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When objects (like theorems, algorithms, . . . ) appears
to be variants from one to another

one would like to understand

why

and what is their shared structure
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Groups: Prove that i(i(x)) = x

r+e = X
c+y+z) = (r+y +z
r+i(z) = e
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Groups: Same question with

r+e — X
et+tr — X
v+ (y+z2) — (x+y) +z
r+i(r) — e
i(x)+x — e
ile) — e
(y+i(z) +z — y
(y+z)+i(z) — y
iz +y) — iy +ilz)
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AC: Solve the matching equation xr +x+y <gqca+b+a+b+b

wi + w2 wa + W1
w1 + (w2 +w3) = (w1 —|—UJ2) —|—’LU3
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AC: Same question with

w1 + wWo = w1 + w2
w1 + Wo = W9 + W1
w1 + (wg —+ UJ3) = (w1 + w3) + Wwo
(w1 —|— wg) —|— Ws = W1 —|— (UJQ —|— w3)
(w1 + wg) + Wws = (w1 + ’wg) -+ Wo
w1 + (’UJQ —+ ’wg) — Ws —+ (’UJl + ’wg)

(w1 +w3) + (w2 +ws) = (w1 + wa) + (w2 + ws)
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How to find such good representations?

By a step by step transformation

as local as possible

that we call here a completion process
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What is a completion process?

Bruno Buchberger, RTA 85: In order to solve an algorithmic problem for the
ideal Ideal(F) generated by F, first transform F into a certain canonical form
G (which is called “Grobner-basis” in /Buchberger 76/) such that Ideal(F) =
Ideal(G) and then solve the problem in G.
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What is a completion process?

Bruno Buchberger, RTA 85: In order to solve an algorithmic problem for the
ideal Ideal(F) generated by F, first transform F into a certain canonical form
G (which is called “Grobner-basis” in /Buchberger 76/) such that Ideal(F) =
Ideal(G) and then solve the problem in G.

The process that transforms a given presentation to one which is more appropriate
to the intended purpose.
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Aims of the talk

Provide the foundations to go
from

proof theory

to

good-proof theory
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Aims of the talk

Provide the foundations to go
from

proof theory

to

good-proof theory

Towards good-proof search
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Structure of the talk

The set of canonical axioms, leading to good-proofs, is successively viewed as

e Formulze that can appear as assumptions in minimal proofs
e Non-redundant theorems
e Conclusions of trivial proofs

e Limit of a completion process

and we conclude

UNIF'2002 Copenhagen, 26/7/2002
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Ordered proof system

e P Proofs;
e A Formulas;
o' :P— 24 Assumptions;

e A :P— A Conclusion;

e >: IP? Well-founded proof ordering.

Extension to sets:

r'pP

AP

— Urp

peP

= | J{Aap}

peP

UNIF'2002

Copenhagen, 26/7,/2002
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Example

alblcl|f(t)
t=t
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Example
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Example

t u= alblc|f(t)
A = t=t
A first proof: p1 = f(a) ~ f(c) ~ f(b)

lts assumptions T (p1) = {a = c,c = b}

Its conclusion A (p1) = f(a) = f(b)

A second proof ps = f(a) ~ f(b)

The complexity of p1: [p1] = {(f(a), f(c)), (f(c), f(0))}

The complexity of pa: [p2] = {(f(a), f(b))}

Assuming a > b > ¢ we have ps > pq
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Theories
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Theories

The set of all the proofs of the formula ¢, starting from a set of formulae A:
[I(AFc) = {peP|I'p=AAp=c} (3)
The set of all proofs using the set of assumptions A:
MA = {peP|TpC A4} (4)
The theory of a set of assumptions A:

OA = AIA (5)

UNIF'2002 Copenhagen, 26/7/2002 18



Elementary play with the definitions

Ff=A0=0 (6)

THACA (7)

PCQ = TPCTQ (8)

PCQ = APCAQ (9)

ACB = MNACIIB (10)

ACB = ©OACOB (11)
[IT'ITA = IIA

By (7,10), ITITA C IT A.
Suppose p € ITA. Then I'p € I'IT A by (8) and p € IIT' I A, by definition.

UNIF'2002 Copenhagen, 26/7/2002 19



Equivalent axiom sets

A=B &< OA=0B
Only what is used in proofs is needed:

A = TIIA

UNIF'2002 Copenhagen, 26/7/2002
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ITA

Minimal proofs

{peP|-3geP. Aq=ApAq<p}
ull A

UNIF'2002
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Minimal proofs

uP = {peP|-dge P. Aq=ApAq<p}
A ull A

Because > is well-founded, we can prove as much using minimal proofs as with
ordinary ones:

(OA =) ATIA = AIlA

AIIA D A II A: by monotonicity of A and since minimal proofs are proofs, i.e. I1 A D II A.
AIIAC A II A: forall c € ATI A, there exists p such that p € II(A - ¢). Since > is
well-founded, there exists p’ minimal, smaller than p that proves the same thing: p’ € TI(A F ¢),

therefore c € A 11 A.

UNIF'2002 Copenhagen, 26/7/2002 21



Reduced systems

A set A of formula is reduced if

A = A =4, TIIA

UNIF'2002 Copenhagen, 26/7/2002

22



Reduced systems

A set A of formula is reduced if

A = A =4, TIIA

What is reduced cannot be further reduced:

UNIF'2002 Copenhagen, 26/7/2002

22



Reduced systems

A set A of formula is reduced if

A = A =4, TTTA

What is reduced cannot be further reduced:

A reduced system can prove as much as the initial one:

A = A
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We need more assumptions

Postulate A. [Monotonicity]

[M(AFc)#£0 = T(AUBFc¢)#£0

Postulate B. [Reflexivity]

H{a}Fa) #

Postulate C. [Closure]

O0A C OA
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First consequences

The theory generated by a set of formulae A contains A:
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First consequences

The theory generated by a set of formulae A contains A:

ACOA

A set of formulae A and its full theory ©® A support exactly the same theorems:

OOA=0A (or BA=A)

UNIF'2002 Copenhagen, 26/7/2002
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Canonical systems

A set A of formulae is saturated if it supports all possible minimal proofs:
A D [OA]

The set of formulae that appear as assumptions of minimal proofs is called the
Canonical Basis:

AP = [e4]
Theorem — The canonical basis is a basis:
Ab = A
Consequence —

TA* = 1104

UNIF'2002 Copenhagen, 26/7/2002



The first definition of canonical axioms

Formulae that are assumptions of minimal proofs

A = [OA] (=4ey T I OA)

UNIF'2002 Copenhagen, 26/7/2002
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Another view point: Non-redundant theorems
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Better proofs

() is better than P:
PJQ < VpeP dgeQ. Ag=ApAp>q (12)

A set of axioms B is a simpler basis than A when both can prove the same things,
but the proofs made from B are better:

A~-B < A=B ANIIAZIIB
Theorem — A canonical basis is simpler:

A=B = B A

UNIF'2002 Copenhagen, 26/7/2002 28



Redondant formulae

The redundant formulze in A are:
pA = {reAlAzZ A\{r}} (13)

When there exists redundant formulae, without them we can prove as much, but
the proofs are strictly better:

A = A\pA
Theorem — Redundant formula are not needed:
A = A\ pA
Corollary — The canonical basis is free of redondant formulze:

Al — Ati\pAﬁ

UNIF'2002 Copenhagen, 26/7/2002 29



The second view of canonical axioms

Canonical axioms are non-redundant formulze:

Al — Aﬁ\pAli

UNIF'2002 Copenhagen, 26/7/2002
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Another point of view: deduction
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Deduction: Soundness

We consider a Deduction Mechanism to be a mapping from sets of formulae to
sets of formulae denoted A ~ B
A deduction mechanism is sound when

A~ A = OAD0OA

We will always consider sound deduction mechanism

UNIF'2002 Copenhagen, 26/7/2002 32



Deduction: Persistency

A deduction derivation

The limit Ao, of a derivation {A;}; is its persistent formulae:

A =limsupA4; = U 4

UNIF'2002 Copenhagen, 26/7/2002
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Deduction: Completeness

A derivation {A;}; is complete if every theorem of Aj eventually admits a
persistent normal-form (i.e. belonging to I1©®Ag) proof:

©4y C A(IIA.NIIOA)
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Deduction: Completeness

A derivation {A;}; is complete if every theorem of Aj eventually admits a
persistent normal-form (i.e. belonging to I1©®Ag) proof:

©4y C A(IIA.NIIOA)

For a complete derivation {A4;};

Ay C OA,
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The need for continuity

Postulate D. [Continuity]

limsupITA; = IIlimsupA4; (=11 A)

17— 00 17— 00
A sufficient condition for a proof system to be continuous is to be finitely-based:

T'p| <occforallpelP

i.e. any proof uses only a finite number of assumptions

UNIF'2002 Copenhagen, 26/7/2002
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Proposition — For sound and complete derivation we have:
OA; = OA,

©Ay C OA,, By completeness
OA) O ©A,, By continuity:
OAw = ATT Ay = A U, Nyo, TT A,

So,ifc e ®A,,thenc e AIl A, = ©A, for some 7. But ©A; C © A, is guaranteed by

soundness.

UNIF'2002 Copenhagen, 26/7/2002
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Reducing derivations

A derivation is reducing if its persistent equations are all reduced:

Ase = A’

In other words, the limit does not contain any redundancy: pA., = 0.
Proposition — A derivation is canonical (i.e. reducing and complete) iff

UNIF'2002 Copenhagen, 26/7/2002
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Simplifying Deduction

A deduction mechanism ~» is simplifying if it proves as much and the proofs only
get better:

A~ A" = 0A=04
A~A = TTAJIITA

This is denoted

UNIF'2002 Copenhagen, 26/7/2002 38



Expansion and contraction

A deduction step A ~ AU B is an expansion provided
B CBOA
A deduction step A U B ~» A is a contraction provided
AUB =~ A

Proposition — Expansions and contractions are sound

UNIF'2002 Copenhagen, 26/7/2002
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Fairness

Progressiveness A deduction mechanism ¢ is progressive if it makes every
non-minimal proof better:

5(A) C ©A (14)
MA\IIOA T TI(AUHA)) (15)

Fairness A derivation {A;}; is fair for a progressive mechanism ¢ if all persistently
progressive formulae are derived:

0(Ax) S U; Ai

Proposition — For continuous proof systems, simplifying fair derivations are
complete.

UNIF'2002 Copenhagen, 26/7/2002 40



Subproofs

Every formula a admits a trivial proof, by reflexivity. denoted @, extended to sets

by A
We now assume the existence of a well-founded subproof (partial) order on proofs:

plq] > q, extended to sets:

P>Q@Q & Vge@. . dpe P.pr>gq

We assume the following postulates for subproofs:

41

UNIF'2002 Copenhagen, 26/7/2002



Subproof postulates

Postulate E. [Trivia] Assumptions are subproofs:

—_—

P > TP
Postulate F. [Subproof] Subproofs use a subset of the assumptions:
P>Q = T'PDOIQ
Postulate G. [Replacement] Decreasing a subproof, decreases the whole proof:

p>qg>=q¢ = I eEP. p=p > (16)

UNIF'2002 Copenhagen, 26/7/2002 42



A third characterisation of the canonical basis

The canonical basis is the set of conclusions of all trivial minimal proofs:

A' = A(IOANOA)

UNIF'2002 Copenhagen, 26/7/2002
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Completion

A minimal proof p € II A is critical if it is not in normal form, but all its subproofs
are:

p € HA\IIGA
p>q = qcllOA

The critical formulae:
VA = {Ap]|p critical for A}
Bulk completion is a sequence of steps:

A ~ [AUVA] (17)

UNIF'2002 Copenhagen, 26/7/2002 44



Fourth characterisation of the canonical basis

Fair completion is canonical.

For fair completion:

UNIF'2002 Copenhagen, 26/7/2002
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e Explore other variants of the framework
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