segments Is(x,2’) and Is(z’,y) can give rise
to what is often called a panhandle list, i.e., a list that contains a cycle after a
possibly empty acyclic initial segment. A panhandle list occurs whenever y in
the second list segment points to an address occurring in the first list segment.

In order to obtain a valid high-level property about concatenation of acyclic
list segments, one needs to strengthen (LC') so as to prevent panhandle lists
which leads to the following entailment:

(Us(x, ') A =(Us(y,y') A L) = L)) xs(2’, y) b= Us(z, y)

The subformula —((Is(y,y’) A -I) =« L) ensures that it is not impossible to

extend the heap representing the first list segment ls(z,z’) with a non-empty

list segment starting at address y, which by the semantics of —« implies that y

cannot be an address occurring in ls(z,z’). Let us note that the entailment

would not remain valid without —I enforcing the non-emptiness of ls(y, y’) since

the non-emptiness of Is(y,y’) is what ensures that y is an (allocated) address.
Another interesting entailment using —« is the following:

Is(z,y) = ls(z, 2) = 1s(y, 2)

This entailment expresses the fact that if the current heap can be extended with
an acyclic list segment Is(z,y) so as to represent an acyclic list segment Is(z, 2)
then it currently represents an acyclic list segment Is(y, z).

(ALC) &

(ALH)



he > h;g;F A h3h5 > ho;h2h4 > h5;h1h2 > hg;h3h4 > hl;g;F A

U A
G, A hiha > hoshsha > h1;G; ' F A
haohi b ho;hiha b ho; G; T - A €€ > ha; Gle/ha]; I'le/h1] = Ale/hi]
E
hiha > ho; G;T'H A hihi > ha; G;T'E A
eha > ho; Glha/h1]; I'[ha/h1] F Alhe/h1] eha > ho; Glhy/ha]; I'[h1/h2] F Alh1/h2]
Ea: Eq2
eh1 b ha; G; T - A eh1 > ho; G I'E A
hiha © ho; Glho/hs]; I'[ho/hs] & Alho/hs] hihz > ho; Glha/hs]; I'lha/hs] = Alha/hs]
P
hlhzbho;hlhgbhg;g;F}—A hlhgbho;hlhsbho;g;F}—A
hshg > hi;hrhg > hoj;hshy > hg;hehg > ha;hiha > ho; hsha > ho; G; ' H A
CS

hihs & ho; hsha b ho; G T - A

Gle/h1,e/h2]; I'le/h1,e/h2] = Ale/h1, e/h2]
hiho > e;G; I'H A

1U

Side conditions:

Each label being substituted cannot be e.

In A, the label hs does not occur in the conclusion.

In CS, the labels hs, hg, h7, hg do not occur in the conclusion.

Fig. 1. Structural rules in GMg,.

3 Motivation and Related Work

Our motivation in this paper is to discuss how to obtain a proof-system for SL
with both the full set of connectives and the ability to define reasonably general
arbitrary inductive predicates. We do so by proposing a labelled proof-system
with inductive rules sets and the notion of cyclic proofs.

A purely syntactic cyclic proof-system for boolean BI with both reasonably
general predicate definitions and the full set of boolean BI connectives appears
in [3]. Although [3] makes use of a list and a points-to predicate, SL is intention-
nally only briefly mentioned as a potential application. Classical SL is handled
specifically in [4], which details a cyclic proof-system that is implemented in a
tool called Cyclistgy,. However, the logical fragment addressed in [4] is a signif-
icant restriction of the one in [3] as additive conjunction, additive implication
and multiplicative implication (magicwand) are discarded.

The first proof-system for SL supporting the full set of SL connectives was
our labelled tableau system Tgy, [8]. Tsr, uses labels that represents heaps and
captures the properties of the heap model inside a graphical structure called the
resource graph induced by a closure operator on labels w.r.t. a labelling algebra.
Provability in Tgy, relies on the two notions of structural and logical consistency.
Structural consistency captures the various properties of the heap model and
involves notions such as points-to distributions and measures of the size of (the
domain of) a heap. In [9], Hou & Goré & Tiu introduce a labelled sequent cal-



culus LSgr, with built-in proof rules?for two kinds of data structures: acyclic
singly-linked list segments and binary trees. Without those rules, LSg;, can be
seen as a sequent-style reformulation of Tgr, where structural aspects (resource
graphs operations and points-to distributions) are translated into explicit struc-
tural and pointer rules, with refinements to handle heap extension and values
on the left-and side of points-to predicates. One valuable contribution of [9] is
an implementation of the proof-system in a tool called Separata+ with a proof-
strategy which guarantees termination when restricted to the symbolic heaps
fragment. However, devising built-in sets of rules to handle inductive predicates
is in our opinion an approach that is bound to show scalability problems given
the great variety of data structures encountered

4 The GMgL, Proof-System

In this section we introduce GMgy,, our labelled proof-system with arbitrarily
defined inductive predicates. The core of the GMgy, labelled proof-system consists
of the structural, logical and pointer rules depicted in Figures 1, 2 and 3 and
can be viewed as an extension of Hou & Goré & Tiu’s LSgy, proof-system [9]
without the rules for data structures. LSg, incorporates the graph relations of
Tgr, [8] directly into the sequents instead of maintaining a separate resource
graph. Therefore, the sequents take the form G;I" = A. The I' part contains
only labelled formula h : A, where h is a label representing a heap and A is a SL
formula. The G part contains only ternary relations hihs > hg meaning that the
heap hg can be split into two disjoint subheaps h; and he (or conversely that
combining the two heaps hy and hy yields the heap hyg).

Like LSg1,, GMgr, has label and expression substitutions. Label substitutions
are written [hy/h],..., h,/h!, | meaning that h} gets replaced with h;. Expres-
sion substitutions are mappings [z, — €1, ..., T, — €, ] from program variables
to expressions meaning that x; gets replaced with e;. The result of applying an
expression substitution @ to the expression e is written efl. Equality betweens ex-
pressions is handled via standard syntactic unification as in logic programming.
Therefore, given pairs of expressions F = {(e1,€}),...,(en,€e),) }, a unifier is
an expression substitution # such that e;d = e}f. The most general unifier of E
is defined as usual and written mgu(FE) when it exists. In order to simplify
comparisons with LSgy,, we consider a fragment where nil is the only constant.

The two logical rules iL and iR, as well as the structural rule IU and the
two pointer rules —p,, and —1,, are specific to GMgr, and do not appear in LSgy,.

The rules iL and iR capture the fact that equality does not depend on heaps.
The properties of heap composition in SL (unit, associativity, exchange, disjoint-
ness, equality, partial determinism, cancellativity and cross-split) are explicity
captured into the remaining structural rules®. The structural rule IU explicitly
captures the fact that the empty heap is an indivisible unit for heap composition

2 Eight rules for acyclic singly-linked list segments, six rules for binary trees.
3 Those properties are captured as a closure operator on labels in Tgr,.



in SL. The pointer rule 1, states that there is only one way to split a heap hg
having the address e; in its domain so that the first component of the splitting
is the singleton heap the domain of which is e;. The pointer rule ,, is a form
of cross-split that captures the fact that whenever a heap hy admits a first split-
ting hg = hq - ho with h; being the singleton heap e; — es and a second splitting
ho = hs - hy with h3 being the singleton heap es — e4 then, provided that e is
not the same address as ez, hg has at least the two distinct addresses e; and e3 in
its domain and can thus be rearranged so that hg = hy - hs - hs for some (possibly
empty) heap hs, from which it follows that he = hg - hs and hy = hy - hs.

4.1 Inductive Definitions

We now follow [3] to extend GMgy, with inductive definitions in the spirit of
Martin-Lof productions. Our definition of SL already contains the ordinary (non-

inductive) predicates T, I, L, s and . The intepretation of these n-any pred-
icates as subsets of (Heaps x Val™) are as follows: [L] = 0, [T] = Heaps,

[ = {h | dom(h) = 0}, [~] = {(h,v1,v2) | dom(h) = {v1} and h(vy) = vo},

[[»i]] = {(h,v1,v2,v3) | dom(h) = {v1} and h(v1) = (vs,v3 )}
We enrich the language of SL with a (fixed) finite set of inductive predicate

symbols P, ..., P, with arities a4, ...,a,. We write x as a shorthand for tuples
(1,...,25). and denote 7" the ith projection function on n-tuples such that
(L1, .., L) = T;.

Definition 2 (Inductive definition). An inductive definition of an inductive
predicate P is a set of production rules Cy(x1) = P(x1),...,Cr(xx) = P(xx)
where k € N, x1,...,x are tuples of variables of appropriate length to match the
arity of P and Cy (x1),...,Cr(xx) are inductive clauses given by the grammar
Cx) == Px) | F(x) | Cx) ANCEX) | C(x) xCx) | F(x) = C(x) | F(x) = C(x) |
VaxC(x) with F(x) ranging over all formulas in which no inductive predicates
occur and whose free variables are contained in {x}.

Each production rule C;(x;) is read as a disjunctive clause of the definition of
the inductive predicate P. As in [3], the use of F(x) on the left of implications in
production rules is designed to ensure monotonicity of the inductive definitions
and we suppose that we have a unique inductive definition for each inductive
predicate.

An annotated production rule C = P(x) is a production rule such that
gathering all the free variables in C' and in x exactly results in the tuple z. The
left and right part of a production rule are respectively called its body and its
head. An inductive definition is said to be in normal form (or normal) whenever
all its production rules share the same head and the same annotation. It is
straightforward to put any inductive definition into a normal form by adding
equalities and existential quantifications over the free variables of an annotated
production rule that occcur in its body but not in its head.



. G I'Fh:AA G;I'sh: AF A
ThiArRaA cuta
G I'sh: T A G,k A
GiT+h:1;A G Iih:TEA
_—— | R Ty,
G IEA g IFA
G I'Eh: A A G, I'ih: AF A
- OO0 @O @ @ - @ @ @ @ @ R
G;I'sh:—AF A G I'h:—-A; A
L ST Al .
G I'sh: LFA L G I'te: ;A

G I'h:A;A

G, I'ih:1H A

G;I'sh: BF A

G;I'sh: AFh:B; A

—L —R

G I'sh: A— BF A

G I'sh: A,h: BF A
AL

G I'sh: ANBF A

G, I'th:Ah:B;A

VR
G;I';h: AVBE A

hihs > ho;G;Thy : A;ho : BE A

G I'shg: AxBE A

hiha > ho; G; ' hy : A;hg : Ax By A

*L

g I'rh:A— B;A

G I'th:AA G, I'h:B;A

AR

G I'th: AANB; A

G, I'ih: AF A G;I'yh: BE A

VL

G;I'ih: AVBE A

hiho > h2;G;I';hy : AF hsy : B; A

R

G;I'ho: A—B;A

hihs > ho;G;T'F ho : B;ho : Ax B; A

hihso Dho;g;r}*hoi

hiho > ha;G; s ho -

A—=*BFhy:AA

*R
Ax B; A

hiho > ho;G;I';hg : A=« B;has : BE A

—kp,

hiho > h2;G; T hog : A=« BF A

G;I'sh: Aly/z) - A

G I'sh: 3z, AF A

G0+ A0

G;I';h:eg =ex A

G;I';h teg =ex - A )

=L

GiI'ih:ep =ex A

Side conditions:

Each label being substituted cannot be €, each expression being substituted cannot be a constant.

In =1, 0 = mgu({e1,e2}).

=L

G; 't h: Ale/z];h: 3z A; A

G;I't h:3z.A; A

- = =3
G I'th:e=¢€e A

G:I'+h :eg =eq; A )

G I'h:e; =ea; A R

in *r,, —R, the labels h; and hs do not occur in the conclusion.

In 31, y is not free in the conclusion.

Fig. 2. Logical rules in GMgr..



s hiho > h2;G;Thy tep—ex b A
Ly
GiIie:ep—ex A G THA

HE

€ho > ho; Gle/h1, ho/h2]; I'[e/h1, ho/h2]; ho : e1 — ea b Ale/h1, ho/h2]

hoe > ho; Gle/ha, ho/h1]; I'le/h2, ho/hi1]; ho : e1 +— ea = Ale/ha, ho/hi]

Loy
hiha > ho;G; T ho tex—ea b A

G;I'O;h:e160—ex0 - A0
3 L,
GiI'sh:ep—ea;h:eg—es b A

=L

hiha > ho;G;I'hy :e—ej;hy e e b A

g[hl/hg]; F[hl/hz]; hi:e1 ek A[hl/hz] NIL

Ly b i
G;I';hy teg—ea;haier e A GiI'sh:mil el A

h3h4l>h1;h5h6Dh2;g;F;h3:ell—>€2;h5:ell—>€3|—A hlhgbho;g;F}—A

HC
g, I+ A
h1h2 > ho;g;Fe[hl/hg,hg/h4];h1 : 610 — 629 = Ae[hl/h3,h2/h4]
0—>L6
hihs > ho;hshga > ho;G; I';hy :e1 —ea;hg tep—res b A
hihs > ha; hshs > ha;
hiha > ho; hsha > ho; Gy Ty hy t e1 — ea; hs @ ez — ey Fh:el =e3; A
'_)L7

hlhzbho;h3h4l>h0;g;r;h1:€1I—>82;h3:83’—>84 I—h:el :83;A

Side conditions:
Each label being substituted cannot be €, each expression substituted cannot be a constant.

In —=p,, 0 = mgu({(e1, es), (e2, €4)}).

In =14, 0 = mgu({e2,e3}).
In HE, hg occurs in conclusion, hi, ho, e; are fresh.
In HC, hi1, he occur in the conclusion, hg, hs, ha, hs, he, €1, €2, e3 are fresh in the premise.

Fig. 3. Pointer rules in GMsgr..

Definition 3 (Unfolding rules). Let Cy = P(x),...,Cr = P(x) be a normal
inductive definition of the inductive predicate symbol P. Then each production
rule gives rise to a right-unfolding rule and to one premiss of the single (multi-
premiss) left-unfolding rule for P (also called case-split rule):

G, I'+h:C;; A G;I'yh:C1 H A G, I'sh:Cp A
——  Pgy Py,
G; '+ h:P(x);A G;I'h: P(x)F A

Let us illustrate Definition 3 with list segments. From now on, we shall write £
for arbitrary list segments and let s denote only acyclic list segments. The
inductive definition for £ goes as follows:

x

1= b(x,x) x> 2% b(z,y) -y b(x,y)



GiI'Fh:e1=exANL;A G; ' h:3u.er — uxb(u,ez); A
[ZS°H S
G h:ts(er,e2); A G I'F h:er,er); A

GiI'sh:ep =ea;h:1FH A G; Iy h: Ju.er — u* bo(u,ez) H A

5%
GiI';h:bo(er,en) A

GiI'h:eit=exANLA GiI'E h:ey #ex A(Ju.er = uxls(u,ez)); A
ISRI Isr,
G;I'F h:ls(er,e2); A G I'+h:ls(er,e2); A

GiI'sh:ep =ea;h:1FH A G;I'shier # ez h: Ju.er — uxls(u,en) H A

ISL
G;I'shils(er,en) H A

Fig. 4. GMgy, rules for list segments.

which first gets normalized to obtain:

z,y

z=y A= b(z,y) Ju.z = u* b(u,y) = b(z,y)

For [s, the inductive definition (where x # y is syntactic sugar for —(x = y)):

1= Is(z, ) £ YN (@ zxls(zy) = Is(z,y)
gets normalized to
z=y A= Is(z,y) T # YAz uxls(u,y) = bz, y)

Generalizing from variables to expressions and expanding additive conjunctions
on the left-hand side of sequents, we obtain the unfolding rules depicted in
Figure 4 for list segments.

Definition 4. For any inductive predicate symbol P; with arity a; defined by
the production rules Ci(x1) = P(x1),...,Cr(xx) = P(xx) we obtain a corre-
sponding n-ary function ¢; : p(Heaps x Val®) x ... x p(Heaps x Val®") —
p(Heaps x Val®) as follows:

piX) = |J () | (slx = ), h) Epepox Ci(x)}

1<j<k

where s is an arbitrary stack and =pyx is the satisfaction relation defined
exactly as in Definition 1 except that [B;]] = n(X) for each i € {1,...,n}.

Any variables occurring in the right hand side but not the left hand side of
the set comprehension in the definition of ¢; above are, implicitly, existentially
quantified over the entire right hand side of the comprehension.



Definition 5. The definition set operator for Py, ..., P, is defined as the oper-
ator @p, with domain and codomain p(Heaps X Val®) x ... x p(Heaps x Val®)
such that p(X) = (p1(X), ..., on(X)).

It is proved in [3] that the operator generated from a set of inductive def-
initions by Definition 5 is monotone and therefore has a least fixed-point that
can be iteratively approached by approximants. First define a chain of ordinal-
indexed sets (95)a>0 by transfinite induction: &g = (U,_,, @p(@g) (note that
this implies @ = (0, ...,0)). Then for each i € {1,...,n}, the set P = n[*(PL)
is called the a-approximant of P;. Finally, for each i € {1,...,n}, the standard
interpretation of the inductive predicate P; is given by [P] = U, P{* and the
forcing relation in Definition 1 is extended with the clause

(s,h) E Pi(x1,...,2,) iff (R, [21]s,- -, [zn]s) € [Pi]-

4.2 Labelled Cyclic Proofs

GMgy, handles induction with the notion of labelled cyclic proofs. Therefore, we
reuse the notions of buds, companions, pre-proofs, paths and traces used in [3,4]
and adapt them in the context of a labelled proof-system.

Definition 6 (Pre-proof). Let D be a derivation in GMgy, for a root sequent S.
Each leaf sequent B in D which is not the conclusion of an inference rule is called
a bud. A pre-proof of a sequent S is a pair (D, R) where D is a derivation the
root of which is S and R is a function which assigns to every bud B in D a
triple (C,0,0) such that COoc C B (using inclusion allows us to do without
weakening rules in GMgy, ), where C, called a companion for B, is a sequent
occurring before B in the branch of D containing B, 0 is an expression renaming
substitution and o is a label renaming substitution.

Definition 7 (Path). A path in a pre-proof (D, R) is a sequence of labelled
sequents occurrences (G, Iy F A;)i>o such that, for alli >0, either Git1, it
A;11 is a premise of the rule instance in D with conclusion G;, I; = A;, or
Giv1, N1 = Ay = R(Gi, I = A).

Definition 8 (Trace). Let (G;, I F A;)i>0 be a path in a pre-proof (D,R). A
trace following (G, Iy B A;)i>0 s a sequence (A;);>o such that, for alli >0, A;
is a subformula occurrence of the form P(x) of some labelled formula h : C in
I35, and either:

1. A;y1 is the subformula occurrence in ;1 corresponding to A; in I, or

2. (G, Ii F Ay)iso is the conclusion of a left-unfolding rule Py, A; is the for-
mula unfolded and A;y1 is the formula obtained by the unfolding, in which
case i s said to be a progress point of the trace.

An infinitely progressing trace is a trace having infinitely many progress
points. Once adapted to a labelled context, the previous notions lead to the
same definition of a (labelled) cyclic proof as the one given in [3,4].



Definition 9 (Cyclic proof). A pre-proof (D, R) of a sequent S is a (labelled)
cyclic proof if it satisfies the following global trace condition: for every infinite
path (Gi, I; F A;)i>0 in (D, R), there is an infinitely progressing trace following
some tail (G;, Iy B A;)i>n of the path.

Figure 5 gives an example of a pre-proof for the (LC') entailment in GMgy,.
The bud B and companion C' of this pre-proof are indicated by the (f) marks
and respectively take the following forms:

BY hyhy o hs;Gpihy b(u, x"); ho (2’ y); I'p & hs 2 b(u, )
def

C = hihav hoshy : b(x, ') he : 62, y) F ho 2 b(z,y)
Moreover, we have Co C B with o = [ha/h1,hs/ho] and 6 = [z +— u]. A trace
from C' to B is indicated by the underlined formulas. Since C' is the conclusion
of an application of the £, rule, the trace also contains a progress point from C
to B, which implies that the pre-proof is actually a cyclic proof.

In a labelled proof-system where labels represent heaps, one can explicitly
state size constraints about heap domains, and easily take advantage of the
fact that the domain of a heap is finite. Let us consider a denumerable set
SVar = {mg,ma,...} of size variables and a (fixed) injective function |- | :
Heaps — SVar.

Definition 10 (Size constraints). A size constraint is an expression of the
form s op s, where op € {=,#,<,<,>,>} and s is a (non-empty) sum over
NUSVar. A set M of size constraints is consistent if it has a solution, i.e.,
there exists a measure u : SVar — N satisfying all the size constraints in M.
Given two sets of size constraints My and Mo, My entails Ma, written M, = Ma,
if any solution of My is also a solution of M.

A GMgy, sequent S = G; I' - A induces a set Size(.S) defined as the smallest
set of size constraints such that if hyhe > h € G then |h| = |ho| + |h1| € Size(S),
if h: 1€ I then |h|] =0 € Size(S), if h : 1 € A then |h| > 0 € Size(S), and if
h:xwsyelorh:zvsy,zel then |h| =1 ¢ Size(S).

Such size-constraints open the way for alternate global soundness criterions.
For example, in the (far less general) case of pre-proofs with no overlapping
cycles, one can state the following easy-to-check global soundness criterion.

Definition 11. A pre-proof (D,R) of a sequent S with no overlapping cycles
is a (labelled) cyclic proof if it satisfies the following decreasing size condition:
for each bud B in D, the assigned companion C = R(B) contains at a least one
inductive predicate symbol P such that Size(B) = {|hg| < |hc|}, where hg and
hc are the heaps labelling the same occurrence of P* in B and C respectively.

For the (LC) entailment depicted in Figure 5, where we have Co C B with
0 =[ha/h1,h5/ho] and 6 = [z +— u], the pre-proof is a cyclic proof in the sense

4 Keeping track of the various occurrences of a predicate symbol can easily be done
using indexes.



ida

eho > hos he @ 5(x,y) - ha : (z,y)

Eq2
€ha > ho; ha @ £o(x,y) F ho : (z,y)
Iy

hiho > hoshy L ho : &(z,y) F ho = o(z,y)

Il
3

hiha > hoshy :x =a';hy : I he @ (), y) F ho : £5(x,y)
I,

h3h5 Dho;h2h4 Dh5;
h3h4 Dhl;hlhg Dho;
ha x> u;hg : (u,z’);he : b(2',y) Fhy:xz—u

I

hshs > ho; haho > hs;
hzha > hi;hihe > hoj
(1) ha : @ usha s bo(u, 2'); ha : bo(z’, y) + hs : b(u,y)

E
hshs > ho;h2h4 > h5;
hzha > hi; hiha > ho;
11, hz : x> ushg o (u,x’); ha (2’ y) F hs i 0(u,y)
*R
h3hs > ho; hahg > hs;
haha > h1;h1ha > ho;
hs x> u;hg 2 (u,x’);he s be(z’,y) F ho t x> ux Lo(u, y)
A
h3h4bh1;h1h2 Dho;
hs x> u;hg 2 (u,x’);ha : bo(x’,y) F ho @ ux o(u, y)
Ir
h3ha > hi;hiha > hos
hs x> u;hg s o(u,x’); ha : Lo(x’,y) F ho : FJu.z — u* Lo(u, y)
IS
hzha > hi;hiha > ho;
hs i@ usha : (u,z’);ha : (2, y) F ho : €(x,y)
*L
hiha > hojhy : x> u* €(u,z’); ha : (2, y) = ho @ £o(z, y)
Eig
g hihs > hojhy @ Ju.x — u x o(u, z’); ho @ (z’,y) F ho : €(z,y)
Loy,

(1) hiha > hos hy = o(z,2'); ha = €(z’,y) F ho : €(x,y)
*L

ho : &(z,z’) * €5(z',y) F ho : &(x,y)
—R

F ho : (6(z,x") * (2, y)) — (z,y)

Fig. 5. Cyclic proof of (&(z,z") * b(z',y)) — b(z,y) in GMsgr,.



hihs > ha;hghs > ho;
h3h4[>h0;h1h2l>h0;
(1) ho: z #y;hg : x> u;hy : ls(u,y);h1 :y— 2z
'_>L1 '_>L7
e:x=y;e:yr—>zt hsha > ho; h1ha > ho;

10 ho:x #y;hg x> ujhg :ls(u,y);h ty— 2 F
hihs > € _—

e:x=y;h1:y—zF

*L

I hiho > hosho : @ # ysho : x— u*xls(u,y);hy ty— 2z
hthDho;hoil; i
ho:x=y;h:y—2z F hiho > ho;ho : @ # y; ho : Ju.xz — uxls(u,y);h1 : y— 2z

Isy,
() hih2 > hosho : ls(z,y);h1 ty = 2

TL
hiha > ho;ho : ls(z,y);h1 :y— 2z;ha : T F
*L

ho :ls(z,y);ho: (y—>2zxT)F

R
ho :ls(z,y) F ho: ~(y—>2xT)
—R

Fho:ls(z,y) = (y—=>2zxT)

Fig. 6. Cyclic proof of (Is(z,y) = —(y— z* T)) in GMsL.

of Definition 11 because in the bud B, hshs > hi and hs : x+— u imply that
|hi| = |ha] + 1 and thus Size(B) = {|ha| < |h1|} for the first occurrence of the
U predicate in B and C.

Another example is the following entailment which states that if a heap
represents a list segment ending with y, then y is not an address occurring in
the heap and cannot point anywhere (i.e., y is dangling):

(ALE) < ls(r,y) b=~y 2+ T)
(ALFE) is valid in Reynold’s semantics if and only if for all states (s, h):
(s,h) E ls(z,y) implies (s,h) fryr— zx T

(ALE) is obviously not valid for arbitrary list segments since a panhandle list
needs to have y pointing back somewhere in the list. However, (ALFE) is valid
for acyclic list segments.

A pre-proof of (ALE) in GMgy, is given in Figure 6. The bud B and com-
panion C of this pre-proof are indicated by the () marks:

=  hihsv hg;Gaihg ls(u,y);hs cy—2; g Ap
= hiho > hosho i ls(z,y);hy cy— 2z F Ap

Moreover, we have Co C B with ¢ = [hs/hg, ha/ho] and § = [z +— u]. This
pre-proof is also a cyclic proof in the sense of Definition 11 because it contains
no overlapping cycles and in the bud B, hshs > ho and hgz : x — u imply that
|hs| < |he| and it then follows from hihg > hg and hihs > hy that Size(B) E
{lha] < |hol}. Tt also satisfies the global trace condition of Definition 9.



Theorem 1. If there is a cyclic proof of b hy : F in GMsgy,, then F is valid
in SL.

Proof. (Sketch) Proving the soundness of GMgy, requires two things: first proving
the local soundness of the proof-rules and then proving the soundness of the
cyclic mechanism.

A label mapping for a labelled sequent S = G; I' = A is a function p mapping
each heap label in the sequent to an actual heap of the heap model of SL and
such that p(e) = e and for all h;h; > hi, € G, p(hi)p(h;) = p(hi). A realization for
S is a pair (s, p) where s is a stack and p a label mapping for S such that for all
hi:Ael, (s,p(hi)) = Aandforall h; : A€ A, (s,p(h;)) = A. S is realizable
if there is a realization for S. Local soundness follows the standard pattern of
proving that every proof-rule preserves realizability (i.e., that the realizability
of the conclusion of a proof-rule entails the realizability of at least one of its
premisses) and has already been proven for the most part of the proof-rules
in Tgr, [8] and LSgy, [9]. The new proof-rules of GMgy, are easily proven along
the lines of their intuitive justifications at the beginning of Section 4. The local
soundness of the unfolding rules obtained by Definition 3 is an easy consequence
of the production rules being read as a disjunction \/;, C; of inductive clauses.

Proving that the cyclic mechanism in the sense of Definition 9 goes along
the lines of the proofs given in [3,4], i.e., showing that the global trace condi-
tion induces the existence of an infinitely decreasing chain of ordinals indexing
the chain of approximants underlying the least fixed point interpretation of an
inductive predicate, which contradicts the well-foundedness of the ordinals.

Let us prove that the decreasing size condition given in Definition 11 is sound
for pre-proofs with no overlapping cycles. Suppose otherwise, then we have a
cyclic proof P = (D, R) for a sequent - hg : F but F is not valid in SL. Then
the root sequent S is realizable. Since local soundness implies that proof-rules
preserve realizability, we would be able to construct from P an infinite path of
realizable sequents. Since initial sequents (axioms) are not realizable and since
P is a cyclic proof with no overlapping cycles, every infinite path necessarily
contains a tail consisting of infinite repetitions of cycles involving occurrences of
the same bud B and associated companion C' in P. However, since P statisfies
the decreasing size condition of Definition 11, for at least one occurrence of an
inductive predicate P, each cyclic jump from B to C strictly decreases the size
of the heap realizing that occurrence of P, which contradicts the fact that the
domain of a heap shoud be finite.
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