A New Approach to Sparse Resultant Matricesfor Bivariate Polynomials with Applications in Geometric ModelingComputer Science DepartmentComputer Science Department

Outline

ImplicitizationParametric Equations (Rational Surface)

x

x s t w s t

y

y s t w s t

z

z s t w s t

= = =

( , )

( , )

( , )

( , )

( , )

( , )

Implicit Equation (Algebraic Surface)

F x y z

( , , ) = 0

Theorem (Implicitization)Applications (Geometric Modeling)

SphereParametric Equations

x s s t

y t s t

z s t s t = + + = + + = - -

+ +

2

1

2

1

1

1 2 2 2 2 2 2 2 2 x

s t s t

y

t s s t

z

s t s t = -

+ + = +

+ + = - -

+ +

2 1

1 1

2 1

1 1

1 1

1 1

2 2 2 2 2 2 2 2 2 2 ( )

( )( )

( )

( )( )

( )( )

( )( )

Implicit Equation

x y z 2 2 2 1 0

+ + - =

Implicitization Methods¥¥Grobner Bases¥¥

Classical ResultantsPolynomials n

f s t a s t

g s t b s t

h s t c s t

ij i j

i j n

ij i j

i j n

ij i j

i j n

( , )

( , )

( , )

=

=

=

£ + £

£ + £

£ + £

� � �

0

0

0

f s t a s t ij i j j n i m ij i j j n i m ij i j j n i m ( , )

( , )

( , )

=

� �

=

� �

=

� � = = = = = =

0 0

0 0

0 0 Resultants

Res ( , , )

f g h

a b c

ij ij ij

, ,f g h, , have a common root.

Classical ResultantsMacaulay�s Resultant (1916)¥

«

¥

Size Numerator =

Size Denominator Size Numerator

3 3 1 2 3 3 1 2

3 2NNNNN

( ) / ( ) / - ( ) · - ( )

= -

¥Dixon�s Resultant (1908)¥

( , ) M N «

Rectangular Tensor Product Patches¥

6 6 MN MN ·

(also

2 2 MN MN ·

)¥

Dixon ExamplePolynomials of Bidegree

( , ) 1 1 f s t a st a s a t a g s t b st b s b t b h s t c st c s c t c

( , )

( , )

( , )

= + + +

= + + +

= + + +

11 10 01 00

11 10 01 00

11 10 01 00

Dixon Resultant (

6 6·

Matrix)

Res ( , , )fghDetabcabcaabbccaabbccabcabc = � Ł � � � � ł � � � 00 00 00

01 01 01

10 00 10 00 10 00

11 01 11 01 11 01

10 10 10

11 11 11

0 0 0

0 0 0

0 0 0

0 0 0

Alternative to Macaulay ResultantMacaulay�s Resultant¥

Size Numerator =

Size Denominator Size Numerator 3 3 1 2 3 3 1 2

3 2NNNN

( ) / ( ) /

- · - = -

¥Hybrid Resultant¥

N N N N

( ) ( )2121

- · -

¥¥Cox, Little, O�Shea (1998), Using Algebraic Geometry, Springer

ExamplePolynomials of Degree 2

f s t a s a st a t a s a t a g s t b s b st b t b s b t b h s t c s c st c t c s c t c

( , )

( , )

( , )

= + + + + +

= + + + + +

= + + + + +

20 2 11 02 2 10 01 00 20 2 11 02 2 10 01 00 20 2 11 02 2 10 01 00

Macaulay Resultant

Res ( , , )

( )fghDetDet= ·( )·15 153 3

Hybrid Resultant

Res ( , , )fghDet

= ·( ) 6 6

Implicitization by Classical ResultantsParametric Equations (Rational Surface)

x x s t w s t y y s t w s t z z s t w s t

= = =

( , )

( , )

( , )

( , )

( , )

( , )

Auxiliary Polynomials (Cross Multiply)

f s t x w s t x s t g s t y w s t y s t h s t z w s t z s t

( , ) ( , ) ( , )

( , ) ( , ) ( , )

( , ) ( , ) ( , ) = -

= -

= -

Implicit Equation (Resultant)

Res ( , , )fgh = 0

Example of ImplicitizationAuxiliary Polynomials (Tensor Product Surface Bidegree

( , )1 1

)

f s t x d a st x d a s x d a t x d a g s t y d b st y d b s y d b t y d b h s t z d c st z d c s

( , ) ( ) ( ) ( ) ( )

( , ) ( ) ( ) ( ) ( )

( , ) ( ) ( )

= - + - + - + -

= - + - + - + -

= - + -

11 11 10 10 01 01 00 00

11 11 10 10 01 01 00 00

11 11 10 10_{+ - + -}

( ) ( )

z d c t z d c

01 01 00 00

Implicit Equation (Dixon Resultant --

6 6·

Matrix)

Res ( , , )fghDetxdazdcxdazdcxdaxdazdczdcxdaxdazdczdcxdazdcxdaz ” - - - - - - - -

- - - - - - - 00 00 00 00

01 01 01 01

10 10 00 00 10 10 00 00

11 11 01 01 11 11 01 01

10 10 10 10

11 11 0 0 0 0 L L L L L L d c1111 0 - � Ł � � � ł � � =

Classical Resultants and Base PointsParametric Equations

x x s t w s t y y s t w s t z z s t w s t = = =

( , )

( , )

( , )

( , )

( , )

( , )

Base Points

x s t y s t z s t w s t

( , ) ( , ) ( , ) ( , )

000000000= = = =

Auxiliary Polynomials Vanish at Base Points f s t x w s t x s t g s t y w s t y s t h s t z w s t z s t

( , ) ( , ) ( , )

( , ) ( , ) ( , )

( , ) ( , ) ( , )000000000000000000000

= - =

= - =

= - =

Resultant Vanishes Identically in Presence of Base Points

Res ( , , )fgh ” 0

Examples of Surfaces with Base PointsTriangular Surface -- Base Points at

( , ) ( , ) s t = 0 0

x s t a s a st a t a s a t y s t b s b st b t b s b t z s t c s c st c t c s c t w s t d s d st d t d s d t ( , )

( , )

( , )

( , )

= + + + +

= + + + +

= + + + +

= + + + +

20 2 11 02 2 10 01

20 2 11 02 2 10 01

20 2 11 02 2 10 01

20 2 11 02 2 10 01

Tensor Product Surface -- Base Points at

( , ) ( , ) s t = 0 0

x s t a st a s a t y s t b st b s b t z s t c st c s c t w s t d st d s d t ( , )

( , )

( , )

( , )

= + +

= + +

= + +

= + +

11 10 01

11 10 01

11 10 01

11 10 01

Dixon�s Resultant and Base PointsAuxiliary Polynomials -- Base Points at

( , ) ( , ) s t = 0 0

f s t x d a st x d a s x d a t g s t y d b st y d b s y d b t h s t z d c st z d c s z d c t

( , ) ( ) ( ) ( )

( , ) ( ) ( ) ( )

( , ) ( ) ( ) ( )

= - + - + -

= - + - + -

= - + - + -

11 11 10 10 01 01

11 11 10 10 01 01

11 11 10 10 01 01

Dixon�s Resultant

Res ( , , )fghDetxdazdcxdazdcxdaxdazdczdcxdazdcxdazdc

” - - - - - - - - - - - - � Ł � � � � ł � � 0 0 0 0 0 0 0 0 0 0 0 0 01 01 01 01

10 10 10 10

11 11 01 01 11 11 01 01

10 10 10 10

11 11 11 11 L L L L L L � ” 0

Implicitization in the Presence of Base PointsMotivation¥¥¥Methods¥

K

)¥Grobner Bases

K

)¥

K

)¥

K

)

Sparse ResultantsSparse PolynomialsExample

f s t a s a st a t a s a t g s t b s b st b t b s b t h s t c s c st c t c s c t

( , )

( , )

( , )

= + + + +

= + + + +

= + + + +

20 2 11 02 2 10 01

20 2 11 02 2 10 01

20 2 11 02 2 10 01

Sparse Resultant

Res ( , , )

f g h

f g h

, ,f g h, , have a common root other than the generic roots induced by the sparseness of the system.

ExamplePolynomials

f s t a s a st a t a s a t g s t b s b st b t b s b t h s t c s c st c t c s c t

( , )

( , )

( , )

= + + + +

= + + + +

= + + + +

20 2 11 02 2 10 01 20 2 11 02 2 10 01 20 2 11 02 2 10 01

Sparse Resultant (

9 9·

Matrix)

Res ( , , )fghDeta b c

aa bb cc a b c aaabbbccc aa bb cc a = 10 10 10

01 10 01 10 01 10

20 20 20

11 20 11 20 11 20

02 11 20 02 11 20 02 11 20

01 10 01 10 01 10

02 11 02 11 02 11

0 0 0 0 0 0

0 0 0

0 0 0 0 0 0

0 0 0

0 0 0

0 0 0

0 0 0101 01 01

02 02 02

0 0 0 0

0 0 0 0 0 0 b c a b c

�

Ł

� � � � � �

� ł

� � � � � �

Implicitization by Sparse ResultantsParametric Equations

x x s t w s t y y s t w s t z z s t w s t = = =

( , )

( , )

( , )

( , )

( , )

( , )

Auxiliary Polynomials (Cross Multiply)

f s t x w s t x s t g s t y w s t y s t h s t z w s t z s t

( , ) ( , ) ( , )

( , ) ( , ) ( , )

( , ) ( , ) ( , ) = -

= -

= -

Implicit Equation (Sparse Resultant)

Res ( , , )fgh = 0

Part II: Multi—Sided Bezier Patches

Bezier PatchesSurface Equations¥

R s t B s t P s t

ijmn ij j n i m ( , ) ( , ) ,

= £ £ = = �^{00} 0 1

¥

T s t B s t P s t ij n ij i j n

( , ) ( , )

= £ + £

£ + £� 0 0 1

Notation¥

P x y z

ij ij ij ij

= ( , , )

¥

B s t B s t

ijmn ijn

( , ), ( , ) =

Properties and Algorithms for Standard Bezier PatchesPropertiesAlgorithms

Properties and Algorithms for Multi—Sided Bezier PatchesPropertiesAlgorithms

Rectangular Lattices and Tensor Product Patches

( , ) 0 0 m 0•m s- = 0n t- = 0t = 0s = 0^{( , )0 n( , )m n}•^{( , )k l}

L M

Newton PolygonFour Sided Surface Patch

Im plicit Degree Area NewtonPolygon mn ( ) = · = 2 2

Triangular Lattices and Three Sided Patches

( , ) 0 0 n 0•t = 0s = 0_{( , )0 n}•_{( , )k l}

L M

n s t

- - = 0 Newton PolygonThree Sided Surface Patch

Im plicit Degree Area NewtonPolygon n ( ) = · = 2 2

Pentagonal and Hexagonal Lattices

( , ) 0 0 m n + 0 m n p + n m p + ( , )

0 m p+

•^{( , )k l}

L M( , )0 n

0 0( , ) m 0 p n p + m p n p + + m p p

+( , )k l

L M•

Lattice PentagonLattice Hexagon

Im plicit Degree Area NewtonPolygon ( )

= ·2

Pentagonal Bezier Patch

Hexagonal Bezier Patch

Sylvester�s ResultantPolynomials

f t a t a t a g t b t b t b

n

n n

n

( )

( )

= + + +

= + + +

L

L

1 0

1 0

Multiplying Set

1

1 1 1

, , , ( ), ( ), , ( ), ( ), ( ), , ( )ttftfttftgtgttgt

n n n

K K K

- - -

�

Sylvester Resultant

Syl f g

a b a b a b a b a b a b

n n n n n n

( , ) =

�

Ł

�

�

�

�

�

�

�

�

� ł

�

�

�

�

�

�

�

�

0 0

0 0

0 0

0 0 0 0

0 0

0 0

0 0 0 0

L L

M L M M L M

M L M M L M

L M L M

M L M L

M M L M M M L M

L L

Dixon�s ResultantPolynomials

f s t a s t a s a t a g s t b s t b s b t b h s t c s t c s c t c

mn

m n mn

m n mn

m n

( , )

( , )

( , )

= + + + +

= + + + +

= + + + +

L

L

L

10 01 00

10 01 00

10 01 00

Multiplying Set

R s t s t

m n

=

{ }

- -

1

2 1 1

, , , ,K

Dixon Resultant

( { , }) m n R s

= = � = 1 1

Dix f g h

a b c a b c a a b b c c a a b b c c a b c a b c

( , , ) =

�

Ł

�

�

�

�

�

�

�

� ł

�

�

�

�

�

�

�

00 00 00

01 01 01

10 00 10 00 10 00

11 01 11 01 11 01

10 10 10

11 11 11

0 0 0

0 0 0

0 0 0

0 0 0

Sparse ResultantsPolynomials

f s t a s t g s t b s t h s t c s t

ij

i j i j

ij

i j i j

ij

i j i j

( , ) ( , ) ( , )

, , ,

= = =

� � �

A i j s t

i j

=

{ }

(,)| has a non - zero coefficient in f, g, h

Multiplying Set

R k l s t is a collection of multiplying monomials

k l

=

{ }

(,)|

Sparse Resultant

Res ( , , ) | ( , )

fghCoeffs stfstgsthklR

k l k l k l

=˛

( )

¥# Columns = 3(#R)¥# Rows =

# ( ) # | ( , ) ( , ) A R s t i j A and k l R

i k j l

¯ = ˛˛

{ }

+ +

¥Common Root Dependent Rows

The Size of the Multiplying SetTheoremLet

f s t a s t g s t b s t h s t c s t

ij

i j i j

ij

i j i j

ij

i j i j

( , ) ( , ) ( , )

, , ,

= = =

� � �

A i j s t

i j

=

{ }

(,)| has a non - zero coefficient in f, g,h

Then

deg Res

a,b,c

( , , ) ( )

fghAreaConvexHull A =

( )

2

Zube�s Constraint Equations¥

# ( ) R Area ConvexHull A

= ( ) 2

¥

# ( ) (# ) ( )

A R R Area ConvexHull A

¯ = = ( ) 3 6

Dixon�s Resultant

( , )

0 n( , )0 0( , )m 0( , )m n( , )0 0A m n= Rect ( , ) • 0 1n-( , )2 1 1mn- -( , )2 1 0m-R = - -Rect(2m 1, n 1)_{# ( )R mn Area ConvexHull A= =} ( )_{2 2} A R

A R mn R

¯ = - -

¯ = =

Rect(3m 1, 2n 1)

# ( ) (# ) 6 3

( , ) 0 0 3 1 0m - 3 1 2 1mn - - ( , )

0 2 1n-

•

The Shape of the Multiplying SetStrategyDecompose

A i j s t

i j

=

{ } (,)| has a non-zero coefficient in f,g,h

R k l s t is a collection of monomials

k l

=

{ }

(,)|

Multiplying SetsDecomposition

A n I n I I n n

p p p

= ¯ ¯ ”

1 1 1

L K ( , , )

R x I x I I x x

p p p

= ¯ ¯ =

1 1 1

L K ( , , )

A R x n I x n I I x n x n

p p p p p

¯ = + ¯ ¯ + = + +

( ) ( ) ( , , )

1 1 1 1 1

L K

Zube�s Constraint Equations

# ( ) R Area ConvexHull A

= ( )2^{# ( ) (# ) ( )A R R Area ConvexHull Ā= = ( )3 6}

Diophantine Constraint Equations

# ( , , ) ( ( , , ))

I x x Area ConvexHull I n n

p p11_{2K K= ( )}

# ( , , ) ( ( , , ))

I x n x n Area ConvexHull I n n

p p p11

6 + + =

( )

K K

Solving and TestingSolve Diophantine Constraint Equations

# ( , , ) ( ( , , ))

I x x quadratic

Area ConvexHull I n n

p p1 1_{2K} 1 2 4 4 3 4 4

K

1 2 4 4 4 4 4 4 3

4 4 4 4 4 4

=

( )

constant

# ( , , ) # ( , , ) ( ( , , ))

I x n x n I x x linear

Area ConvexHull I n n

p p p p111 1

4 + + - =

( )

K K

1 2 4 4 4 4 4 4 4 3 4 4 4 4 4 4 4

K

1 2 4 4 4 4 4 4 3

4 4 4 4 4 4

constant

Test Determinants and Discard Degenerate Solutions

Res ( , , )fgh ” 0

Example:

p = 2

¥Generate 2 Equations -- 1 Linear, 1 Quadratic -- in 2 Unknowns¥¥¥

for Bivariate Polynomials

RectanglesDecomposition

=

( , )

0 0( , ) m 0

•

( , )0 0( , )0 n

•

¯

0 n 0 0

•

m n

mL

1

nL

2

Rect ( , ) m n

Constraint Equations

Solutions (Dixon�s Resultant)

( )( ) x y mn

+ + =

1 1 2

( , ) ( , ) x y m n

= - -

1 2 1

n x m y mn

( ) ( )

+ + + =

1 1 3

( , ) ( , ) x y m n

= - -

2 1 1

Isomorphic ParallelogramsDecomposition

=

( , ) 0 0 m 0

•

( , )0 0( , )n n

•

¯

n n

•

m n n + Para m n

( , )

mL

1

nL

2

=

¯

( , ) 0 0 m 0

•

mL

1

( , )n 0( , )0 n

•

nL

2

m n n 0 m n + 0

•

Para m n

( , ) 0 n

TrapezoidsDecomposition

=

( , )0 0( , )0 n

•

¯

nD

•

( , )n 0

•

mL

( , )

0 m( , ) m 0 0 m ( , )

0 m n+ m n + 0

•

Trap m n

( , )

Constraint Equations

Solutions

( )( ) y x y mn n

+ + + = +

1 2 2 4 2

2

( , ) , x y m n

n =

+ -

-

�

Ł

�

ł

4 1

2

1

n x m n y mn n

( ) ( )( )

+ + + + = +

1 2 1 6 3

2

( , ) , x y m n

n =

- -

-

�

Ł

�

ł

2 1

2

2 1

Valid SolutionsSolutions

( , ) , x y

m n n n odd =

+ -

-

�

Ł

� ł

�

4 1

2

1

( , ) , , x y

m n n n odd m n =

- -

-

�

Ł

� ł

� ‡ +

2 1

2

2 1 2 1

Case:

n = 1

¥

m + 1

¥¥Case:

m = 0

¥n¥

Res ( , , )fgh” 0

ExampleSparse Polynomials (

m n = = � = 1 2 total degree constant term = 0 ,

)

f s t a s a st a t a s a t g s t b s b st b t b s b t h s t c s c st c t c s c t

( , )

( , )

( , )

= + + + +

= + + + +

= + + + +

20

2

11 02

2

10 01

20

2

11 02

2

10 01

20

2

11 02

2

10 01

Sparse Resultant (

( , ) ( , ) { , , } x y R s st t

= � = 2 0

2 2

)

Res ( , , )fghDet

a b c aa bb cc a b c aa bb cc aaabbbccc aa bb cc aa bb cc a

=

10 10 10

01 10 01 10 01 10

20 20 20

11 20 11 20 11 20

02 11 20 02 11 20 02 11 20

01 10 01 10 01 10

02 11 02 11 02 11

0 0 0 0 0 0

0 0 0

0 0 0 0 0 0

0 0 0

0 0 0

0 0 0

0 0

0101 01 01

02 02 02

0 0 0 0

0 0 0 0 0 0

b c a b c

�

Ł

�

�

�

�

�

�

�

�

�

�

�

� ł

�

�

�

�

�

�

�

�

�

�

�

Isomorphic Trapezoids

=

( , ) 0 0 0 n( , )m n( , )m n+ 0 • Trap m n

( , )

( , ) 0 0 0 n

•

¯

n D

•

n 0

mL

( , )m 0

•

( , )0 0

=

¯ mL

( , )m 0

•

( , )0 0( , )0 0( , )n n

•

n D

•

( , ) n 0 m n n + m n + 0 Trap m n

( , ) 0 0 0 n

•

More Isomorphic Trapezoids

=_¯mL

( , )m 0

•

( , )0 0( , )0 n( , )n n

•

n D

•

( , ) n 0 m n n + m n + 0 Trap m n

( , ) 0 n

•

=

¯ mL

( , )m 0

•

( , )0 0( , )0 0( , )n n

•

n D

•

( , ) 0 n m n n + m 0 Trap m n

( , ) 0 0

•

HexagonsDecomposition

( , ) 0 0 m 0

•

¯ mL

1

¯

( , )0 0( , )0 n

•

nL

2 •

( , )0 0( , )p p

pL

3

=

0 n ( , )

p n p +

•

m p n p + + m p p + Hex m n p

( . , )

Constraint Equations¥

xy yz xz x y z mn mp np

+ + + + + + = + +

1 2 ( )

¥

( ) ( ) ( ) ( ) ( ) n p x m p y m n z mn mp np m n p

+ + + + + = + + - + + 3

Solutions¥

( , , ) ( , , ) ( , , ) ( , , ), ( , , ), m n p n p x y z n p n p

= � = - -

1 1 1 2 1 2 1 K

OctagonsDecomposition

( , ) 0 0 m 0

•

¯ mL

1

¯

0 0( , ) 0 n

•

nL

2

=

•

0 0( , )p p

pL

3 •

( , )0 q( , )q 0

qL

4

¯

•

Octa m n p q

( , , , )

•

Constraint Equations

( )( ) ( ) ( ) ( )( ) w y z x y z y y z z m p q n p q p q

+ + + + + + - + - + = + + + + - -

1 1 1 1 2 2 2

2 2

( )( ) ( )( ) ( )( )

( )( )

w y z m p q x y z n p q y q y q z q z q m p q n p q p q

+ + + + + + + + + + + + - + + + - + + +

= + + + + - -

1 1 1 1

6 6 6

2 2

Solutions

( , , , ) ( , , , )

( , , , ) ( , , , ), ( , , , ), ( , , , ), ( , , , ), ( , , , ), ( , , , )

m n p q w x y z

=

=

1 1 1 1

1 2 2 0 1 2 0 2 2 1 2 0 2 1 0 2 0 3 1 1 3 0 1 1

HexagonsDecomposition

( , ) 0 0 m 0

•

¯ mL

1

=

•

0 0( , )p p

pL

3 •

( , )0 q( , )q 0

qL

4

¯

•

Hex m p q

( , , , ) 0 q 0 0 q m q + 0 ( , )

p p q + p m p q + + p q m p

Solutions

( , , , ) ( , , , ) m n p q = 1 0 2 1

( , , , ) ( , , , ) m n p q = 2 0 2 2

( , , , ) ( , , , ), ( , , , ) x y z w = 3 0 1 1 0 0 4 1

( , , , ) ( , , , ), ( , , , ) x y z w = 3 0 4 1 3 0 1 4

-- Yes

( , , , ) ( , , , ), ( , , , ) x y z w = 1 2 2 0 2 2 1 0

-- No

( , , , ) ( , , , ), ( , , , ),

( , , , ), ( , , , ),

( , , , ), ( , , , ),

( , , , )

x y z w

No

=

-

0 0 4 3 0 0 3 4

0 1 3 3 3 3 1 1

6 0 2 1 6 0 1 2

6 6 1 1

Non Isomorphic Hexagons

( , ) 0 0 m 0

•

¯ mL

1

=

•

0 0( , )p p

pL

3 •

( , )0 q( , )q 0

qL

4

¯

•

Hex m p q

( , , , ) 0 q 0 0 q m q + 0 ( , )

p p q + p m p q + + p q m p

( , ) 0 0 m 0

•

¯

mL

1

¯

( , )0 0( , )0 n

•

nL

2 •

( , )0 0( , )p p

pL

3

=

0 n ( , )

p n p +

•

m p n p + + m p p + Hex m n p

( . , )

Future Work¥¥Pentagons, Hexagons, Heptagons, Octagons¥Develop the Theory Surrounding the Method¥¥Characterize when the Method Succeeds¥¥¥¥Compare Sparse Resultant Methods to Other Techniques¥¥¥¥

Primitives for Minkowski SumsLines

( , ) 0 0 1 0

•

0 1

•

0 0( , )1 1

•

•

( , )0 1( , )1 0

Triangles

( , ) 0 0

•

0 1

•

•

•

( , )1 1( , )0 1

•

•

•

( , )1 1( , )0 1

•

•

•

( , )1 1( , )1 0( , )1 0( , )0 0( , )0 0( , )1 0