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Delaunay Triangulation

Pencils of circles

Definition, empty circle property
Motivations: reconstruction, meshing
Properties: EMST, max-min angle
_ower bound

n-sphere predicate

Diagonal flipping

ncremental algorithm

Sweep line algorithm

Miscellaneous
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Is diametral circle empty ?

Adding a red blue-edge create a cycle =—

The edge i1s the shortest red-blue edge

Split points
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O(nlogn) after Delauna
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Lemma  (V edge: locally Delaunay) <= Delaunay

Proof:

s choose an edge

s €dges of the quadrilateral

are locally Delaunay

a Vertices visible through one edge a

g Induction — all vertices outside circle
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(
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Theorem:

Delaunay maximizes minimum angles (in lexicographic order)

Proof:
Let 1" be the triangulation maximizing angles

—> V convex quadrilateral (from 2 triangles € T')

the diagonal maximizes smallest angle (in quad)

—> V edge, it is locally Delaunay

—> T = Delaunay
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circle through pqr
~+ plane through p*q¢*r*
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Space of circles

peC < p e

s inside/outside of
circle through pqr
~+ plane through p*q¢*r*
above/below s*
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Space of circles

s inside/outside of
circle through pqr
~+ plane through p*q¢*r*
above/below s*

Incircle predicate

~~ 3D orientation predicate
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Space of circles

s inside/outside of
circle through pqr
~+ plane through p*q¢*r*
above/below s*

Incircle predicate

1 1 1 1

~» 3D orientation predicate | % Zq Ty 2
2yp 2 qu 2 2% 2 st 2
T, +Y, Tyt Y, o+ Y, Tg+ Y
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Degeneracies
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Delaunay quad 7 random diagonal 7
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Degeneracies

assume no degeneracies for a while

Degree 4 vertex in Voronoi diagram
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Data structure for (Delaunay) triangulation

Representing incidences
Representing hull boundary

Representing user’'s data put colors In
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check edges of quadrilateral
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Delaunay is obtained
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DElaunay Triangl”ati()n: Diagonal flipping

Complexity 7

locally convex ?

—

Locally Delaunay
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Complexity 7

Non convex ‘A'/
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Complexity 7
Non convex edge \‘AV/ ’
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DElaunay Triangl”ati()n: Diagonal flipping

Complexity 7 . -

Non convex \‘ ’,/ '
Flip ‘ {é%

An hidden edge cannot be visible again Non Delaunay

Complexity of diagonal flipping is O(n?)
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Complexity 7
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Complexity 7
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Complexity 7

Delaunay
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Complexity 7

Delaunay

Do not care
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Complexity 7

Encoding a triangulation

0011101010
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Complexity 7

Delaunay
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Complexity 7

Encoding a triangulation

Flip

00111%010

swap
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Complexity 7

0000011111
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Complexity ?

at least ( ) flips
00000111]}
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not unique
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not unique

New point

Locate \ %‘vgf‘ >

e.g.: visibility walk
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Visibility walk terminates

Not Delaunay



Delaunay Triangl”ati()n: incremental algorithm

Visibility walk terminates

Delaunay Triangulation: pencils of circles

Power of a point w.r.t a circle
N(2? 4 y? —2dx — 20y + )
+(1 =N (2 +y? —2ax —2by+c ) =0

blue yields smaller power

black yields smaller power
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Visibility walk terminates
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Visibility walk terminates

Green power < Red power
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Visibility walk terminates

Green power < Red power
Power decreases
Visibility walk terminates
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New point

L ocate

Search conflicts
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Complexity
Locate

Search conflicts
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Complexity

Locate

Search conflicts #t triangles in conflict
#f triangles neighboring triangles in conflict
degree of new point in new triangulation

<n
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Delaunay Triangulation: incremental algorithm

Complexity
Locate Walk may visit all triangles

< 2n
Search conflicts

degree of new point in new triangulation

<n
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Complexity
Locate O(n) per insertion

Search conflicts
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Complexity
Locate O(n) per insertion
Search conflicts

O(n?) for the whole construction
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Complexity
Locate

Search conflicts

half-parabola and circle

Delaunay triangle
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Complexity
Locate

Search conflicts
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Delaunay Triangulation: incremental algorithm

Complexity
Locate

Search conflicts

Insertion: 2(n)

Whole construction: Q(n?)
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Delaunay Triangulation: incremental algorithm

Complexity In practice

Locate Many possibilities (walk, Delaunay hierarchy)

Search conflicts Randomized
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Discover the points from left to right
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Discover the points from left to right

® . o Certified Delaunay triangles
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Discover the points from left to right

a Certified Delaunay triangles
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Discover the points from left to right

_@
Boundary edges
L
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Discover the points from left to right

Boundary edges
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De d ay Tr|a ngU|at ON. sweep-line algorithm

he pomts fro ght
Boundary edges
\
“ﬁ Empty circles
)1 tangent to sweep line
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i
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Discover the points from left to right
o New point

Locate vertically

o A 7
y K 1/}
° H & H
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Discover the points from left to right
o New point

Locate vertically

[
y X o > Create edge
) 7aN:
[
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®
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o
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Discover the points from left to right
o New point

Locate vertically

[
y X o Create edge
( | | Modify boundary edges
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®
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o
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Discover the points from left to right
o New point

Locate vertically

[
y X o Create edge
< | | Modify boundary edges
® o
@ O = 5
’ H  H
% . Modify circle events
O o
e%'\“ed "
to Pe
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Discover the points from left to right
[

® o
Closing a triangle 7
% L
®
® o
[ v, ®
[
@
®
.‘ ®
o
31-16




DElaunay Triangl”ati()n: sweep-line algorithm

Discover the points from left to right

Closing a triangle 7
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Wﬁoints from left to right

———
/ ‘ Closing a triangle 7

» Circle events
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Woints from left to right
;,‘

Closing a triangle 7

» Circle events

Next circle event
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|
®
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Discover the points from left to right
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Discover the points from left to right

Y o Next circle event

o Close triangle
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Discover the points from left to right
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="

Next circle event
Close triangle

Modify boundary edges

Modify circle events



Delaunay TriangU|atiOn: sweep-line algorithm

Discover the points from left to right

Summary:

Process circle events
and point events
In x order

Three data structures
Triangulation
List of events (x sorted)
List of boundary edges

(ccw sorted)

31-24
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. Circle events | Point events
Complexity

Number

Triangulation

List of events (x sorted)

List of boundary edges
(ccw sorted)
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Circle events | Point events

Complexity processed

Number

Triangulation

List of events (x sorted)

List of boundary edges
(ccw sorted)
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Complexity

Number

Circle events
processed

2N

Point events

n

Triangulation

List of events (x sorted)

List of boundary edges
(ccw sorted)
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Circle events

Point events

Complexit
PIEXILY processed
Number 2N Tl
create create
. . 2 triangles one edge
Triangulation
per event per event

List of events (x sorted)

List of boundary edges
(ccw sorted)
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Circle events

Point events

Complexit
P 4 processed

Number 2N Tl

create create
. . 2 triangles one edge
Triangulation
per event per event

< 3 deletions | < 2 deletions

List of events (x sorted)

< 2 Insertions

per event

< 2 Insertions
per event

List of boundary edges
(ccw sorted)
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Circle events

Point events

Complexit
P 4 processed

Number 2N Tl

create create
. . 2 triangles one edge
Triangulation
per event per event

< 3 deletions | < 2 deletions

List of events (x sorted)

< 2 Insertions

< 2 Insertions

per event per event
List of boundary edges replace locate, then
(ccw sorted) 2 edges by 1 | Insert 2 edges
per event per event
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Circle events

Point events

Complexit
PIEXILY processed
Number 2N Tl
create create
2 triangles one edge
per event per event
< 3 deletions | < 2 deletions
< 2 insertions | < 2 Insertions
per event per event
replace locate, then
2 edges by 1 | Insert 2 edges
per event per event
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Circle events

Point events

Complexit
PIEXILY processed
Number 2n T
create create
2 triangles one edge

O(nlogn)

per event per event
replace locate, then
2 edges by 1 | Insert 2 edges
per event per event
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Delaunay Triangl”ati()n: iIncremental algorithm

New point
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Triangulate and flip

CGAL

for degree > 8
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Decision tree for small holes

degree 3

nothing to do

CGAL

for degree < 7
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Decision tree for small holes

degree 4

CGAL

for degree < 7
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Decision tree for small holes

degree 4

only one predicate

CGAL

for degree < 7
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Delaunay Triangulation: 3D

Same as 2D ‘ NN
Dual Voronoi diagram

Empty sphere property

Triangle > Tetrahedron
Duality with 4D convex hull

Incremental algorithm (find the hole and star)
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Tri {%J independent equations
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Z:kd—l_lj ( ‘]1:1 )f] — (_1)d_1fk
j
Empt
| —1<k<d-2 Joi=fa=1
Tri {%J independent equations
\C
. . AW
Duality with 4D convex hull Q\)’a&

Incremental algorithm (find the hole and star)
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Delaunay Triangulation: 3D

Quadratic examples
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Delaunay Triangulation: 3D

Quadratic examples

Better results for random points
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Delaunay Triangulation: 3D

Algorithms
4D convex hull duality

P

Incremental
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Delaunay Triangulation: 3D

Algorithms

4D convex hull duality O(flogn +n3) or ©(n?)

Incremental O(n?)

practical
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DEla unay Tria ngu |ati0n .higher dimensions

d+1
d + 1 convex hull duality O (nL ’ J)

Incremental practical O (n) for random points

coeff exponential in d
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