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Separation Logch

e Introduced by Reynolds-O’Hearn to model:

— properties of the memory space (cells)

— aggregation of cells into wider structures

e Combines:
— intuitionistic logic connectives: A, V, — ...

— multiplicative conjunction: x

e Defined via Kripke semantics extended by:

mli-FAxB iff da,bst.aWbCmandal- Aandbl- B
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/ Separation models I \

e Decomposition a, b > m interpreted in various structures:
— stacks in pointer logic (Reynolds, O'Hearn), a Wb C m

— trees in spatial logics (Cardelli, Gardner et al.) a | b =m

— resource trees in Bl-Loc (Biri, Galmiche)

e Additives A, V, — can be classical or intuitionistic

e Aggregation property:

a,bre 1mplies a=b=¢e
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Separation Logic vs Bl Logic'

e Decomposition interpreted by a o b < m:

— resource monoids (partial, ordered, no aggregation)

— intuitionistic additives and a linear adjoint —« to x

e Bl has proof systems:

— cut-free bunched sequent calculus (Pym)
— resource tableaux (Galmiche, Mery, Pym)

— inverse method (Donnelly, Gibson et al.)
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What is Boolean Bl logic ?I

e No unequivocal logical definition:

— no cut-free proof system (Bl + -—A — A)

— 1no nice semantics for this system (relational)

e No unequivocal semantic definition:

— various Kripke models

— often no associated proof-systems

— besides model checking

— notable exception of Pointer Logic PL

— finite model property? decidability?
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What about Boolean Bl logic ?I

e Long term goals: CL & MILL

classical additives (A, V, —)

orthogonally to intuitionistic multiplicatives (x, —)
cut-free sequent calculus and tableaux systems
abstract model (partial monoids), no aggregation 7

a corresponding Kripke semantics:

aob~m
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Some of our results (i)

e Intuitionistic: Bl
— soundness/completeness wrt partially ordered partial monoids
— tableaux calculi with label constraints

— decidability and finite model property

e Classical: Pointer Logic (PL)
— soundness/completeness wrt partial monoid of heaps

— decidability and finite model property through tableaux

calculus
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Some of our results (ii) I

e (Classical: BBI

— soundness/completeness wrt ND (non deterministic) monoids
— S4 faithfully embedded into BBI

— |IL faithfully embedded into BBI

— at least P-SPACE

e Open problems for BBI:
— decidability, finite model property

— (deterministic) monoidal completeness
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/ Kripke semantics for Separation logics (i) I \

m i1 1ff never miFAVB ff mlFAorml-B
ml-T 1iff always mi-FAANB iff mlFAandmli- B
mli-FAxB 1f da,bst.a,brmandal-Aandbdl- B
mlFA—-B if Va,b(m,arbandal- A)impliesd - B

e Intuitionistic (Reynolds or Bl):
—mlEl 1ff e<m

- mlFA—-B iff vm'>m, m¥F Aorm' |- B
e Classical (PL or BBI):

—mlEl ff m=e

\ - mi-FA— B iff mWFAormlIF B /

9




Kripke semantics for Separation logics (ii) I

e Intuitionistic (Reynolds or Bl):

—VYm'>m, m" ¥ Aorm’ |- B
— a (pre-)order < between resources

— compatible with composition: e,a>b Iff a<bd

e Classical (PL or BBI):
— (pre-)order needs to be flat because of ——A ~ A
— several models for composition/decomposition a,b > m

— partial monoids: a,bom iff aob~m

N /
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1. Vae M,eoca~a

N

e Relations vs composition:

Partially ordered partial monoids for BII

e A structure (M,o,e, <) where o : M x M — M

(identity)
Va,b € M,a0b~boa (commutativity)
Va,b,c € M,ao(boc)~ (aob)oc (associativity)

Vz,a,b € M,a < bimplieszoa <zob (monotonicity)

a,b>misaob<m

e Partiality (incompatibility) when a o b is not defined

\o But partiality should be compatible with the axioms

~
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e Relation vs composition:

\o Partiality: a o b defined iff a and b have disjoint domains

1. YVae M,eca=a

/ Partial Monoids of Heaps for PLI

e Heap: finite partial function Location — ¢, Value x Value
e Composition o = W, disjoint union of partial functions

e A structure (M, o,e) where o: M x M — M

(identity)

Va,b € M,aob=>boa (commutativity)
Va,b,c € M,ao(boc)=(aob)oc

Va,b e M,aob—=eimpliesa=bb=c¢e

(associativity)

(aggregation)

a,b>rmisaob=m

~

/

12



/ Non deterministic monoids for BBI' \

e Powerset extension of o: X oY = | J{zoy |z € X,y €Y}

e A structure (M, o,e) where o : M x M — P(M)

1. YVae M,eoa ={a} (identity)
2. Va,be M,aob=0boa (commutativity)
3. Va,b,ce M,ao(boc)=(aob)oc (associativity)

e Relations vs composition: |a,b>mism Eaobd

e Non determinism: a o b = {my, mo} then a,b>m; and a,b > m,

\o Partiality (incompatibility) when a ob = () /
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e Axioms for additives:

e [.inear axioms

1. A= (IxA)
2. (I« A)— A

e Logical rules

— A -A— B

- B

-FA— (B—xC)
I—(A*B)—>C

N
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/ A Hilbert calculus for Bl/ BBII

..A—(B—A),|—mA—A|...

3. (A% B)— (Bx A)
4. (A% (B*xC))— ((Ax B)xC)

[MP]

1)

FA—C B — D

- (Ax B)— (C % D) !

|—(A>|<B)—>C
-A— (B —C)

[—x2]

~
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/ Soundness and completeness for Bl/ BBII \

e Soundness is simple:
— the axioms are valid

— the four rules are sound

e For completeness:
— Lindenbaum algebra: formulae up to equivalence
— prime filters define a partially ordered or ND monoid
— F,eG,=1{axb|ac Aand b € B} not prime
— relation (BBIl): H, € F,o G, iff F,e G, C H,

— for BI, 7l is a prime filter (cut elimination) thus the unit

K — for BBI, units (s.t. | € I,,) are not unique /
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/ Finite model property (i) I \

e Tableaux systems with label constraints

e Countermodel construction (open branch)

e For IL:

— aoa=a (contraction)

— same symbol need not occur twice in a label
e For PL:

— aoa= 1 (disjointness)

— same symbol must not occur twice in a label

—> finite number of labels in an open branch
\:> completeness for finite monoids of labels /
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/ Finite model property (ii) I \

e For Bl:
— aoa # a in general
— but we can add a™ = a for some n (redundancy)
—> finite number of labels under redundancy

—> completeness for finite partially ordered monoids of labels

e For BBI:
— aob~ e then a and b are invertible

— a?,a%,...,a",... should be defined

—> not a finite number of labels, quotient ?

\: finite model property ? /
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/ Embedding of S4 into BBII \

e A modality: OA=T =« A

e S4 axioms are valid:

0A—A OA—-0O0A4A OA—B)—(OA—0OB)

e S4ruleissound: FAthen FOA

e Embedding (for ® € {A,V,—}, X e Varu{L, T}):

(mA)” = —AC X0 = X
(DA = T=AD (A®B)” = AD® BU

\0 Soundness: if A € S4 then AY < BBI /
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/ Faithful embedding I

e (Infinite) trees complete for S4
— trees: (7,<,7)
— Jk(a < kand b < k) then (a <borbd<a)
— a,b>m if m = max{a,b}
— (7,>,7) D (partial) monoid
— Kripke semantics preserved

o If (7,<,r) counter-model of A € S4

Then (7,1, 7) counter-model of A € BBI

\o Corollary: IL faithfully embedded in BBI
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/ Conclusion and perspectives' \

e Monoidal models for Bl and PL
— soundness/completeness wrt label monoids
— finite model property for Bl and PL

— tableaux calculi for Bl and PL

e Towards a (deterministic) monoidal semantics for BBI
— soundness/completeness wrt ND monoids for BBI

— embedding of S4 and at least P-SPACE hardness

— FMP: problem to avoid redundancy and non determinism

\ — decidability still open /
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